Supplementary Material

Distinct microscopic interactions converge on a common
mode-selection structure for nematic ordering

Takanori Kihara
Department of Life Science and Biotechnology,
Faculty of Environmental Engineering,
The University of Kitakyushu, Kitakyushu, Fukuoka, Japan

Supplementary Methods

S1. Derivation of the linear growth rates

We derive the linear growth rate of each angular Fourier mode for the homogeneous mean-field
equation used in the main text,
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The interaction kernel is expanded as
K(A) =) apsin(mad), A=6-0. (S2)
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The uniform orientation distribution is
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To examine its linear stability, consider a small perturbation in angular mode n,
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where ¢, (t) is the complex amplitude of the perturbation and |c,| < 1.
The diffusion term in Eq. (S1) contributes
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For the interaction term, orthogonality of the Fourier modes implies that only the m = n
harmonic of the kernel contributes at linear order. Using
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the convolution with the perturbed distribution becomes
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Because the convolution vanishes for the uniform distribution, f multiplying the convolution
can be replaced by fy at linear order. Therefore,
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The time derivative of the perturbed distribution is
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Substituting Eqs. (S5) and (S8) into Eq. (S1) and equating the coefficients of ¥ gives
c'n:( Dyn? +%) Cn. (S10)

Thus, the linear growth rate of angular mode n is

An = —Dyn? + % (S11)

Accordingly, a small perturbation evolves in the linear regime as
cn(t) = cn(0)eM?, (S12)

A mode with A\, > 0 is therefore linearly amplified, whereas a mode with A\, < 0 decays near
the uniform state. This linear stability result does not by itself determine the nonlinear final
state.

S2. Derivation of the interaction kernels

Throughout the analysis, the relative orientation was defined as
A=0;—0;.

For interactions represented by an effective angular potential U(A), A = 6; — 6; gives —0p,U =
OAU. The angular drift convention used in the main text was therefore

K(A) = 9aU(A).

S2.1. Excluded-volume geometry (M1)

For two hard discorectangles with central segment length L and diameter D, the excluded area
was [1]
Aexat(A) = L?|sin A| + 4LD + wD?.
Using
Uw (A) = JABXC](A)7

only the first term contributed to the angular drift, giving
Kai(A) = JL% sgn(sin A) cos A.

At the cusps where sin A = 0, the numerical implementation used the symmetric value Ky = 0.
The sine-series coefficients can be evaluated analytically. Odd coefficients vanish, whereas

the even coeflicients are
8JL%m

m(4m? — 1)’

The representative calculations used JL? = 1, giving

agm = azm+1 = 0.

as = é = (0.848826. ...
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S2.2. Collision scattering (M2)
The collision model used the wrapped closest-axis displacement
w(A) = [(A+7/2) mod 7] — 7/2,

which lies in [—7/2,7/2).

In the M2 collision rule, each interacting axis was rotated toward the nearest common bisec-
tor, corresponding to an angular displacement w(A)/2 per particle. The orientation-dependent
collision rate was proportional to y|sin A| [2].

The effective angular drift was therefore

Kvi(A) = %|sinA\w(A).

The representative calculations used v = 2. No effective potential was imposed for this collision
rule.

S2.3. Transient adhesion with equivalent registers (M3)

Two equivalent adhesive registers were represented by
Uns(A) = —J log[2 cosh(x cos A)].

Differentiation gives
Kz (A) = Jysin A tanh(x cos A).

The representative parameters were

S2.4. Fast polarity-state elimination (M4)
The microscopic interaction was written as
E = —Jsisjcos A, si, 85 € {—1,+1}.

The binary polarity variables were treated as fast internal variables and were not explicitly
propagated in the angular particle simulations.
Minimization with respect to the product s;s; gives

Una(A) = —J|cos Al.
The resulting angular drift was
Kysa(A) = Jsgn(cos A) sin A.

The representative calculations used J = 1.

S2.5. Anisotropic locking (MS5)

The anisotropic-locking interaction was represented by
Unis(A) = Jsin? A,

which gives
Kys(A) = Jsin 2A.

The representative calculations used J = 1. Thus the only nonzero Fourier coefficient is

as = 1.



S2.6. Perpendicular locking (M6)
The perpendicular-locking interaction was represented independently by
Unis(A) = J cos® A.
Its angular drift is
KMg(A) = —Jsin2A.
For J =1,
az = _17

with all other sine coefficients equal to zero.

S2.7. Controlled polar perturbation

The controlled symmetry-breaking perturbation was applied to M1 as
K (A) = Kyi(A) 4 esin A.

Consequently,
8
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while the remaining M1 coefficients were unchanged.
At D, = 0.1,

8
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The polar mode is marginal at
€lin — 0.20

and is linearly unstable for € > 0.20.

