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Abstract

The light cone of special relativity is conventionally drawn as a cone with 45° slopes, and it serves as a standard
representation of causality. This paper takes time as a radius r» and maps the region reachable from the origin
at each time onto the surface of a cylinder of radius r with coordinates (6, h), the observer’s distance becoming
the height h. The reachable region is then the single condition h < r; the regions of successive times are
nested concentrically rather than stacked along an axis, and direction and distance are carried by separate
coordinates. The construction is a drawing embedding fixed to one central observer, mapping the causal future
of the origin (minus the observer’s worldline) one-to-one into a cylindrical drawing space; it is related to the
Milne universe, to the standard cylindrical spacetime diagram recovered under a logarithmic map, and to
conformal compactification.

As applications, the resolution known from standard cosmology for the conflict about the Big Bang—*“a single
point, or everywhere at once?”—becomes one picture of an expanding observer-centered reachable region; a
cutoff o assumed at an initial time appears as a hole at the centre, provided the drawing origin is kept at the
extrapolated start; and the particle horizon, inflation, and the outer wall rmax of accelerated expansion fall
within the same scheme, models being classified by whether the nest has a centre and an outer wall. These
are the claims of the paper. The future of a surface point further admits two readings—keeping the origin, or
re-centering on it—congruent in the conventional diagram by translation invariance but different figures here.
Black holes, and correspondences with radial quantization, dS/CFT, and cyclic cosmologies, are kept separate
as sketch and outlook.

What this paper changes is not the physics but the drawing. As a supplementary figure depicting observer-
centered causal structure in a way consistent with intuition, we expect it to be of educational value and to help

generate new physical ideas.

Keywords: causal structure; reachable region; observer-centered representation; Milne universe; conformal time;

particle horizon; event horizon; radial quantization; physics education
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1. Introduction

1.1. Light cones and causality

In special relativity, the trajectory of a signal spreading at the speed of light from an event divides spacetime
into three regions: the future that the event can influence, the past that could have influenced it, and the
“causally unrelated” region that is neither. On a spacetime diagram (time on the vertical axis, space on the
horizontal axis) the boundary is a straight line with a 45° slope, and, when space is extended to two dimensions,
a cone. This is the light cone, which has been the standard geometric vocabulary for causality in physics ever
since Minkowski’s 1908 lecture [1].

1.2. Aim: changing the shape of the screen

The conventional light-cone diagram can be read as projecting the reachable region at each time (the region
that can be causally connected to the observer by a given time; defined in Sec. 3.1) onto a disk-shaped screen
that moves upward and widens as time advances. With each successive time the screen rises and its radius
grows; the solid obtained by stacking these screens is the cone.

What this paper proposes is to change the shape of that screen. Time is taken along the radial direction
rather than the vertical axis, and the reachable region at each time is made to correspond to “the surface of
the cylinder of that radius.” Mapping the distance from the observer to the cylinder height, the screen becomes
not a rising disk but a cylindrical surface that surrounds the origin through 360° and expands outward. The
screens of successive times are then nested inside one another rather than stacked one above the other.

The two ways of drawing address the same physics, but they do not cover the same range. The conventional
diagram can show the future and the past cone of the origin at once, whereas the radius of the cylindrical
representation satisfies » > 0, so the past of the origin is not included from the outset. The cylindrical
representation is a one-directional tool that draws only the future developing from the origin.

This one-directionality sets the arrangement. The reachable regions of successive times line up as concentric
surfaces surrounding the origin, so that the direction of time—beginning at the origin and spreading outward—
becomes the shape of the figure itself. The use in Sec. 6, where the origin is placed at the Big Bang and the
history of the reachable region up to the present is drawn, is where this character tells most naturally.

Range aside, the descriptions of what both cover are equivalent. The reach limit from the origin reads “the
radius of the disk never exceeds its height” in the conventional diagram and “the height of the cylinder never
exceeds its radius” in the cylindrical one: the same condition with the coordinates interchanged. What changes is
the arrangement, and with it which features become easier and which become harder to read (Secs. 4.4 and 9.2).
The focus of this paper is not whether the representation contains new physics, but how the consistency with

intuition changes when the same physics is viewed in a different arrangement.

1.3. Separating claims from outlook

The content of this paper is divided explicitly into claims, which can be verified from the figures and the
transformation formulas, and outlook, which points out structural similarities to existing theoretical frameworks.

The claims are the following three.

C1 In 2+1-dimensional Minkowski spacetime, the causal future of the origin minus the observer’s worldline
(p = 0) can be embedded one-to-one (diffeomorphically) into a cylindrical drawing space. The circle h = 0
is a boundary attached by blowing up the origin, and the region reachable from the origin is expressed as
h <1 (Secs. 3 and 5).

C2 For the intuitive conflict about the Big Bang—*“a single point, or everywhere at once?”—the resolution
known from standard cosmology (what was once small is the region that could be in causal contact with a
given observer; it is not that the universe was a single point) can be drawn directly as a single picture of an

expanding observer-centered reachable region. In particular, the way the bottom line of the conventional



diagram is approached by slices covered with tiny reachable regions becomes readable as a figure (Secs. 5.1
and 6).

C3 If a physical or descriptive cutoff g > 0 is assumed at an initial time and the drawing origin is kept at
the extrapolated start r = 0, the assumption is visualized as a “hole” at the center of the figure (Secs. 5.4
and 6.2).

The extension to black holes (Sec. 7) is not included among the claims. The outlook items O1-06 are collected

in Sec. 8, each explicitly presented as an observation of correspondence, not as a derivation.

