BILATERAL LERCH THETA AND THETA STAR FUNCTION AND
QUADRILATERAL LERCH ZETA AND ZETA STAR FUNCTIONS

TAKASHI NAKAMURA

ABSTRACT. In the present paper, we construct theta functions with two parameters
a,b € R which satisfy Jacobi’s modular relation. Moreover, we give zeta functions
with two parameters a,b € R which satisfy Riemann’s functional equation by the theta
functions with two parameters.

1. INTRODUCTION

1.1. Theta functions. We review some of the standard facts on theta and related func-
tions. Define the theta function by

o0

0(v) == Z exp(—mon?), v>0

n=—oo

(e.g., [0, (2.4.9)]). It is widely-known that 0(v) satisfies Jacobi’s modular relation
O(v) = v 20(v7Y) (1.1)

(e.g., [, (2.4.10)]). In [5, Problems in Chapter 2.4], the functions

o0 [e.9]

01(a,v) := Z exp(—mo(n + a)?), O2(a,v) == Z exp(—mon® + 2mina),
Os5(a,v) := Z (n+ a) exp(—mv(n + a)?), 04(a,v) == Z nexp(—mvn® 4 2mina),

are defined as generalizations of §(v). These functions satisfy
01(’07 a) = 0_1/2920)_17 &)7 93(07 CZ) = U_3/204(U_17 a)

(see [5, Problems 2.4.3 and 2.4.5]). Furthermore, when a,b,v > 0, one has (see [1, (2.1)])

[e.e]

Vv Z exp(—7(n + a)’v + 27i(n + a)b) = Z exp(—v~'m(n +b)* — 2mina). (1.2)

n=—oo n=—oo

It is well-known that, roughly speaking, the Riemann zeta function ((s) is the Mellin
transform of the theta function 6(v). More precisely, we have

ﬂ_s/2f(§>§(s) = 3(31— D + /100(us +u' ) (O(u®) — 1)621—2 (1.3)

(see [4, (1.3.5)] or [11, Chapter 2.6]).
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1.2. Zeta functions. In this subsection, we discuss zeta functions and their functional
equations. As a generalization of ((s), define the Lerch zeta function L(s,a,b) by

e 2minb

e

L(s,a,b) := m,

c>1, 0<a,b< 1.
n=0

The Hurwitz zeta function ((s,a) and the periodic zeta function F'(s,a) are defined as
((s,a) == L(s,a,1), F(s,a) := e *™L(s,1,a),

respectively. The Dirichlet series of L(s, a,b) converges absolutely in the half-plane o > 1
and uniformly in each compact subset of this half-plane. Moreover, L(s, a, 1) has analytic
continuation to C except s = 1, where there is a simple pole with residue 1 (e.g., [2,
Chapter 12]). On the other hand, the Dirichlet series of the function L(s,a,b) with 0 <
b < 1 converges uniformly in each compact subset of the half-plane o > 0 (e.g., [6, p. 20]).
Furthermore, the function L(s,a,b) with 0 < b < 1 is analytically continuable to the
whole complex plane (e.g., [6, Chapter 2.2]). Note that one has ((s,1) = F(s,1) = ((s).
For simplicity, we put

Lr(s) := %, Leos(8) := 2T (s) cos<§>, Lin(s) := 2T (s) sin(%).
Then, the Riemann zeta function ((s) satisfies Riemann’s functional equation
(1= s) = Los(s)C(s). (1.4)
The functional equation for ((s,a) and F(s,a) are expressed as
F(1-s,a)= Fﬂ(s)(e”s/QC(s,a) + e ™20 (5,1 — a)), 0<a<l, (1.5)

(e.g., [2, Exercises 12.2]). Moreover, the functional equation for L(s, a,b) are given by
L(1 = s,a,b) = [u(s) (eﬂs/Q*?mbL(s, b, —a) + e TS/ Hm-D g a)) (1.6)

when 0 < b < 1 (e.g., [6, Theorem 2.3.2]). It should be noted that the gamma factors of
the functional equations in (1.4) and (1.5) do not depend on 0 < a < 1 but the gamma
factor of the functional equation (1.6) contains e=2™ and e?via(1=),

We can see that the functional equation (1.4) is much simpler than (1.5) and (1.6).
In order to construct a zeta function satisfying Riemann’s functional equation (1.4), for

0 < a <1/2, we define the quadrilateral zeta function Q(s,a) as
2Q<87 a) = C(S7 CL) + C(sv 1 - Cl,) + F(S, a) + F<S7 1 - CL)‘ (17)

Based on the facts mentioned above, the function Q(s,a) can be continued analytically
to the whole complex plane except s = 1. In [8, Theorem 1.1}, it is shown that

Q1 — s,a) = Los(s)Q(s, a), 0<a<1/2 (1.8)

