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A B S T R A C T

Polar constituents can form nematic collective order through distinct microscopic interactions,
but whether these mechanisms share a common angular mode-selection structure remains
unclear. The interactions were represented by angular kernels and analyzed through the growth
rates of their Fourier modes. Five physically distinct mechanisms exhibited a common mode-
selection structure with a unique unstable second mode and produced nematic-dominated order
in particle simulations. The predicted mode-2 growth rates were consistent with those measured
during early ordering. In contrast, a head-tail-symmetric perpendicular-locking interaction had a
negative mode-2 growth rate and did not develop nematic-dominated order. Nematic-dominated
ordering persisted under polar symmetry breaking, even beyond the onset of polar instability,
while stronger perturbations produced a broad crossover toward mixed and polar-dominated
outcomes. These results distinguish symmetry from dynamical mode selection: symmetry
constrains the allowed angular structure, whereas the growth-rate spectrum determines which
modes are linearly amplified.

1. Introduction
Microscopic polarity does not uniquely determine the symmetry of collective orientational order [1, 2]. Self-

propelled polar particles and elongated active objects, including those in biological systems, can organize collectively
into nematic states, in which orientations separated by 𝜋 are equivalent [3, 4, 5]. Understanding how polar microscopic
units produce nematic collective order is therefore a recurring problem in active-matter physics. The isotropic, polar,
and nematic orientational states and the corresponding order parameters are summarized schematically in Fig. 1.

Several routes to nematic organization are already established. Models of self-propelled polar particles with
nematic alignment exhibit collective nematic states, and kinetic descriptions have characterized their orientational
instabilities using angular Fourier modes [3, 6, 7, 5]. For elongated objects, excluded-volume or steric interactions
favor axis-aligned organization [8, 9, 10]. Collision-based interactions can produce effective nematic alignment [11],
while polarity reversals and mixed polar–nematic interactions provide additional routes to collective nematic states
[12, 13, 14].

However, it remains unclear to what extent physically distinct microscopic routes to nematic ordering share a
common angular mode-selection structure. These mechanisms are usually formulated in terms of their specific physical
ingredients, making direct comparison difficult. In this study, the angular Fourier modes amplified by each interaction
near the uniform orientational state were compared to determine whether distinct interactions converge on a common
mode-selection structure.

A homogeneous orientation-only mean-field model was used to represent each mechanism by an effective angular
kernel 𝐾(Δ). The comparison was organized through

microscopic interaction ⟶ 𝐾(Δ) ⟶ {𝑎𝑛} ⟶ {𝜆𝑛}, (1)

where 𝑎𝑛 denotes the 𝑛th sine-Fourier coefficient of the interaction kernel and 𝜆𝑛 the corresponding linear growth rate
of the angular mode.

Five physically distinct interactions were examined: elongated excluded-volume geometry, collision scattering,
transient adhesion with equivalent registers, fast polarity-state elimination, and anisotropic locking (Fig. 2A). The
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predicted linear growth rates were tested with the corresponding finite-𝑁 angular particle model. A head-tail-
symmetric perpendicular-locking interaction was further used as a counterexample, and a controlled first-harmonic
perturbation was introduced to break head-tail symmetry.

At the representative conditions examined, the five mechanisms converged on a common mode-selection structure
characterized by a unique unstable second angular mode, while the counterexample and polar perturbation clarified
the distinction between symmetry classification and dynamical mode selection.

2. Model and methods
2.1. Orientational model and linear stability

The model used a homogeneous orientation distribution 𝑓 (𝜃, 𝑡) normalized on [0, 2𝜋). An angular mean-field
description of orientational dynamics was used [11].

𝜕𝑡𝑓 = 𝐷𝑟𝜕
2
𝜃𝑓 − 𝜕𝜃

[

𝑓 (𝜃, 𝑡)∫

2𝜋

0
𝐾(𝜃′ − 𝜃)𝑓 (𝜃′, 𝑡) 𝑑𝜃′

]

, (2)

where 𝐷𝑟 is the rotational diffusion coefficient and Δ = 𝜃′ − 𝜃 is the relative orientation. The interaction kernel 𝐾(Δ)
represents the angular drift generated by the interaction.