1.4. Organization

Section 2 surveys the history of light-cone representations and related work, and states how this paper dif-
fers. Section 3 defines the cylindrical representation, and Sec. 4 collects its properties. Section 5 relates the
construction to known ones (Milne universe, logarithmic map, conformal compactification), Sec. 6 applies the
representation to standard cosmology, and Sec. 7 to black holes. Section 8 is outlook, Sec. 9 discussion, and
Sec. 10 conclusions. Details of the transformation, derivations, and numerical values are placed in Appen-
dices A-E, and a glossary of terms in Appendix F.

2. History of light-cone representations and related work

2.1. The birth of the Minkowski diagram

The full set of concepts used today in the kinematics of special relativity—events, worldlines, and light cones—
was first presented publicly on 21 September 1908, in Minkowski’s lecture “Raum und Zeit” at the Assembly
of German Natural Scientists and Physicians in Cologne [1]. Noting that spacetime splits into three regions
when light rays are regarded as worldlines, Minkowski called the interior of the future-directed hypercone the
Nachkegel (after-cone), the past-directed one the Vorkegel (fore-cone), and named the hypercone representing
the propagation of a spherical light wave the Lichtkegel (light cone). According to Walter, the term already
appears in Minkowski’s electrodynamics paper of the same year [2, 3]. In other words, the “light cone” was
introduced from the start as a four-dimensional hypercone, and the familiar 45° triangle of the textbooks is its
1+41-dimensional section.

It is also known that the lecture was not a sudden leap. Poincaré had already treated the Lorentz transfor-
mation as a four-dimensional rotation in his 1906 paper [4], which Minkowski did not cite in Cologne. Damour
discusses the reasons, and how far Minkowski grasped the physical meaning of “time” within spacetime, il-
luminating the boldness of the Cologne lecture through its shadows [5]. Walter traces how three “figures of
light”—the light sphere, the light ellipsoid, and the light cone—competed in the foundations of relativity be-
tween 1905 and 1914, and how the light cone became the marker distinguishing Minkowski’s spacetime theory
[3].

What made the diagram the standard vocabulary was not the drawing itself but what the drawing displays.
Treating the Lorentz transformation as a rotation in four dimensions, Minkowski turned the invariance of physics
under a change of inertial frame into visible geometry: boost the frame and the axes tilt, but the cone stays a
cone and its slope stays 45°. The figure was made so that the symmetry could be seen. This is worth keeping

in mind, because it is precisely what the representation of this paper gives up (Secs. 4.5 and 9.3).

2.2. A lineage of alternative representations

The Minkowski diagram has since acquired a lineage of “other ways of drawing.” Robb constructed the geometry
of spacetime axiomatically from the “after” relation of the light cone alone [6]. Loedel and Brehme proposed
diagrams that draw two inertial frames symmetrically, easing the reading of scales [7, 8]. Epstein proposed
a diagram whose vertical axis is proper time rather than coordinate time, in which every object appears to

move through spacetime at speed ¢ [9]. Penrose’s conformal diagrams compress infinity onto a finite sheet while



preserving the 45° of light rays, so that the global structure of a spacetime can be handled on a single page
[10-12]. The cylindrical representation of this paper is best placed within this lineage of alternatives to the

Minkowski diagram.

2.3. Spacetime diagrams in cosmology

In cosmology, the standard spacetime diagram uses comoving distance and conformal time as coordinates. Davis
and Lineweaver used it to sort out misconceptions about the particle horizon, the event horizon, the Hubble
sphere, and the observable universe [13]. The horizon concepts themselves were systematized by Rindler [14],
with a pedagogical exposition by Ellis and Rothman [15]. Separately, Gott et al. produced a “Map of the
Universe” that takes the logarithm of comoving distance as the radial coordinate—a conformal projection based
on the logarithmic map of the complex plane—fitting everything from near-Earth space to the cosmic microwave
background on a single page (a variant with lookback time as the radius is also discussed in the same paper)

[16]. The latter connects directly to the logarithmic map of Sec. 5.2.

2.4. Prior concentric-circle representations and the difference

The idea of “time as radius, each epoch as a concentric circle” has precedents. Gowan proposed a map in which
equally spaced concentric circles represent the universe at intervals of a billion years, the center being the Big
Bang and the outermost circle the present [17]. There, all three spatial dimensions are compressed onto a single
circle, with the time dimension as the radius of the figure. He also notes that any radius drawn from the center
serves as the time line of a distant observer, which coincides with the “radiating time axes” interpretation in
Sec. 4.2 of this paper. The paper does, however, contain claims at odds with standard cosmology, such as a
denial of the expansion of space and of the horizon problem. This paper refers to it only as a precedent for the
concentric-circle idea, and inherits none of its other claims.

The difference is as follows. Gowan’s map compresses all of space onto a single circle; this paper keeps
two spatial dimensions as the cylinder surface (6, h) and gives an explicit transformation from the disk. The
circumference is read not as “all of space at that time” but as “direction # as seen by the central observer,”
with the distance carried by the height h. By adding this one dimension h, the reachability condition h < r,
the reachable region of a point on the cylinder surface and its re-centering, and the distortion near a black
hole—in short, causal structure—appear inside the figure. Gowan’s need to introduce light paths by a separate
construction (his “observer’s circle”) can be read as the missing h demanding a substitute. As shown in Sec. 3.5,
Gowan’s map corresponds to the base h = 0 of our cylinder, and Gott et al’s map (when its radius is reread as
lookback time) is formally similar to a construction extracting only the top rim h = r; both can be regarded as

constructions corresponding to the edges of our cylinder.