It should be noted that (1.8) does not contradict to Hamburger’s theorem [3, Staz 1]
(see also [8, Section 1.3]). Moreover, this function has the following properties (see [8,
Theorem 1.2] and [9, Theorem 1.1]).

e For any 0 < a < 1/2, there exist positive constants A(a) and Tj(a) such that the
number of zeros of Q(s,a) on the line segment from 1/2 to 1/2 + T is greater than
A(a)T whenever T' > Ty(a).

e There exists ag = 0.1183751396... such that
(1) Q(o,ap) has a unique double real zero at ¢ = 1/2 when o € (0, 1),

(2) for any a € (ag, 1/2], the function Q(o, a) has no real zero in o € (0, 1),
(3) for any a € (0,a9), Q(o,a) has at least two real zeros in o € (0,1).
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2. MAIN RESULTS
This paper has the following two aims.

e We construct theta functions with two parameters a,b € R which satisfy Jacobi’s mod-
ular relation (1.1) in Theorem 2.3.

e We construct zeta functions with two parameters a,b € R which satisfy Riemann’s
functional equation (1.4) in Theorem 2.4.

Moreover, we discuss quasi-commutativity of these parametrise a,b € R, Fourier expan-
sions and relations between these theta and zeta function via integral representations.
Note that theta functions with one parameter 0 < a < 1/2 satisfying Jacobi’s modular
relation (1.1) and zeta functions with one parameter 0 < a < 1/2 satisfying Riemann’s
functional equation (1.1) have been already given in [8, (2.1)] and [8, (1.2)], respectively.

The contents of the paper are as follows. In Section 2.1, we recall the modular relation
and give new results of the theta function G(u, a) and the zeta function Q(s, a) introduced
in [8, Sections 2.1 and 1.1]. In Section 2.2, we give theta functions Gg(u,a,b) which
satisfy Jacobi’s modular relation (1.1) and show that Gg(u, a, b) have periodicities, quasi-
periodicities, symmetry or skew-symmetry and so on (see Theorem 2.3). Furthermore,
we construct zeta functions Q(s, a,b) which satisfy Riemann’s functional equation (1.4)
and other properties mentioned above by using Gg(u, a,b) (see Theorem 2.4). Moreover,
we prove that functions Gx(u,a,b) and X(s,a,b) defined in Section 2.2 have similar
properties. In Section 3, we prove Proposition 2.1 and Theorem 2.3. Section 4 is devoted
to the proof of Proposition 2.2. In Section 5, we show Theorem 2.4.

2.1. Theta and zeta functions with one parameter. We first recall the modular
relation and give new results on the theta function G(u,a). For u > 0 and a € R, define
the functions

Gg(u,a) == Gz(u,a) + Gp(u,a), Gx(u,a) == Gy(u,a) + Go(u,a),

where Gz(u,a) Gp(u,a), Gy(u,a) and Go(u,a) are given as

Gz(u,a) = Zexp(—mﬁ(n +a)?), Gp(u,a) = Zexp(—qunQ — 2mina).

nez ne”L

Gy (u,a) := Z(n+a) exp(—mu*(n+a)?), Go(u,a) := ZZ nexp(—mu*n® — 2mina),

neL nez

respectively. Note that the first equality in (2.4) has already shown in [8, (2.1)] when
0<a<l1/2

Proposition 2.1. We have the five statements below;
(1) Special cases. When a € Z.

Go(u,a) = 20(u?), Gx(u,a) =0. (2.1)
(2) Periodicity. For a € R,
Go(u,a) = Go(u,a + 1), Gx(u,a) = Gx(u,a+1). (2.2)
(3) Symmetry or skew-symmetry.
Go(u,a) = Gg(u,—a), Gx(u,a)=—-Gx(u,—a). (2.3)
(4) Modular relations.

Golu,a) =u'Go(u™',a), Gx(u,a) =u>Gx(u?,a). (2.4)
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(5) Fourier expansions. When a € R\ Z,

1 2
Golu,a) =1+ — + = (u exp(—mu’n®) + exp(—wu_2n2)) cos(2mna),
U u“

(2.5)
Gx(s,a) =1 —i— =+ Z (u exp(—mu’n?) + exp(—wu’2n2)> sin(2mna).
We next recall the functional equation and show some new results on the zeta functions
Q(s,a) and X (s,a). For a € R and R(s) > 1, put
2Q(s,a) = Z(s,a) + P(s,a),  2X(s,a) = Y(5,0) + O(5,0)
where Z(s,a), P(s,a), Y(s,a) and O(s,a) are defined as

6727Tina
=D In+af _|_a|s P(s,a) = Il
n+a#0 0#neZ
—2mina
Y(s,a) = Z —sgn(n—i— a)7 O(s,a) =1 Z —sgn(n)e ,
In+al* n|*
n+a#0 0#n€Z

respectively. Note that Z(s,a), P(s,a), Y(s,a), O(s,a) Q(s,a) and X(s,a) with 0 <
a < 1/2 have already given in ([8, Section 1.1] and [10, Section 1.2]). Moreover, both
functional equations in (2.10) have already given in ([8, (1.2)] and [10, (3.15)]) when
0 < a < 1/2 (see Section 1.2). Thus, in this paper, we show the functional equations and
other properties of Q(s,a) and X (s, a) for not only 0 < a < 1/2 but also a € R.