All interaction kernels considered here were odd functions of Δ, 𝐾(−Δ) = −𝐾(Δ), and therefore contain only sine
harmonics in their Fourier expansions:

𝐾(Δ) =
∑

𝑛≥1
𝑎𝑛 sin(𝑛Δ), 𝑎𝑛 =

1
𝜋 ∫

𝜋

−𝜋
𝐾(Δ) sin(𝑛Δ) 𝑑Δ. (3)

For mechanisms derived from an effective potential 𝑈 (Δ), the definition Δ = 𝜃′ − 𝜃 gives −𝜕𝜃𝑈 = 𝜕Δ𝑈 ; the
corresponding drift convention was therefore

𝐾(Δ) = 𝜕Δ𝑈 (Δ). (4)

Linearization of Eq. (2) about the uniform state 𝑓0 = 1∕(2𝜋) gives the growth rate of angular mode 𝑛 as

𝜆𝑛 = −𝐷𝑟𝑛
2 +

𝑛𝑎𝑛
2

. (5)

The derivation is given in the Supplementary Methods. Thus, 𝜆𝑛 > 0 and 𝜆𝑛 < 0 respectively describe linear growth
and decay of mode 𝑛 near the uniform state. Equation (5) was used only as a linear-instability relation and not as a rule
for the nonlinear final state.

2.2. Microscopic interaction kernels
Five physically distinct interactions were used for the cross-mechanism comparison (Fig. 2A). Throughout

the following definitions, 𝐽 denotes the interaction-strength parameter of the corresponding model; its value and
normalization are specified separately for each interaction.

For elongated excluded-volume geometry (M1), the excluded area of two-dimensional capped rods with central
length 𝐿 and diameter 𝐷 was used [15]. The excluded area was

𝐴excl(Δ) = 𝐿2
| sinΔ| + 4𝐿𝐷 + 𝜋𝐷2. (6)

Using

𝑈M1 = 𝐽𝐴excl, (7)

the angle-dependent part generated

𝐾M1(Δ) = 𝐽𝐿2 sgn(sinΔ) cosΔ, (8)
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with

𝑎2𝑚 = 8𝐽𝐿2𝑚
𝜋(4𝑚2 − 1)

, 𝑎2𝑚+1 = 0. (9)

The representative comparison used 𝐽𝐿2 = 1.
For collision scattering (M2), the relative angle was folded into the nearest nematic register,

𝑤(Δ) =
[(

Δ + 𝜋
2

)

mod 𝜋
]

− 𝜋
2
, (10)

where 𝑤(Δ) ∈ [−𝜋∕2, 𝜋∕2) is the folded relative angle. Following binary-collision descriptions in which the collision
rate between elongated particles contains a factor | sinΔ| [11], the effective angular interaction was represented as

𝐾M2(Δ) =
𝛾
2
| sinΔ|𝑤(Δ), (11)

where 𝛾 sets the collision-alignment strength. The representative comparison used 𝛾 = 2.
For transient adhesion with two equivalent registers (M3), a minimal two-state effective potential was constructed

by summing over equivalent parallel and antiparallel registers,

𝑈M3(Δ) = −𝐽 log[2 cosh(𝜒 cosΔ)], (12)

where 𝜒 controls the angular dependence of the two-register interaction. The corresponding angular interaction was

𝐾M3(Δ) = 𝐽𝜒 sinΔ tanh(𝜒 cosΔ). (13)

The representative comparison used (𝐽 , 𝜒) = (2, 1).
For M4, a microscopic polar interaction 𝐸 = −𝐽𝑠𝑖𝑠𝑗 cosΔ, with the internal binary state 𝑠𝑖 = ±1, was coarse-

grained by fast polarity-state elimination. Assuming that the fast binary state relaxed to the lower-energy state at fixed
Δ, minimization over the binary polarity product gave

𝑈M4(Δ) = −𝐽 | cosΔ|. (14)