2.5. Reading the conventional representation: a rising disk-shaped screen

Here we fix one way of reading the Minkowski diagram, as the baseline for what follows. In Figs. 1 and 2,
the reachable region at time t; is the horizontal section of the cone (a disk, for two spatial dimensions). As
time advances, this disk moves upward and its radius grows. The conventional diagram can thus be read as
projecting the reachable region at each time onto a disk-shaped screen that rises and widens, and drawing the
solid obtained by stacking those screens. The cylindrical representation of this paper replaces that screen with
a cylindrical surface surrounding the origin and expanding outward (Sec. 3). The difference in how the Big

Bang is drawn once the diagram is imported into cosmology is taken up separately in Sec. 6.
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Figure 1: The light cone with one spatial dimension. Figure 2: The light cone with two spatial dimensions.
Vertical axis: time; horizontal: space. The future light At each time the light traces a circle on the plane; stack-
cone (top) and past light cone (bottom) of the origin ing these gives the cone. The reachable region at time ¢;
“here and now.” The 45° slope corresponds to the speed is the horizontal section of the cone.

of light.

3. Definition of the cylindrical representation

3.1. Assignment of coordinates

Consider a spacetime (¢, z,y) with two spatial dimensions. Place the observer at the origin and write space in
polar coordinates (p, ). The section of the origin’s future light cone at time ¢ is the disk 0 < p < ct. In the

cylindrical representation we assign coordinates as follows (Table 1).
o Take time ¢ as the radius r = ct.

o Let the reachable region at each time (the disk 0 < p < ct) correspond to the surface (0, k) of the cylinder

of radius r; 6 is the azimuth and h the coordinate along the cylinder axis.
e Map the direction ¢ to the azimuth 6, and the distance p from the observer to the height h.

Unless stated otherwise we set ¢ = 1 and write r = ¢. We call the constant-time section 0 < p < ct of the origin’s
causal future J(O) the reachable region at time t. The correspondence (r, 0, h) = (¢, p, p) by itself is physically
nothing but a renaming of coordinates. What is nontrivial is the visualization convention of embedding it into
a Euclidean drawing space as (X,Y,Z) = (rcos@, rsin@, h). After the renaming, the physical metric is still
the Minkowski metric ds? = —dr? 4 dh? + h? df?, which is distinct from the Euclidean distance on the figure,
dl? = dr? + r2d9? 4+ dh®. The proposal of this paper is therefore not a new coordinate system, but a drawing
embedding (a visualization convention) that displays a specific causal region as a cylinder. The lateral surface
of the cylinder is a single sheet with coordinates (6, h); cut open and unrolled it becomes the rectangle of Fig. 3.
The horizontal direction is the azimuth 6 (wrapping around), the vertical direction the height h, i.e. the distance
from the observer. The bottom edge is the observer’s circle and the top edge the light front; everything that

follows can be read as statements on this “map.”

Table 1: Assignment of coordinates: Cartesian, polar, and cylindrical, with the reach condition from the origin.

Representation  Coordinates Ranges Light /reach condition Coordinate degeneracy

Cartesian (t,z,y) t>0;z,y€R z2 4+ y? < ct (45°) none

Polar (t, p, ) 0<p;0<p<2m p<ct ¢ undefined at p =0

Cylindrical (r,0,h) r=ct; 0 <0 < 2m; h < r (reachable region circle h = 0 (observer)
0<h<r from the origin)




light front h = r (top edge)

. eg.(x,y)=(0.50) - (6,h)=(0° 0.5) wrapsoback
to <]

————————— >

Height h
distance p

0° 90° 180° 270° 360°
observer circle h = 0 (base) azimuth 6 -

Figure 3: The unrolled lateral surface. Horizontal: azimuth ¢ (0° and 360° are the same line); vertical: height h =
distance p from the observer. The bottom edge (red) is the observer’s circle h = 0; the top edge (green) is the light front
h = r. The orange dot corresponds to the numerical example of Appendix A.1.

3.2. From the disk to the cylinder surface: the coordinate degeneracy at p =0

The most straightforward map from the disk at time ¢; to the cylinder surface is

0=, h=p. (1)

The single point p = 0 (the observer’s own position) is replaced, by a real oriented blow-up, with the boundary
circle h = 0 at the base, while p = ct; (the light front) maps to the top circle h = ct; (Fig. 4). In what follows
the text uses this one-sided linear version throughout. Variants that draw the band symmetrically about h = 0
are also possible; they are collected in Appendix A as drawing options.

The map is not defined at p = 0: at the center of the disk all values of ¢ label the same point, so the
assignment is not single-valued there. Precisely, the map is a diffeomorphism between the punctured disk
D\ {0} and the surface S* x (0, ct;], and the circle h = 0 is a boundary attached afterwards (this is the real
oriented blow-up of the origin; Appendix A). Each point of the circle h = 0 therefore does not represent a
physically distinct position; it is the single point (the observer) tagged with a direction label. The price of this
replacement is not small: taken over all times, the observer’s worldline, intrinsically one-dimensional, occupies
the whole plane h = 0 (a family of concentric circles) in the drawing space. It is the distortion that most requires
care when reading the figures, and it is taken up again in Appendix A.5. This observer is called the central
observer throughout: the observer placed at the centre of the construction, not one lying along any particular
line of the drawing space. No continuous bijection exists from the whole disk to the closed cylinder surface:
the disk has one boundary component, whereas the truncated cylinder surface is an annulus with two (top and

bottom rims), so the two are topologically distinct.