Proposition 2.2. We have the siz statements below;
(0) Integral representations. For s € C and a € R\ Z,

1 *© d
W_5/2F<E>Q(s,a) = +/ (u® +u'*) (Golu,a) — 1) — “
2 s(s—1) 1 u’
st1 - (2.6)
7T—(8+1)/2F<—>X(s, a) = / (u® 4+ u'%)Gx (u, a)du.
2 1
Note that the case a € Z is given in (1.3).
(1) Special cases. Fora € Z,
Q(s,a) =2¢(s), X(s,a)=0. (2.7)
(2) Periodicity. Fora € R\ Z,
Qs.a)=Q(s,a+1),  X(s,a) = X(s,a+1). (25)
(3) Symmetry or skew-symmetry.
Q(87 a) = Q(Sv —CL)7 X(Sv CL) = _X<S7 —CL). (29)
(4) Functional equations. For s € C,
Q1 — s,a) = Lus(s)Q(s, a), X(1—=s,a) =Lin(s)X(s,a). (2.10)
(5) Fourier expansions. When a € R\ Z and 0 < R(s) < 1
(1  Le(l—2s)
Q(s,a) = Z(E + T) cos(2mna),
=t (2.11)

X(s,a) =

1 1—é"in 1- .
<— + g) sin(2mna).
i n’ n-e

n



BILATERAL LERCH THETA AND QUADRILATERAL LERCH ZETA 5

Remark. When R(s) > 1 is fixed, one has fol a"*da, fol(l —a)* ¢ L'[0,1] and

/01(262(5, @) —a — (1—a)*)da € L'[0, 1].

Hence, the Fourier coefficient

1
/ Q(s,a)e”*™da, nez
0

does not converge for (s) > 1. By the functional equation (2.10), the Fourier coefficient
above does not converge for $(s) < 0. Similarly, the Fourier coefficient

1
/ X (s,a)e *™"daq, n e’z
0

does not converge for R(s) > 1 or R(s) < 0. Thus, we have Fourier expansions of Q(s,a)
and X (s,a) for only 0 < R(s) < 1.

2.2. Theta and zeta functions with two parameters. In this subsection, we state the
two main results in the present paper. First, we give theta functions with two parameters
a,b € R which satisfy Jacobi’s modular relation (1.1). For a,b € R, put

Gg(u,a,b) == Gz(u,a,b) + Gp(u,a,b), Gx(u,a,b) .= Gy(u,a,b) + Go(u,a,b),
where Gz (u,a,b) Gp(u,a,b), Gy(u,a,b) and Go(u,a,b) are defined as

Gz(u,a,b) = Zexp(—mﬁ(n + a)® + 2mi(n + a)b),

neL

Gp(u,a,b) = Zexp(—mﬁ(n +b)* — 27ina),

neL

Gy (u,a,b) = Z(n + a) exp(—mu’(n + a)® + 2mi(n + a)b),
nez
Go(u,a,b) = zZ(n +b) exp(—mu’(n + b)* — 27ina).
nez

We name Gg(u,a,b) and Gx(u,a,b) bilateral Lerch theta function and bilateral Lerch
theta star function, respectively. As a generalization of Proposition 2.1, we have the
following.

Theorem 2.3. We have the six statements below;
(1) Special cases.

Go(u,a,0) = Go(u,a),  Gx(u,a,0) = Gx(u,a),

2.12
GQ(U,O,b) :GQ(U, b), GX(u,O,b) :ZGx(u,b) ( )

(2) Periodicity and quasi-periodicity.
Go(u,a,b) = Gg(u,a+1,b), Gx(u,a,b) = Gx(u,a+1,b), (2.13)

Go(u,a,b+ 1) = e*™*Gg(u, a,b), Gx(u,a,b+1) = ¥ Gx(u,a,b).
(3) Symmetry or skew-symmetry.
Go(u,a,—b) = Gg(u,—a,b), Gx(s,a,—b) = =Gx(s,—a,b). (2.14)
(4) Modular relations.
Go(u,a,b) =u'Go(u™', a,b), Gx(u,a,b) =u>Gx(u", a,b). (2.15)
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(5) Fourier expansions. When a € R\ Z,