The corresponding angular interaction was

𝐾M4(Δ) = 𝐽 sgn(cosΔ) sinΔ, (15)

with 𝐽 = 1.
The anisotropic-locking interaction (M5) was

𝐾M5(Δ) = 𝐽 sin 2Δ, (16)

with 𝐽 = 1.
The perpendicular-locking counterexample (M6) was

𝐾M6(Δ) = −𝐽 sin 2Δ, (17)

with 𝐽 = 1.
For numerically specified kernels, Fourier coefficients were evaluated on a uniform midpoint grid over [−𝜋, 𝜋)

using 65,536 angular points, and the spectrum was examined up to 𝑛 = 128. Derivations of the effective potentials and
kernels and Fourier coefficient tables are provided in the Supplementary Methods.

To introduce controlled polar symmetry breaking, M1 was modified as

𝐾𝜖(Δ) = 𝐾M1(Δ) + 𝜖 sinΔ, (18)

where 𝜖 is the strength of the added polar first-harmonic interaction. This changed 𝑎1 to 𝜖 without changing 𝑎2 =
8∕(3𝜋).
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2.3. Particle simulations and quantitative analyses
The corresponding finite-𝑁 dynamics were simulated as

𝑑𝜃𝑖 =

[

1
𝑁

∑

𝑗
𝐾(𝜃𝑗 − 𝜃𝑖)

]

𝑑𝑡 +
√

2𝐷𝑟 𝑑𝑊𝑖, (19)

where 𝑊𝑖 denotes an independent standard Wiener process for particle 𝑖. Equation (19) was integrated using the Euler–
Maruyama method. Unless stated otherwise, 𝑁 = 300, 𝐷𝑟 = 0.1, Δ𝑡 = 0.01, and 𝑇 = 40. No mapping to physical
time units was imposed; time and rates are therefore given in model units. Angles were represented periodically on
[−𝜋, 𝜋).

The interaction drift was evaluated using the first 32 Fourier coefficients of the interaction kernel. Higher-mode
spectra and numerical resolution checks of the Fourier projections are described in the Supplementary Methods.

Polar and nematic order were defined as

𝑃 =
|

|

|

|

|

|

1
𝑁

∑

𝑗
𝑒𝑖𝜃𝑗

|

|

|

|

|

|

, 𝑄 =
|

|

|

|

|

|

1
𝑁

∑

𝑗
𝑒2𝑖𝜃𝑗

|

|

|

|

|

|

. (20)

Long-time simulations used 10 independent uniformly initialized realizations per condition, with 𝑃 and 𝑄 saved
every 0.2 time units. 𝑃late and 𝑄late were averaged over 30 ≤ 𝑡 ≤ 40 and are reported as mean ± SD across the 10
realizations.

Controlled tests of Eq. (5) used 𝑅 = 30 independent replicates, 𝑇 = 6, and a deterministic sample from

𝑓 (𝜃, 0) =
1 + 2𝐴0 cos 2𝜃

2𝜋
, 𝐴0 = 0.02, (21)

where 𝐴0 is the amplitude of the initial second-mode perturbation. A deterministic set of particle angles was generated
from quantiles of this distribution and reused in every replicate, so that replicates differed only in their stochastic noise.

The replicate-averaged second-mode amplitude was defined as

𝐴f it(𝑡) = Re

[

1
𝑅

∑

𝑟

1
𝑁

∑

𝑗
𝑒2𝑖𝜃

(𝑟)
𝑗 (𝑡)

]

. (22)

Growth rates were obtained by ordinary least-squares fits of log𝐴f it from 𝑡 = 0.2 to the saved point preceding
𝐴f it ≥ 0.15. Uncertainty was estimated from 1000 replicate-level bootstrap resamples, and percentile 95% confidence
intervals are reported.

The polar-perturbation scan covered 𝜖 values from 0 to 1.0, as listed in Table 2. Runs were classified as nematic-
dominated when 𝑄late > 0.5 and 𝑃late < 0.2, polar-dominated when 𝑃late > 0.5, and mixed/indeterminate otherwise.