3.3. The condition h < r as the reachable region: the one-sided cylinder

With Eq. (1) the height of the cylinder at time r is confined to 0 < h < r. That is, the single condition
“the height of a cylinder never exceeds its radius” represents the set of events causally reachable from the
origin (the origin’s reachable region). Note that this is not itself the local speed-of-light restriction on arbitrary
motion. Since the physical metric remains Minkowskian after the renaming, a general causal curve satisfies
(dh/dr)? 4+ h?(df/dr)? < 1, and h < r is the consequence of applying that restriction to propagation from the
origin: it carves out the reachable region. All cylinders stand on the same base plane h = 0, and since the
height equals the radius, connecting the top rims produces a single 45° line from the origin (Fig. 5). The original
+45° came from the symmetry between the past and future cones; the cylindrical representation draws only the

future side r > 0 and does not need that symmetry. As time advances the cylinder grows wider and taller by



Disk (x, y) Cylinder surface (0, h)
p =cty (light front)

h=ct, (p=ct1)

map
h= Ct1/2

h=0 (p=0, observer)
p =0 (observer)

Figure 4: From the disk to the cylinder surface, in the one-sided linear convention h = p used throughout the text.
The center (observer, p = 0) is replaced by the bottom circle (blow-up); the outer rim (light front, p = ct1) maps to the
top circle. The dashed circles show the correspondence at the intermediate radius p = ct1/2.

the same amount, and the lateral area grows: this corresponds to the spreading of “the world that developed

from the origin.”

Height h

A

light bound

light front h = r

light arrival point

» Timet=r

base circle h = 0 = observer

Figure 5: The one-sided cylinder and the condition A < r. Time is the radius r; space is the cylinder surface (6, h)
with the height restricted to 0 < h < r. The base circle is the observer, the top rim the light front; the condition marks
the region reachable from the origin. Seen in the (7, h) section, the top rims line up on a single 45° line from the origin.
The same drawing conventions are used in all later cylinder figures: the top rim is a terminal edge and is drawn solid
all the way round, while circles hidden by the body (the base circle, and intermediate circles) have their near half solid
and their far half dashed. Colour is used for classification only; its intensity carries no information.

3.4. Non-preservation of area and distance; how to read the figure

Equation (1) does not preserve area. The area element of the disk is p dp dep, that of the cylinder surface r df dh;
with h = p their ratio is r/p. The disk has area 7r?, whereas the lateral area of the one-sided cylinder is
271 - = 27r2: area is not preserved, and the magnification varies from place to place. An area-preserving map
is obtained from dh = pdp/r, i.e. h = p?/(2r), but then only part of the cylinder is used (Appendix A).

The cylindrical representation is thus a relabeling that preserves the structure “which regions are causally

)

connected to the origin,” while lengths, areas, and angles cannot be read directly off the figure. Geometric

quantities must be pulled back through the transformation.

3.5. Relation to the precedents: base, top rim, lateral surface

With the definitions in place, the relation to the two precedents of Sec. 2.4 becomes clear (Fig. 6, Table 2).
Gowan’s concentric map amounts to compressing the height h to zero and keeping only the base circles. Gowan

reads the circumference as “all of space at that time” and uses the growth of the circumference as the expansion;



here the circumference is the direction # and the distance is carried by h. Compressing h erases the distance
information, and the reachability condition A < r disappears with it. Gott et al’s map corresponds to the
opposite edge. Its radius is comoving distance on a logarithmic scale, and what is drawn are the objects
whose light has reached us—events on our past light cone. If the radius is reread as lookback time (the third
interpretation of Sec. 4.2), the map corresponds to a construction collecting only the top rims h = r of the
cylinders (its radial scale is logarithmic comoving distance, not identical to our ). In either reading it carries

no h dimension (no interior of the reachable region).

Table 2: The three concentric representations. The two precedents carry constructions corresponding to the edges (base
and top rim) of our cylinder.

Gowan (1999)[17] Gott et al. (2005)[16] This work
Relation to the cylinder base h =0 top rim h =1r lateral surface 0 < h < r
Meaning of the radius cosmic time comoving distance (log scale)  time (Table 3)
Meaning of the circumference all of space (3D compressed direction on the sky direction 6 from the observer
to a circle)
Distance from the observer not drawn identical to radius (only height h
points light reaches)
Expression of the reach limit separate construction built into the definition h<r
(observer’s circle)
Region depicted all epochs of space observed objects on the past entire interior of the
(compressed) light cone observer’s reachable region

toprimh=r
= Gott et al. map (lookback reading)
(surface of visible events)

lateral surface0 =h =sr
- = this work
(carries causal structure)

baseh =0
= Gowan's concentric map
(observer's position)

radius r = time

Figure 6: The three concentric representations on one cylinder. The base (h = 0) corresponds to Gowan’s concentric
map; the top rim (h =) to Gott et al’s map (under the lookback reading); the whole lateral surface (0 < h < ) to the
present work.

3.6. The choices of (r,h): an overview

The skeleton of the representation (radius = time, lateral surface = space, § = direction) is common, while
what is taken for r and h varies with context among three versions (Table 3). Each later chapter declares at its

start which pair it uses.

4. Properties of the cylindrical representation

4.1. Past, present, and future as nested cylinders

In what follows, the phrase “the world at a given time” is shorthand for the reachable region at that time (the
constant-time section of the reachable region). The world at time ¢; is the lateral surface of the single cylinder
r = ty; thinner cylinders inside are earlier times, thicker cylinders outside are later times. In terms of the
conventional cone diagram, the horizontal sections (disks) have been taken out one by one and pasted onto the
sides of tubes. The arrangement—past inside, future outside—resembles tree rings or onion layers, giving the

picture “as time advances, the world expands outward.”
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Table 3: The choices of (r,h). The skeleton is common; only the content of radius and height changes. The symbol x
denotes rapidity in the Milne row and comoving distance in the cosmological row, and 7 denotes the proper time of the
Milne slicing in Sec. 5.1 and the logarithmic radius log(r/r.) in Sec. 5.2; in each case the two never occur together.