Golu,a,b) = % Z(u exp(—mu*(n — b)?) + exp(—wu~>(n — b)2))627”"w7
e (2.16)
Gy (u,a,b) = el Z(n—b) <u3 exp(—mu®(n—>b)?) + eXp(—’/T’LL_Q(n—b)2))627”na'

(6) Quasi-commutativity of the second and third variables.
Go(u, —b,a) = e ™Gy (u, a,b), Gx(u,—b,a) = ie ™G« (u, a,b). (2.17)

Our next goal is to construct zeta functions with two parameters a,b € R which satisfy
Riemann’s functional equation (1.4). For a,b € R and R(s) > 1, put

Q(s,a,b) = Z(s,a,b) + P(s,a,b), X(s,a,b) =Y(s,a,b) + O(s,a,b),
where Z(s,a,b), P(s,a,b), Y(s,a,b) and O(s,a,b) are defined as

(& (&
Z(s,a,b) := Z ) P(s,a,b) = Z :
n+a#0 ‘n + CL|S +b£0 |n + b|$
Y(S . b) _ Z Sgn<n+a>€2m’(n+a)b O(S . b) . Z Sgn(n+b)e—2mna
) ) N ’n _|_ a‘s ) ) ) * |n —"_ b’s )
n+a##0 n+b£0

respectively. We call Q(u, a,b) and X (u, a, b) quadrilateral Lerch zeta function and quadri-
lateral Lerch zeta star function, respectively (see (5.3), (5.4), (5.7) and (5.8)). Note that
some functions related to L(s,a,b) are define in [7, (2.2) and (2.3)] and their functional
equations, whose Gamma factors depend on the parameters a,b € (0, 1), are proved in [7,
Theorem 2.1]. The next theorem is a generalization of Proposition 2.2.

Theorem 2.4. We have the following seven statements;
(0) Integral representations. For s € C, a,b € R\ Z,

du

D
Uu

7r_s/21“<§)@(3,a, b) = /oo (us + ul_S)GQ(u,a, b)
1

il N (2.18)
W_(S+1)/2F(T>X(s, a,b) = / (v® 4+ u'*)Gx(u, a, b)du.
1
Note that the case a € Z or b € Z is given in (2.6).
(1) Special cases.
Q5,0.0)= Qls,a).  X(s,0,0) = X(s5,a), -
Q(s,0,b) = Q(s,b), X(s,0,b) =iX(s,b). (2.19)
(2) Periodicity and quasi-periodicity.
Q(Svaub) :Q(S7a+17b)7 X(S7aab) :X(S7a+17b)7 92920
Q(s,a,b+1) = ™ Q(s,a,b), X(s,a,b+1) = e*™X(s,a,b). (220)
(3) Symmetry or skew-symmetry.
Q(s,a,—b) = Q(s, —a,b), X(s,a,—b) = —X(s,—a,b). (2.21)

(4) Functional equations.

Q1 —s,a,b) = Los(5)Q(s,a, b), X(1—=s,a,b) = Liu(s) X (s,a,b). (2.22)
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(5) Fourier expansions. When a,b € R\Z and 0 < R(s) <1

]_ 1 1_éos(1—<5‘> i
b)) = = Tina
a5 3 (g e )

n—b#0
1 sgn(n —b0)  Lin(1 — s)sgn(n —b)\ o
X b [ 7T74na.
(s,a,b) 5 n_zb;o( n— o] + = [ e

(6) Quasi-commutativity of the second and third variables.

Q(s, —b,a) = e *™*Q(s, a,b), X(s,b, —a) = ie ™ X (s, a,b).

3. PROOFS OF PROPOSITION 2.1 AND THEOREM 2.3

(2.23)

(2.24)

Proof of Proposition 2.1. We have the first equation in (2.1) by Gz(u,a) = Gp(u,a) =
6(u?) when a € Z. The second equation in (2.1) is shown by Gy(u,a) = Go(u,a) =
0 if @ € Z. The definitions of Gg(u,a) and Gx(u,a) imply the second statement of

Proposition 2.1. We can easily show the third statement from Gz(u,a) = Gz(u

GP(ua CL) = GP(ua _a)7 Gy(U, G) = _GY<U> —CL) and GO(ua a) = _GO(ua _a)'
For a,u > 0, it is widely known that (see [4, p. 13, (6)])

GZ(ua a) = uilGP<u717 a)a GP(“? (Z) = uilGZ<u717 a)'

Hence, we have the first equation in (2.4). From the definitions, one has

0 0
%Gz(u a) = —2mu*Gy(u, a), %Gp(u a) = —21Go(u,a).

Thus, by using (3.1), we have

—2mu*Gy (u,a) = %Gz(u a) = %U_IGP< “1a) = -2mu'Go(u, a),

—27Go(u,a) = %Gp(u,a) = %U_le(u_l,a) = —2mu"*Gy(u ™, a).

Therefore, we obtain
Gy(u,a) =u3Go(u™t, a), Go(u,a) =u>Gy(u?, a).