3. Results
3.1. Fourier mode selection determines linear orientational instability

Equation (5) gives

𝜆1 = −𝐷𝑟 +
𝑎1
2
, 𝜆2 = −4𝐷𝑟 + 𝑎2. (23)

Thus a polar perturbation decays while a nematic perturbation grows when 𝜆1 < 0 < 𝜆2. A more restrictive condition,

𝜆2 > 0, 𝜆𝑛≠2 < 0. (24)

defines a unique linearly unstable second angular mode. The sign of each 𝜆𝑛 determines the initial growth or decay of
the corresponding Fourier perturbation around the uniform state.
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3.2. Distinct microscopic mechanisms converge on a unique unstable second mode
The linear mode-selection criterion was then applied to M1–M5 (Fig. 2A). At the representative conditions, all five

had 𝑎1 = 0 and 𝜆1 = −0.1. Their second-mode coefficients and growth rates differed, but numerical spectra through
𝑛 = 128 showed that 𝑛 = 2 was the only positive-growth mode for every mechanism (Fig. 2B). The corresponding 𝜆2
values ranged from 0.367 to 0.600 (Table 1). In every case, the second-largest growth rate was −0.1 for 𝑛 = 1. Thus
the spectra were not identical; the shared property was the identity of the uniquely unstable orientational mode.

Independent long-time simulations provided a separate finite-time ordering check. Across 10 independent real-
izations per mechanism, all five mechanisms developed low polar order and high nematic order from random initial
orientations (Table 1). The model-level means ranged from 𝑃late = 0.043–0.051 and 𝑄late = 0.733–0.922. All 50
realizations satisfied 𝑄late > 0.5 and 𝑃late < 0.2. Thus, the common linear mode-selection structure was accompanied
by nematic-dominated finite-time ordering in all five mechanisms under the representative conditions examined.

The theoretical rates were then tested with controlled mode-2 initial perturbations. For every kernel, the theoretical
𝜆2 value fell within the replicate-bootstrap 95% confidence interval of the fitted growth rate (Fig. 2C; Table 1). This
comparison supported the predicted early linear growth of the second mode.

3.3. Head-tail symmetry and an 𝑛 = 2 harmonic are not sufficient
At the effective-kernel level, M1–M5 were head-tail symmetric, but this symmetry alone does not determine

whether the 𝑛 = 2 mode is dynamically amplified. M6 tested this point directly (Fig. 3). Its perpendicular-locking
kernel, Eq. (17), satisfies 𝐾(Δ + 𝜋) = 𝐾(Δ) and consists entirely of the second harmonic. However, 𝑎2 = −1 and
𝜆2 = −1.4 at 𝐷𝑟 = 0.1, and all other orientational modes were also linearly stable.

Consistent with this spectrum, M6 did not develop nematic-dominated finite-time order under the examined
conditions. Across 10 runs, 𝑃late = 0.0451 ± 0.0155 and 𝑄late = 0.0272 ± 0.0027, and no run had 𝑄late > 0.5.
Within the present model framework, exact head-tail symmetry and the presence of an 𝑛 = 2 harmonic were therefore
not sufficient to produce nematic instability or nematic-dominated finite-time ordering.

3.4. Polar symmetry breaking produces a broad crossover in finite-time ordering
For the perturbed M1 interaction in Eq. (18), the linear growth rates are

𝜆1 = −0.1 + 𝜖
2
, 𝜆2 = 0.449. (25)

Any 𝜖 > 0 breaks exact head-tail symmetry. Nevertheless, nematic-dominated outcomes persisted for weak
perturbations: all 10 runs were nematic-dominated at 𝜖 = 0.05 and 0.10, and 9/10 remained so at 𝜖 = 0.15 (Table 2).
Thus, within this perturbation family, exact head-tail symmetry was not required for nematic-dominated finite-time
ordering.

The polar mode became marginal at 𝜖 = 0.20 (𝜆1 = 0) and was linearly unstable for 𝜖 > 0.20. However, the
onset of polar instability did not coincide with the emergence of polar-dominated outcomes. At 𝜖 = 0.25, 0.30, and
0.40, 9/10 runs remained nematic-dominated. With increasing perturbation strength, 𝑃late showed an overall tendency
toward larger values and greater run-to-run variability, whereas 𝑄late remained high across the scan (Fig. 4A; Table 2).