S3. Fourier projection and higher-mode checks
For a numerically specified kernel, the sine coefficient was evaluated as

1 K
ap, = — K(A)sin(nA) dA.
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Using a uniform midpoint grid with IV, angular points,
1\ 27
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the numerical projection was
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The primary Fourier projection used
N, = 65536.
Higher-mode spectra were evaluated through

n = 128.



Resolution checks additionally used
N, =262144 and N, = 1048576.

The identification of n = 2 as the only positive-growth mode for M1-M5 and the absence of
positive-growth modes for M6 were unchanged in these numerical resolution checks.

For M1, the numerical coefficients were compared with the analytical all-mode expression
given above. For M5 and M6, the numerical projections were compared with their exact single-
harmonic spectra. For M2—-M4, the higher-mode conclusions were based on numerical projection
through n = 128 rather than on an analytical all-mode proof.

The Fourier coeflicients through n = 8 at the representative parameter values are summarized
in Table S1.

Table S1: Fourier sine coefficients through n = 8 for the interaction kernels at the representative
parameter values. Values shown as zero vanished by symmetry or by the exact single-harmonic
form.

Model a; az as as as ag ar as
M1 0 0.848826 0 0.339531 0 0.218270 0 0.161681
M2 0 0.767449 0 -0.578604 0 0.330385 0 -0.259101
M3 0  0.865921 0 -0.058763 0 0.004899 0 -0.000415
M4 0 0.848826 0 -0.339531 0 0.218270 0 -0.161681
M5 0 1.000000 O 0 O 0 O 0
M6 0 -1.000000 O 0 O 0 0 0

S4. Particle-simulation implementation

The finite-N dynamics were integrated using the Euler—-Maruyama scheme. For time step At,

0;(t + At) = wrap [Hi(t) +ui(t)AL + /2D, At gi] ,

where

independently for each particle and time step, and
1
=5 Z
Angles were wrapped after each update to

[—m, ).

In the simulations, the interaction drift was evaluated from the first M = 32 Fourier har-
monics. Defining

7=1
the drift can be written as -
v; = Zan Im [Z e me’}
n=1

This expression is algebraically equivalent to the corresponding Fourier-truncated all-to-all
mean-field sum.



Unless otherwise stated, simulations used
N = 300, D, =0.1, At = 0.01, T = 40.

No mapping to physical time units was imposed; time and rates are therefore given in model
units.

S5. Long-time simulations

Each condition was simulated in 10 independent realizations from independent uniform initial
orientations on [—, 7).
The order parameters were saved every 0.2 time units. For each realization,

Plate = <P(t)>30§t§40 ) Qlate = <Q(t)>30§t§40 :

S6. Controlled early-growth analysis

Controlled measurements of second-mode growth used
N = 300, D, =0.1, At = 0.01, T =6, R = 30.
The prescribed initial distribution was
1+ 2Acos 26
£(6,0) =~
0
To suppress sampling variation in the initial second-mode amplitude, the same deterministic

set of IV initial orientations was used in every replicate. The orientations were constructed from
quantiles of the prescribed distribution by solving

j+1/2
7"'77
N
by Newton iteration. Replicates therefore differed only in their stochastic noise histories.
Trajectories were saved every 0.05 time units. For replicate r, the complex second angular

moment was
1L L0
ZUORE > e
]:

The quantity fitted for the primary growth-rate analysis was

1S~ )
=227 (1)
Rr:l

Ag = 0.02.

Hj—i-AoSin(Z@j):Q 7=0,....,N—1,

Aﬁt (t) = Re

Y

rather than the magnitude @ = |Z|.
The growth rate was obtained by ordinary least-squares fitting of

log Agt(t) = ¢ + ragt.

The fit started at
t=0.20

and ended at the saved time immediately preceding the first point at which
Agy > 0.15.

If this threshold was not reached before T' = 6, the fit extended to the end of the simulation.

The resulting primary fit intervals are listed in Table S2.

Uncertainty in the fitted rates was estimated using 1000 replicate-level bootstrap resamples
with replacement. For each bootstrap sample, replicates were resampled before calculating
the ensemble complex second moment, and the same fit endpoint determined from the complete
ensemble was used. Percentile 95% confidence intervals were calculated from the finite bootstrap
fitted rates.



Table S2: Fit intervals used for the controlled mode-2 growth analysis.
Model Fit interval

M1 0.20-4.35
M2 0.20-6.00
M3 0.20-4.40
M4 0.20-4.00
M5 0.20-3.25

S7. Polar-perturbation scan

The perturbation values were
e =20, 0.05, 0.10, 0.15, 0.20, 0.25, 0.30, 0.40, 0.50, 0.60, 0.70, 0.80, 0.90, 1.00.

For each realization, classification was performed after calculation of its time-averaged Pjase

and Qlate~
A realization was classified as nematic-dominated when

Qiate > 0.5 and  Plage < 0.2,

as polar-dominated when
Plate > 05a

and as mixed/indeterminate otherwise.
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