The equations above imply the second equation in (2.4).
From the definition of Gz(u,a), we can easily see that

Gp(u,a) = Z exp(—mu’n® — i2mna) =1+ 2 Zexp(—wu2n2) cos(2mna).

neL n=1

Moreover, by the first equation of (3.1), we have

1
Gyzlu,a) =u'Gp(u™' a) = = +

Q
2

Z exp(—mu~*n?) cos(2mna).
n=1

Hence we obtain the first equation of (2.5). Similarly, we have

,—CL),

(3.1)

(3.2)

Go(u,a) = ZZ nexp(—mu*n® — i2mna) =1+ 2 Z nexp(—mu’n?) sin(2mna),

neL n=1

. 1 2&
,a) = — + —Znexp( Tu~’n?) sin(2mna)

n=1

Gy (u,a) = u3Go(u™

which implies the second equation of (2.5).
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Proof of Theorem 2.3. We can easily show the first, second and third equations in (2.12).
The fourth equation is proved by

Gy (u,0,b) = —iGo(u, —b) = iGo(u,b) and Go(u,0,b) =iGy(u,b).
The first and second equations in (2.13) are trivial. The third formula is shown by

Gz(u,a,b+1) = Zexp(—wuz(n +a)® +2mi(n + a)(b+ 1)) = Gz (u, a,b),
neZ
Gp(u,a,b+1) = Zexp(—ﬂuz(n +b+1)% — 2mina)
neZ
= Z exp(—mu’(m + b)* — 2mi(m — 1)a) = *™*Gp(u, a,b).
meZ
Similarly, we can prove formulas Gy (u,a,b + 1) = ™Gy (u, a,b) and Go(u,a,b+ 1) =
e*™2Go(u, a,b) which imply the fourth equation in (2.13).
The first formula in (2.14) is shown by

Gz(u,a,—b) = Zexp(—mﬁ(n +a)® — 2mi(n + a)b)

nez

= Z exp(—mu*(m — a)® + 2mi(m — a)b) = Gz(u, —a,b)
meZ

and Gp(u,a,—b) = Gp(u, —a,b), which is proved similarly. Moreover, we have

Gy (u,a,—b) =Y (n+ a) exp(—mu’(n + a)* — 2mi(n + a)b)
nez
=— Z(m — a) exp(—mu*(m — a)® + 27i(m — a)b) = —Gy (u, —a, b)
meZ
and Go(u,a, —b) = —Go(u, —a, b) which imply the second equation in (2.14).
The equality (1.2) implies
Gy(u,a,b) = u 'Gp(u, a,b), Gp(u,a,b) =u*Gz(u™, a,b). (3.4)

Thus, we immediately obtain the first equation in (2.15). Furthermore, one has

2Gz(u, a,b) = 2miGy (u,a,b), ng(u, a,b) = 2miu*Go(u, a,b). (3.5)

ob b
By (3.4) and (3.5), we have
21iGy (u,a,b) = %Gz(u,a,b) = %u_le(u_l,a,b) = 2miu " Go(u™, a,b),

2miuGo(u, a,b) = %Gp(u,a, b) = %u‘lGZ(u_l,a,b) = 2miu" "Gy (u ™, a,b),

which imply
Gy (u,a,b) = u3Go(u?, a,b), Go(u,a,b) =u Gy (u™, a,b). (3.6)

Therefore, we have the second equation in (2.15).
From (3.4), it holds that

Gy(u,a,b) =u" Z exp(—mu~*(n+b)* — 2mina) = u”! Z exp(—mu~*(m — b)?)e*™".
nez mez
Hence we have the first Fourier expansion of (2.16). By (3.6), we have
Gy (u,a,b) = —iu™® Z(n —b)exp(—mu?(n — b)* + 2mina).
nez

Therefore, we obtain the second equation in (2.16).
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By the definitions of Gz(u,a,b) and Gp(u,a,b), it holds that
Gz(u,—b,a) = e ™G p(u,a,b) (3.7)
since one has

Gz(u,—b,a) = Z exp(—mu*(n — b)* + 2wi(n — b)a)

ne”Z
= Z exp(—mu*(m +b)* — 2wi(m + b)a) = e "’ Gp(u, a,b).
meZ

Changing variables —b — a and a — b in (3.7), we have Gp(u,b, —a) = e ™G 4 (u, a, b).
Applying the first equation of (2.14) to this formula, we obtain

Gp(u,—b,a) = e ™G4 (u,a,b). (3.8)
The relations (3.7) and (3.8) imply the first formula in (2.17). Moreover, one has
Gy (u, —b,a) = ie > Gy (u,a,b) (3.9)

because we have
Gy (u,—b,a) = Z(n — b)exp(—mu’(n — b)* + 2mi(n — b)a)
nez
= —Z (m + b) exp(—mu?(m + b)* — 2wi(m + b)a) = ie " Go(u, a,b).
meZ