The first run meeting the criterion for polar-dominated classification occurred at 𝜖 = 0.70, and at 𝜖 = 1.00, 7/10 runs
met this criterion. At 𝜖 = 0.80, the trajectories showed similar high 𝑄(𝑡) but widely different finite-time levels of 𝑃 (𝑡)
across runs (Fig. 4B). Thus, the finite-time ordering behavior changed gradually across a broad, replicate-dependent
crossover rather than at a single threshold defined by the linear growth rates.

4. Discussion
The central result of this study was that five physically distinct interaction mechanisms converged on a common

linear mode-selection structure at the representative conditions examined. Their commonality lay not in microscopic
equivalence or identical spectra, but in the selection of 𝑛 = 2 as the unique unstable orientational mode. Mechanism-
specific descriptions have previously been developed for steric [9], collisional [11], reversal-mediated [13], and mixed-
symmetry [12] active systems. The present framework complements these approaches by placing such physically
distinct interactions on the common dynamical mapping 𝐾(Δ) → {𝑎𝑛} → {𝜆𝑛}.

The symmetry analysis further showed that interaction symmetry and dynamical mode selection are distinct. Head-
tail symmetry removes odd Fourier harmonics but does not determine the sign or magnitude of the allowed even
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Table 1
Mode selection and simulation outcomes for the five comparison models at the representative conditions. The 𝜆2 column
gives the theoretical second-mode growth rate; the measured-growth column gives the fitted early mode-2 growth rate
with replicate-bootstrap 95% confidence intervals (CI). 𝑃late and 𝑄late are mean ± SD across 10 independent realizations.

Model Mechanism 𝜆2 Measured growth rate (95% CI) 𝑃late 𝑄late
M1 Excluded volume 0.449 0.514 (0.396–0.603) 0.050 ± 0.036 0.922 ± 0.005
M2 Collision scattering 0.367 0.334 (0.216–0.430) 0.043 ± 0.035 0.733 ± 0.008
M3 Transient adhesion 0.466 0.408 (0.182–0.507) 0.048 ± 0.038 0.842 ± 0.006
M4 Fast polarity-state elimination 0.449 0.462 (0.316–0.566) 0.048 ± 0.040 0.797 ± 0.007
M5 Anisotropic locking 0.600 0.664 (0.516–0.808) 0.051 ± 0.036 0.878 ± 0.003

harmonics. The perpendicular-locking interaction possesses head-tail symmetry and a pure second harmonic, yet its
second mode was linearly suppressed rather than amplified. Conversely, adding a polar component broke exact head-
tail symmetry without immediately eliminating nematic-dominated finite-time ordering. Within the present model
framework, exact head-tail symmetry was therefore neither sufficient nor required for nematic-dominated finite-time
ordering. Related studies have likewise shown that macroscopic order can exhibit symmetries not trivially fixed by the
microscopic interaction rule and that polar and nematic structures can coexist or interconvert [12, 14]. In the present
formulation, symmetry constrains which harmonics are allowed, whereas their dynamical amplification is determined
by the sign of the corresponding growth rates.

The polar perturbation further separated linear instability from nonlinear finite-time state selection. Polar-
dominated outcomes emerged through a broad, replicate-dependent crossover rather than at a sharp threshold in 𝜖.
Thus, a positive 𝜆1 characterized local growth of a polar perturbation near the uniform state but did not by itself define
a unique nonlinear finite-time state [7].

Several limitations define the scope of these conclusions. The theory was a homogeneous orientation-only mean-
field model, and the finite-𝑁 simulations implemented the corresponding all-to-all angular dynamics. Spatial motion,
finite local interaction ranges, and density fluctuations were not included. The cross-mechanism comparison was
performed at representative parameter values rather than across complete parameter spaces. The collision, adhesion,
and internal-state constructions were used to compare mechanisms at a common orientation-level resolution rather than
to reproduce a specific experimental system quantitatively, so their kernels should not be interpreted as system-specific
microscopic laws without further derivation or measurement.