Radius r Height h Light/causal Used in
condition
Basic inertial time ¢ distance p from h<r Secs. 3-4 (Sec. T uses altered assignments)
observer
Milne proper time T rapidity x, which  no upper bound Sec. 5.1, App. B
from origin is dimensionless, (whole cone

so a display scale  interior)
L with h = Ly is

understood
Cosmological  conformal-time comoving h < r (particle Secs. 6.3-6.5, App. D; for n— = —oo see Sec. 6.6
difference n — n— distance x horizon)

(when the lower
endpoint n_ is
finite)

4.2. Interpreting the radiating time axes

The most striking feature of the representation is that the time axis is not a single line but radiates from the
origin in all directions. Figure 7 shows the system from directly above; the three interpretations below can all
be read from it.

First, the curve obtained by following a radial line (fixed 0) along the top rim h = r is the worldline of the
light ray propagating in that direction. Fixing 6 alone still leaves the freedom of h; what corresponds to a light
ray is the part on which h = r is imposed (Fig. 7 collapses the h direction by projection, so there the radial
lines are themselves the projections of light rays). The light rays scattered over the generators of the cone in
the conventional picture line up here as a radiating bundle of time axes. This 360° is not 360° “of time” but

)

a bundle of “time x direction,” corresponding to the celestial sphere of relativity, reduced here to a circle in
2+1 dimensions and stretched along the time axis. On this circle a Lorentz transformation acts as aberration:
it distorts the distribution of directions while preserving the circle, so restricted to the 8 direction the action of
Lorentz transformations is transparent.

Second, the flatness of the top rim records the assumption that was compressed into the single number 45°
in the conventional picture. That the sections are circles follows from the convention r = ct; that the rim sits
at the same height in every direction is where the assumed isotropy of ¢ enters. If the assumed one-way speed
depended on direction, the upper bound on A would depend on # and the rim would undulate. The figure
therefore displays the assumption in a different place, rather than testing it: the one-way speed of light is in
any case convention-dependent, fixed by the choice of clock synchronisation.

Third, there is a reading in which r is not “future” but “past” (lookback time). Taking the origin as “me,

)

here and now” and each radius as “how many years into the past I am seeing when I look in that direction”
yields almost exactly the astronomer’s picture of the observable universe. What isotropy guarantees is that the
relation between distance and lookback time does not depend on direction—not that every object is seen at the
same epoch; this direction-independence is what the “360° radiating time axes” express.

Note that what closes upon going around the circumference is a spatial direction, not time; the representation

does not support a reading of “closed time.”

4.3. Reachable regions from a point on the cylinder surface; re-centering

In the conventional picture, “a new future light cone stands on a point P of the present disk”; in the cylindrical
picture this corresponds to “a reachable region spreading from P toward the outer cylinders” (Figs. 8 and 9).
Tts shape, however, is neither a simple cone nor an ellipse in the drawing space. What P = (rg, 0o, ho) can reach

by time 7 > 7 is the set of (0, h) within disk distance c¢(r — 1), i.e.

h? 4 h% — 2hhg cos(0 — 0y) < (r —19)?, (2)
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light ray
toward 6 = 120°

worldline of light toward 6 = 0°
(= time axis of this direction)

circles = worlds at times r (cylinders seen from above)
bundle of radii = time x direction; perfect circles = isotropy of ¢
reading r as lookback time: a direction-independent distance-lookback relation

Figure 7: Radiating time axes (view from above). Concentric circles are the worlds at successive times (the cylinders);
the radiating lines are the worldlines of light rays toward each direction 6, so the 360° spread is a bundle of “time X
direction.” The perfect circularity of the sections visualizes the isotropy of ¢; rereading the radius as lookback time
turns the figure into the celestial sphere, in which the relation between distance and lookback time does not depend on
direction. The figure collapses the h direction by projection; the radial lines are the projections of light rays running on
the top rims h = r. (The celestial sphere, which is here a circle in 2+1 dimensions, is extended along the time axis.)

whose boundary is in general neither a conical surface nor an ellipse in the drawing space. This region is shown
in Fig. 9(a). The other reading is re-centering: choosing P as a new origin, the construction of Sec. 3 can be
repeated for the causal future of P, producing another cylindrical representation (another drawing chart) with

P as its origin. This does not mean that a small cylinder literally nests inside the original one.

Two distinct readings. Drawing the future of a point P on the cylinder surface therefore involves a choice

between two readings (Fig. 9).

(i) Keeping the origin
The central observer stays at the origin. The reachable region of P appears as a single region (a patch)
on the cylinder surface of a later time, determined by Eq. (2). This figure answers: “as seen by me, the

central observer, when and where does the influence of P arrive?”

(ii) Re-centering on P
The figure is redrawn with P as the new origin, giving a family of concentric cylinders of the same form

as the parent. This figure answers: “for P itself, how does its future spread?”

The two describe the same physics, but they are different figures and cannot be superposed on one sheet.

The choice itself is not peculiar to the cylindrical representation: in the conventional cone diagram one may
equally superpose a small cone with apex at P, or redraw the diagram with P as the apex. Because Minkowski
spacetime is translation invariant, however, the latter is congruent to a cut-out of the former, so the two options
yield the same picture and the choice is never noticed. The cylindrical representation is fixed to the central
observer and is not translation invariant, so the choice shows up as an actual difference between figures. Since
the two options answer the different questions listed above, in the cylindrical representation the difference of
question becomes the difference of figure; the conventional diagram collapses the two into one picture.

Re-centering is used in Sec. 6, where the origin is placed at the Big Bang to draw the history up to the

present, and the future of a present-day point is then drawn in a separate figure.