Replacing variables —b — a and a — b in the equation (3.9), we obtain Go(u,b, —a) =
ie” "Gy (u, a,b). Hence we have

Go(u, —b,a) = ie ™Gy (u, a, b) (3.10)
from the relation Go(u, —b,a) = —Go(u,b, —a). Clearly, the equations (3.9) and (3.10)
imply the second formula in (2.17). O

4. PROOF OF PROPOSITION 2.2

We can easily show (1), (2) and (3) of Proposition 2.2 by the definitions of Q(s,a) and
X(s,a). Moreover, we have

P(S’ a) —9 Z COS 7Tn(l’ O(S’ a) _ QZ SN 27TNna
ns

/,/LS
n=1 n=1
when @ € R\ Z and 0 < R(s) < 1. The functional equation (1.5) implies
Z(1 —5s) = Lus(s)P(s,a), Y(1—s)=Lin(s)O(s,a)

(see also [10, (4.9) and (3.9)]). Hence, we have the Fourier expansions in (2.11) by the
functional equations above, namely,

Z(s) = Los(1 —s)P(1 —s,a) and Y(s) =L (1 —s)O(1 —s,a).

The functional equations in Proposition 2.2 are easily proved by the integral representa-
tions in (2.6). Hence, we show Proposition 2.2 (0).

Proof of (2.6) for Q(s,a). Let 0 < a < 1 and R(s) > 1. Then we have

2/ us_le(U,a)du:2Z/ us_le_mz(”J““)Qdu—i—QZ/ u e =) gy,
0 n=0 "0 n=0 "0

The first infinite series can be rewritten as

[ () () S
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Hence, we obtain
2/ u T Gy (u, a)du = W_S/QF<§>Z(3, a). (4.1)
0

Similarly, when $(s) > 1, one has

2/ ut! Z exp(—ﬂuan—iQWna)du
0

0#£n€Z

_22/ 1_27””‘1 Wundu+22/ 8127rma Tun?

Note that the second infinite series can be expressed as

e o) S O
Thus, it holds that
Q/OOOUSI (Gp(u,a) — 1)du = W*S/zlﬂ(%)P(s, a). (4.2)
Therefore, when $(s) > 1, one has
W_S/QF(§>Q(S, a) = /000 wH(Golu,a) — 1)du. (4.3)

Note that (4.3) with 0 < a < 1/2 has already given in the proof of [8, Proposition 2.1].

By using the first equation in (2.4) and changing the variable u — v}, we obtain

/o1 w(Go(u,a) —1)du = /100 Ul_S<GQ(U_ a)— 1) ?2) - /100 v <GQ(U’ @)= U_1> %

when R(s) > 1. Moreover, we have

o d 1 o d 1
/ oY 7 / B S
1 v s—1 1 v s

if R(s) > 1. Thus we can easily see that

/01““(6’@(%&)—1)@:/100 (Gol.a) — 1)

Therefore, from (4.3) and the equation above, we have

W_S/2F<§>Q(s,a) = /01 v (Go(u,a) — 1)du + /100 T (Gg(u,a) — 1)du

1 o0 o0
= +/ v (Go(u,a) — 1)du +/ u*(Golu,a) — 1)du
s(s—1) 1 1
for R(s) > 1. The integrals above converge absolutely for all s € C, and so the formula
holds, by analytic continuation, for all s € C. Hence we obtain the first equality in (2.6)
for all 0 < a < 1 and s € C. By the periodicities Gg(u,a) and Q(s,a), the first equation

dv 1 1
+

v s—1 s

in (2.6) holds for all a« € R\ Z. O
Proof of (2.6) for X(s,a). Suppose a € R\ Z. By (4.1) and (4.2), we have

0 s g [

Y —s/2 < _ 7 s—1

2" F(2)Z(s,a) 8@/0 u Gz (u,a)du,

0 s o [~
—5/2 ° _ s—1 _
52" F(2>P(s,a) _8a/0 v (Gp(u,a) — 1)du
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when R(s) > 1. First, we consider the right-hands sides of the equalities above. From
(3.2), we obtain

ﬁ/ u* T Gy (u, a)du = —27T/ w1 Gy (u, a)du,
da J, 0

g/ v (Gp(u,a) — 1)du = —27r/ u* Go(u, a)du.
da J, 0

On the other hand, we can easily see that

sgn(n + a)
—Z - SR TY . sy(s+1
(s,a) Z 8a|n—|—a| ° Z In + als+! Y(s+1,a),
n+a#0 n+a##0
o o —2mina —2mina
%P(s,a) = Z ae P —2mi Z sgn = —210(s — 1,a)
0#n€eZ 0#n€eZ

if R(s) > 1 is sufficiently large. By these formulas, we have

aaar( )Z(s,0) =T (5 ) ()Y (s + 1,0) = 20

aaaf< )P(s,a) = —27TF<§>O(S —1,a)

for all s € C. Therefore, when R(s) > 1, we obtain

s+2

)Y(s +1,a),

o 1
/ u* Gy (u, a)du = 7r’(8+1)/21“<8 i )Y(s, a),
0 2
o0 1
/ u'Go(u,a)du = 7r_(s+1)/2f(8 i )O(S, a).
0 2