Within these limitations, the framework separates two questions: which angular structures are permitted by an
interaction, and which of those structures are linearly amplified. The first is constrained by symmetry; the second is
encoded by the growth-rate spectrum. This separation provides a compact basis for comparing distinct microscopic
routes to nematic ordering without treating the mechanisms themselves as equivalent.

5. Conclusions
At the representative conditions examined, five physically distinct interaction mechanisms shared a common

linear mode-selection structure characterized by a unique unstable second angular mode. A head-tail-symmetric
counterexample and controlled polar perturbation showed that interaction symmetry and dynamical mode selection
are distinct: symmetry constrains the allowed angular structure, whereas the growth-rate spectrum determines
which modes are linearly amplified. The framework thus provides a common representation for comparing distinct
microscopic routes to nematic ordering without assuming equivalence of their underlying physical mechanisms.
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Fig. 1  Kihara

Figure 1: Orientational states and order parameters. Schematics illustrate isotropic, polar, and nematic orientational
organization. Polar and nematic order are quantified by 𝑃 = |𝑁−1 ∑

𝑗 𝑒
𝑖𝜃𝑗
| and 𝑄 = |𝑁−1 ∑

𝑗 𝑒
2𝑖𝜃𝑗

|, respectively. An isotropic
state has 𝑃 ≃ 0 and 𝑄 ≃ 0; a polar state has 𝑃 > 0 and can also have high 𝑄; a nematic-dominated state has low 𝑃 and
high 𝑄.

Table 2
Late-time outcomes in the polar-perturbation scan. The polar-mode growth rate was 𝜆1 = −0.1 + 𝜖∕2, whereas 𝜆2 = 0.449
remained unchanged. 𝑃late and 𝑄late are mean ± SD across 10 independent realizations. Nem/Mix/Pol gives the numbers
of nematic-dominated, mixed/indeterminate, and polar-dominated runs, respectively.

𝜖 𝜆1 𝑃late 𝑄late Nem/Mix/Pol
0.00 -0.100 0.051 ± 0.039 0.921 ± 0.004 10/0/0
0.05 -0.075 0.037 ± 0.027 0.921 ± 0.002 10/0/0
0.10 -0.050 0.038 ± 0.028 0.920 ± 0.004 10/0/0
0.15 -0.025 0.069 ± 0.061 0.921 ± 0.003 9/1/0
0.20 0.000 0.081 ± 0.056 0.922 ± 0.004 9/1/0
0.25 0.025 0.107 ± 0.066 0.923 ± 0.002 9/1/0
0.30 0.050 0.084 ± 0.075 0.920 ± 0.002 9/1/0
0.40 0.100 0.081 ± 0.067 0.920 ± 0.004 9/1/0
0.50 0.150 0.135 ± 0.080 0.921 ± 0.003 7/3/0
0.60 0.200 0.198 ± 0.142 0.922 ± 0.006 5/5/0
0.70 0.250 0.195 ± 0.198 0.922 ± 0.004 6/3/1
0.80 0.300 0.445 ± 0.299 0.927 ± 0.010 2/5/3
0.90 0.350 0.322 ± 0.233 0.925 ± 0.006 4/4/2
1.00 0.400 0.617 ± 0.247 0.930 ± 0.012 1/2/7
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Fig. 2  Kihara
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Figure 2: Distinct microscopic interactions converge on a common linear mode-selection structure. (A) Schematic
representation of the five comparison models at the representative conditions: M1, excluded-volume geometry; M2, collision
scattering; M3, transient adhesion with equivalent registers; M4, fast polarity-state elimination; and M5, anisotropic
locking. (B) Linear growth-rate spectra shown through 𝑛 = 6 at the representative conditions. Although the spectra
differ quantitatively, 𝑛 = 2 is the only positive-growth mode in all five models. (C) Theoretical 𝜆2 versus the measured
early mode-2 growth rate from controlled finite-𝑁 angular particle simulations. Error bars show replicate-bootstrap 95%
confidence intervals, and the dashed line denotes 𝑦 = 𝑥.

Data availability
The numerical data and source code supporting the findings of this study are available in Figshare at https:

//doi.org/10.6084/m9.figshare.33920626.
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