4.4. Comparison with the conventional representation

Table 4 compares the two representations; we state only the essentials here. What actually changes in the
cylindrical picture is the arrangement: the reachable regions of successive times sit as concentric shells, direction
0 and distance h are carried by separate coordinates, and the reach limit appears as the outline of the figure

itself. The price is fixation to an observer. Only the future of the single origin event can be drawn (with the
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future light
cone of P

present disk

Big Bang (origin)

Figure 8: Conventional picture: the cone spreading from the origin to the present disk (the history of the universe),
and the new future light cone standing on a point P of the disk. By translation invariance, redrawing the diagram with
P as the apex yields a figure congruent to this small cone.

outer shell
reachable region of P (later time)
on the outer shell (Eq. 2)

> Timer ® > Time r’

origin = Big Bang (central observer) new origin = P (another chart)

(a) keeping the original origin (b) re-centering on P

Figure 9: Two readings for the future of a point P on the cylinder surface (Sec. 4.3). (a) Keeping the origin at the
central observer: the reachable region of P appears as a single region on the cylinder surface of a later time, determined
by Eq. (2); its boundary is neither a cone nor an ellipse in the drawing space. (b) Re-centering on P: a family of
concentric cylinders of the same form as the parent is obtained, but this is a different drawing chart and cannot be
superposed on (a).

origin at the Big Bang, the history of the central observer’s reachable region can be drawn; Sec. 6); and the

causally unrelated region disappears from the figure. The placement of the two is taken up in Sec. 4.5.

4.5. Placement: generality versus observer-centeredness

What Table 4 shows is not superiority but a difference of scope and arrangement. The cone diagram covers
a wider range—the past of the origin and the causally unrelated region—and fixes no observer; that Lorentz
transformations act simply on it is a further clear advantage. The cylindrical representation restricts that
range to the causal future of the origin and fixes a single central observer. What it gains in exchange is the
arrangement: the reachable regions of different times are nested concentrically rather than stacked along an
axis, direction € and distance h are carried by separate coordinates, and a single instant unrolls into a flat map.

Two properties often cited in favour of the cone diagram, however, come with conditions. First, “treating
every event on an equal footing” derives from the translation invariance of Minkowski spacetime; the comoving
spacetime diagram used in Sec. 6 selects a particular comoving frame and foliation, so that equal footing does

not survive there. Second, Euclidean distances on the page are not spacetime intervals: reading them requires
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Table 4: Conventional cone diagram versus cylindrical diagram.

Ttem

Conventional cone diagram

Cylindrical diagram

Reach limit from the origin
The reachable region at a time

Arrangement of successive times

Direction and distance

Observer’s position

Representation of the past

Cones of other events

Causally unrelated region
Causal relation of two arbitrary points

Lorentz transformations

Distances and areas

Uniform motion from the origin
Standardness

45° slope
a horizontal section of the cone (a disk)

stacked along the axis (a column of
parallel disks)

both live inside the sectional disk, drawn
in perspective within a solid

a worldline (one straight line)

symmetric past cone

superposable in the same figure (by
translation invariance, re-centering gives
a congruent figure)

drawn as the cone exterior

translate a light cone to one point and
test whether the other lies inside (in 241
an inside/outside test on a solid)

simple deformations preserving 45°

Euclidean distances on the page are not
spacetime intervals; calibration
hyperbolae are required

a straight line

standard

the single condition h < r

the lateral surface of the cylinder; in
both, only the latest time shows on the
outer surface and reaching earlier ones
requires cutting

nested concentrically (a family of shells
of different radii)

carried by separate coordinates 6 and h;
one instant unrolls into a flat map

(Fig. 3)

the base circle at each time; over all
times, the whole plane h = 0 (a family of
concentric circles; App. A.5)

the origin’s own past cannot be drawn,;
with the origin at the Big Bang, inner
cylinders are the past

two readings: keeping the origin gives
the region of Eq. (2); re-centering gives a
cylinder family in another chart

(Sec. 4.3)

absent from the figure

draw the reachable region of one point
on the shell of the other’s time and test;
its shape depends on the height, by

Eq. (2)

h < r is invariant, but a cylinder

r =const. is not carried to r’ =const.;
the nest depends on the observer

(App. A.6)

not preserved; pull back through the
map

the straight line h = vr (light: h =)
nonstandard

calibration hyperbolae. Neither representation yields metric quantities directly from the figure; the difference

is whether the procedure is a calibration hyperbola or a transformation formula.

The observer-centered viewpoint does, however, have motivation from contemporary physics, and this is

where the use of the representation may lie; the point is taken up in Sec. 9.3. The aim of this paper is to show

that the vocabulary of spacetime diagrams, which tends to be fixed on the cone, admits one further option.

5. Relations to known constructions

5.1. The Milne universe: a rigorous example where point and surface coincide

The core of claim C2 is that the intuitive conflict “was the Big Bang a point, or everywhere?” originates in the
choice of coordinates. A toy model without gravity in which this holds rigorously is the Milne universe [18, 19].
In this section the radius is the proper time 7 from the origin and the height a rapidity (Table 3, Milne row).
Take the interior of the future light cone of a point of Minkowski spacetime and slice it by surfaces of constant
proper time 7 (hyperboloids): the result is an open universe expanding with scale factor a(r) = 7 (Fig. 10(a)).
In inertial coordinates the Big Bang of this universe is the apex “point,” while in comoving coordinates each
space at 7 > 0 is an infinitely large hyperboloid and the Big Bang is “everywhere.” The same spacetime looks
like a point or like a line depending on the coordinates.