The equations above imply

[e.9]

1
(8+1)/2F<S —g >)((57 CL) = / ’U,SGx('L(,’ a)du

0
Applying the second modular relation in (2.4), we obtain

1 ! >
e (I = [ wGxwans [T wGs
0 1

:/ uSGX(u,a)du—i—/ USGX(vl,a)d—s:/ (v* 4+ u'~*)Gx(u, a)du.
1 1 v 1

Obviously the last integral converges absolutely for all s € C. Thus formula above holds

for all s € C by analytic continuation. Hence we obtain the second equality in (2.6) for

alla € R\ Z and s € C. O
5. PROOF OF THEOREM 2.4

The functional equations in (2.22) are proved by the integral representations (2.18)
since the right-hand side is unchanged if s is replaced by 1 — s. However, we give proofs
of equations in (2.22) by using the functional equation (1.6) of the Lerch zeta function.

Proof of (2.22). Let us suppose that 0 < a,b < 1. Clearly, the functional equation (1.6)
can be rewritten as

> (1 — 5,a,b) = Ix(s) (e”s/QL(s, b, —a) + e /22 (51 — b, a)). (5.1)
Changing parameters a — 1 —a and b — 1 — b in (5.1), we obtain

M= U=b (1 _ 51 —a,—b) = [k(s) (ems/2L(s, 1 —b,a)+ e ™/22m0-0 (5 b, —a)).
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2mi(1—a) _ ,2mia

Multiplying the both-sides of the formula above by e~ e“™ we have

eQm’(afl)bL(l —s,1—a, —b) _ Fﬂ(s) (eﬂi8/262wiaL(S’ 1—b, CL) + €7ﬂ.is/2L(3, b, _a)). (5'2)

Moreover, we can easily see that

Z 627ri(n+a)b i e271'1'(71-1-(1)1) i e2mi(—n—1+a)b
Z(s,a,b) = — . = — 0 T 1 —a)s
n+a#0 ‘n + &| n=0 <n - a> n=0 (n - 1- CL) (53)
= ¥ (s, a,b) + 2™V L(51 — a, —b),
—2mina 0 e—2mina 0 6727rz( n—1)a
(0.0 = 3 e = i T T b
v [n+b) & (n+b) = (n+1-b) (5.4)

= L(s,b,—a) + €™ L(s,1 —b,a).
Hence, from (5.1) + (5.2), we obtain
Z(1 = s,a,b) = Los(s)P(s,a,b). (5.5)
Replacing the variable s — 1 — s in the equality above, we obtain Z(s, a,b) = L.s(1 — s)

P(1—s,a,b). Besides one has [Ls($)[eos(1 — s) = 1 by the definition of I.s(s) and Euler’s
reflection formula for the Gamma function. Therefore, we obtain

P(1—s,a,b) = Ls(s)Z(s,a,b). (5.6)

The equations (5.5) and (5.6) imply Riemann’s functional equation of (2.22).
On the other hand, we have

Y<S7 . b) _ Z sgn(n |+ a)6278m(n+a)b Z 2m (n+a)b B Z 627m( n 1+a):
v n+ al — (n+a)s — (n+1—a) (5.7)
= ¥ (s,a,b) — 2™V L(5 1 — a, —b),
' Sgn(n + b>e—2m‘na 0 e~ 2mina 0 —2m (=n—1)a
O(s,a,b)zzngéo |n + b|* Zo n+b)* Z% n+1—b)s (5.8)
=iL(s,b,—a) —ie*™L(s,1 — b, a).
Thus, by (5.1) — (5.2), we obtain
Y(1—s,a,b) = Lin(s)O(s,a,b). (5.9)
Furthermore, we have
O(1 = s,a,b) = Lin(s)Y (s, a,b) (5.10)

from the equations (5.9) and Iy, (s ) sin(1 —s) = 1 which is proved by Euler’s reflection
formula. The functional equations (5.9) and (5.10) imply the second equation in (2.22).
U

Obviously, we have Theorem 2.4 (1), (2) and (3) by the definitions of Q(s,a,b) and
X(s,a,b). The Fourier expansions in (2.23) are easily proved by the functional equations
(5.5) and (5.9), namely,

Z(s,a,b) = Los(1 —s)P(1 — s,a,b) and Y(s,a,b) = Lin(1 — s)O(1 — s,a,b).

The functional equations in Theorem 2.4 are easily shown by the integral representations
n (2.18). Thus, we only have to prove Theorem 2.4 (0).

Proof of (2.18) for Q(s,a,b). Assume 0 < a,b < 1 and R(s) > 1. Then we have

2/ u Gy (u, a,b)du =
0

00 00 o0 00
: ; 12 2 o 9. 1.2 )2
2627rzab E eQﬂ’mb/ u® 16 mu?(n+a) du + 2€2wz(a 1)b § e 27rmb/ u® 16 mu?(n+l—a) du.
n=0 0 n=0 0
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The first infinite series can be expressed as

) 00 s/2—1 o0 2minb
ZBQﬂinb/ ev( /U/ﬂ— 2> dv/ﬂ- 5 — S/2F< > Z € ) (511)
o 0 (n+a) (n+a) “—~ (n+a)’
Hence, by using (5.3) and (5.11), we obtain
2/ ' Gy (u, a,b)du = W’S/2F(§>Z(s, a,b). (5.12)
0

Similarly, when $(s) > 1, one has

2/ ¥ 'Gp(u,a,b)du =
o

2§ 27r'ma/ —mu?(n+b) du+2627rm§ / s—1 2mna mu?(n+1-b)2

Thus, from (5.4) and (5.11), we have
2/ u G p(u, a,b)du = 7T_s/2r<§)P(S,CL, b). (5.13)
0

Therefore, when R(s) > 1, it holds that

W_s/2F<S)Q(S,a,b) = /00 u* T Go(s, a,b)du. (5.14)
0

Hence, from the first modular relation in (2.15), we obtain

00 1
W5/2F<§>Q(s,a,b):/l u81GQ(u,a,b)du+/0 ' Go(u, a,b)du

:/ us_lGQ(u,a,b)du+/ V' Go(va b)dv / (u® 4+ u'"%)Go(u, a, b)
1 1 1

The last integral converges absolutely for all s € C, and so the formula holds, by analytlc
continuation, for all s € C. Thus we have the first equality in (2.18) for all 0 < a < 1
and s € C. From the periodicities of Gg(u, a,b) and Q(s, a,b), the first equation in (2.18)
holds for all a € R\ Z. Moreover, we have the first equation in (2.18) for all b € R\ Z by
the quasi-periodicities of Gg(u, a,b) and Q(s, a,b). O

Proof of (2.18) for X (s,a,b). Let us suppose a,b € R\ Z. By (5.12) and (5.13),

d = s—1 _ 9 —5/2 S
2%/0 u Gz(u,a,b)dU—%w F(§>Z(s,a,b),

8 > s—1 o a —s/2 S
2(%/0 u Gp(u,&,b)du—abw F(Q)P(s,a,b)

when R(s) > 1. From (3.5), one has

du

a o0 o

— u* ' Gy (u, a,b)du = 27rz'/ u* Gy (u, a.b)du,
2/ w1 Gp(u,a,b)du = 27rz'/ w1 Go(u, a)du
ab J, 0

if R(s) > 1. Clearly, we can see that
o e?ﬂz n+a)b 627ri(n+a)b

0 : sgn(n + a) :
—Z( b) =2 =2mY b
b (s, ;‘L#O b |n+al* & Z In + al*~1 mi¥ (s, a,0),

a a e—27rina Sgn(n+b)€—2mna s
—P(s,a,b) = nz = =—s Z P = —20(5, a,b)
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when R(s) > 2. By the formulas above, we have

%I‘(g)Z(s, a,b) =2mil(2)Y (s = 1,0,)

0 /s (S :
%r(§> P(s,a,b) = st(§>O(s +1,0,b) = M(
for all s € C. Therefore, if R(s) > 1, we obtain

/ u* Gy (u,a,b)du = W’(S+1)/2F<
0

s+ 2
2

)0(3 +1,a,b)

s+1

)Y(s,a,b),

+ o
[S—y

/ uw'Gol(u,a,b)du = 7T_(5+1)/2F<S )O(s, a,b).
0

\)

The equations above imply
1 [o.¢]
7T_(S+l)/2r<%)X($,a,b) = / u’Gx(u,a,b)du.
0
By applying the second modular relation in (2.15), we have

1 °° 1
W—@+Dﬁr<f€;_>AXs¢ub)=(/‘ u%?x(UJ%bﬁﬁt+ /iUW?X@%a7mdU
1 0

oo oo d oo

= / uwGx(u,a,b)du + / v Gx (v a,b) ;} = / (v® +u'*)Gx(u, a,b)du.
1 1 1
Obviously, the last integral converges absolutely for all s € C. Thus formula above holds
for all s € C by analytic continuation. Hence we obtain the second equality in (2.18) for

all a,b € R\ Z and s € C. O

v
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