The correspondence with the cylindrical representation is as follows. A point of the hyperboloid is specified
by the direction 6 and the rapidity x (¢ = 7 cosh x, p = 7sinh x). Mapping the hyperboloid at time 7 to the side
of the cylinder of radius r = 7, h corresponds to the rapidity x (Fig. 10(b), Appendix B). In the Milne universe
the hyperboloid is infinite, so h has no upper bound—because space in comoving coordinates is infinite—whereas
cutting at h < r in inertial coordinates corresponds to restricting to the interior of the origin’s light cone. Thus

“the finite reachable region” and “the infinite space” are the same Minkowski region (the interior of the origin’s
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future light cone) sliced by different constant-time surfaces (Appendix B).

light cone

(a) Milne universe: hyperbolae of constant t (b) hyperbolae mapped to cylinder sides

Figure 10: The Milne universe. (a) Slicing the light-cone interior by surfaces of constant proper time 7 yields an open
universe with a(7) = 7; dashed lines are worldlines of comoving observers. (b) Each hyperboloid is mapped to the lateral
surface of the cylinder of radius r = 7; the height corresponds to rapidity.

5.2. Recovery of the standard cylindrical spacetime diagram by the logarithmic map 7 = log(r/r,)

In conformal field theory it is standard to regard the radius r from the origin of the plane as time and to evolve
states defined on circles of radius r outward (radial quantization) [20-22]. Setting 7 = log(r/r.) (with r, > 0
an arbitrary reference scale), the plane metric dr? + r2df? = r?(dr? + d6?) becomes the metric of the cylinder
R x S! times the conformal factor 72, and the plane maps to the cylinder with “axis = time, circumference =
space.” This is the same type of correspondence as the boundary of global AdS being drawn as a cylinder [23].

Hence the (r, 0) part of our construction coincides, after taking the logarithm, with the standard cylindrical
spacetime diagram (time along the axis) (Fig. 11, Appendix C). The construction as a whole, which carries the
independent coordinate h, does not coincide with radial quantization. Under the map, » = 0 is sent to 7 = —o0,
and a minimal radius ry corresponds to the finite 79 = log(ro/r«). Our nested cylinders are the standard
cylindrical spacetime diagram redrawn “opening outward” under the exponential map. Note, however, that the
logarithmic map is an operation on the fictitious Euclidean metric dr? + r2df? assigned to the drawing plane
(r,0), not a conformal transformation of the physical Minkowski metric. What is exact is the map between
diagrams; the correspondence with the dynamics of conformal field theory (state-operator correspondence, etc.)

remains a formal similarity (Sec. 8.2).

Y= log(r/r«)

o To = log(ro/r+)

T- —o

= (r—20)

|

(a) nested cylinders (r geometric) (b) log map: standard cylindrical diagram

Figure 11: The logarithmic map. (a) Nested cylinders with radii in geometric progression. (b) Under 7 = log(r/r«)
they map to the standard cylindrical spacetime diagram (time along the axis); r = 0 goes to 7 = —oo, and a minimal
radius ro to the finite 7o (the reference scale r. is suppressed in the labels).
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5.3. Conformal compactification and Penrose diagrams

Compressing an infinite spacetime into a finite figure by conformal compactification underlies Penrose diagrams
[10-12], which preserve the 45° of light rays while drawing infinity as finite boundary lines. If in our representa-
tion the radius is conformal time, then in universes where ftoo dt' /a(t") converges the conformal time approaches
a finite value and the nested cylinders do not extend indefinitely but approach an outer wall (Sec. 6.5). This
operation is analogous to drawing future infinity as a finite boundary in a Penrose diagram; in that case, and
only in that case, the cylindrical representation reproduces in polar form one feature of Penrose diagrams (the
finitization of future infinity). The correspondence is confined to that one feature: the basic version r = ct
compactifies nothing, and no explicit map including the compactification of spatial infinity or the preservation of
null directions is supplied. Note also that, since the spatial direction  is retained as an angle, the representation
does not collapse space to one dimension as a Penrose diagram does: it amounts to rereading the (7, x) plane

of the conformal diagram as the (r, h) plane and adding 0 as a rotation around it.

5.4. The mathematical status of a minimal radius rq

The single point » = 0 is degenerate in the cylindrical representation: a cylinder of radius zero has base and
rim collapsed to a point and both 6 and h lose meaning; the logarithmic map pushes it to 7 = —oo. This
degeneracy, however, does not mathematically force the introduction of a minimal radius. One may shrink the
whole cylinder to a point as » — 0 and include the apex as a limit, and the fact that the log map sends » = 0 to
—o0o does not demand a finite cutoff. Introducing rg > 0 is the assumption of placing a physical or descriptive
cutoff at an initial time. If the assumption is adopted, the cylinder at r is already a small world with a reachable
region h < rg—mnot a point. Two things should be noted. The hole appears because the radial origin is kept
at the extrapolated start » = 0; had the cutoff time itself been taken as the origin, the same cutoff would give
no hole. And a finite reachable region at ry presupposes the descriptive reading, in which causal contact has
accumulated from before rg; if ro were the beginning of spacetime itself, the region accumulated from it would
vanish at rg. What rg is to be read as (Planck time or otherwise) is decided outside the representation and is
treated as outlook in Sec. 8.4. What should be recorded here is that, once a cutoff is assumed and the drawing

origin is kept at r = 0, the assumption is visualized as a “hole” at the center of the figure (claim C3).

6. Application to standard cosmology

6.1. Drawing the Big Bang: the bottom line versus the origin

In this chapter the representation is applied to the real universe (three spatial dimensions). The circumferential
direction 0 of the figures compresses the two-dimensional sky to one dimension. Since the compression discards
one dimension, the one-to-one property of C1 does not carry over to the real universe; a faithful generalization
would take the reachable region at each time to be S? x [0,r]. That object is three-dimensional—at a fixed
time it is a thick spherical shell, not the two-sphere S? itself—so laying out the whole family over r one-to-one
would require a four-dimensional drawing space, whereas in 2+1 dimensions each region is two-dimensional and
fits on a surface inside an ordinary three-dimensional figure. The figures below should be read as axisymmetric
sections, or as projections of the sky onto one direction. Sections 6.1-6.2 take cosmic time as the radius. In an
FLRW universe light travels with dy = dt/a, so with that choice h < r does not hold in general; the figures of
Secs. 6.1-6.2 are therefore qualitative. The reachability condition is exactly A < r only from Sec. 6.3 onward,
where the radius is conformal time and the height is comoving distance (Table 3).

In the comoving-coordinate, conformal-time diagram of standard cosmology, the Big Bang is drawn not as
an apex but as a line along the bottom (Fig. 12) [13]. Every point of the universe (every galaxy) rises from the
line ¢ = 0 as a vertical worldline, all on an equal footing. The cone appears to converge to an apex only when
the diagram is drawn in physical distance, where the scale factor a — 0 crushes all distances to zero. This does

not mean “space was a single point.” At the same time, the divergence of curvature and density as ¢ — 0 is a
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coordinate-independent fact; the singularity itself is not an artifact of coordinates. (In the gravity-free Milne
universe it is a mere coordinate singularity, but that rigor does not carry over to the real universe.) The bottom
of the comoving diagram is not a “finite disk”: even as t — 0 the extent of space is the same as today (infinite
for a flat universe), while only physical distances collapse. The diagram faithfully represents a counterintuitive
situation—space is infinite, and yet the physical distance between any two points a finite comoving distance
apart tends to zero as a — 0—which is why it looks strange to beginners.

Placing the origin of the cylindrical representation at the Big Bang, all inner cylinders become the past
of the universe, and the particles of today are located on the surface of the present cylinder (r = 13.8 billion
years) (Fig. 9). The single point at the origin is “the beginning of our (the central observer’s) worldline,” not
the beginning point of the whole universe. Strictly, the Big Bang of an FLRW spacetime is not an event in the
regular manifold but a singular past boundary, represented as a boundary in the conformal diagram; this origin
is to be read as the limit in which our worldline reaches it. What the tiny cylinder represents is the region that
could have been in causal contact with the central observer by t¢1, that is, the interior of the particle horizon
at that time. The region we observe today is larger: its comoving radius is xpu(to) > xpu(t1), so tracing it
back to t; does not give the tiny cylinder. And the intuition “the universe was small at first” refers to the
shrinking of physical distances a(t)y, which in this picture appears not as the size of the cylinder but as the
packing of the cosmic-time marks along the radius (Sec. 6.6). What the figure shows directly is that the origin
is the beginning of one observer’s worldline rather than of the universe, and that the region causally connected
to that observer widens with time. The two pictures do not contradict each other: early slices approaching the
bottom boundary are covered by the overlapping tiny cylinders of innumerable observers (Sec. 6.2). This is the

content of claim C2.

entire universe (incl. beyond the horizon)
conformal time

4 galaxy galaxy
here and now

our past Iiight cone

® ®
Big Bang t = 0 (everywhere at once)

particle horizon comoving distance -

Figure 12: The spacetime diagram of the universe in comoving coordinates. Horizontal: comoving distance; vertical:
conformal time. The Big Bang is the horizontal line at the bottom, extending across all of space. The triangle spreading
downward from the point “here and now” at the top is our past light cone; its intersections with the bottom line mark
the particle horizon.

6.2. Early slices covered by tiny reachable regions; the minimal cylinder rj

Figure 13 shows how the bottom line of the conventional diagram is approached. The Big Bang line itself is a
singular past boundary, not a spatial slice; but any early constant-time slice ¢; > 0 is covered by the reachable
regions of the individual observers, and these shrink to zero as t; — 0. At t; the reachable region of each
observer is a small wedge just above the bottom line: the red wedge is “ours,” the neighboring green wedges

belong to other observers. The cosmological principle (no place is privileged) means that each green wedge is,
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for its own observer, a cylindrical representation centered on itself. The conventional diagram lines them all up
at once; the cylindrical representation picks one out and magnifies it. The reachable regions of neighbouring
observers have no natural dividing line and in general overlap; the figure omits the overlaps and sets the wedges
side by side for legibility.

In the cylindrical representation one can start from a minimal cylinder of radius rq instead of drawing the
point r = 0 (Fig. 14). The inner hole can be read as “a region where classical spacetime fails” (though this
reading does not follow from the representation; it is an additional physical assumption). The same thing can
be done in the conventional diagram simply by redrawing the bottom at ¢ = tpjanck, but there the difference
between “t = 0” and “t = Planck time” is conveyed only by an annotation and is invisible in the picture. In the
cylindrical representation, with the drawing origin kept at the extrapolated start » = 0, the assumption appears

as a hole at the very centre of the picture (claim C3).

minimal cylinder ry (not a point)

Time

here and now
[

our past light cone

reachable region of each observer at t; = a tiny cylinder

t

Time r

inside ry = region where classical spacetime fails (added assumption)

early slices are covered by tiny cylinders; the line is their limit under a descriptive cutoff, ry already carries a reachable region h=ry

Figure 13: An early slice covered by tiny reachable re-
gions. At an early time t; > 0 the reachable region of
each observer is a small wedge just above the Big Bang
line, which is itself a singular boundary rather than such
a slice; the red one is “ours.” Our past light cone con-
tains many tiny cylinders. Schematic; overlaps between

Figure 14: The cylinder with a minimal radius. Instead
of a point, a small cylinder (hole) of radius r¢ sits at the
center, with the past (purple) and present (bold) cylin-
ders stacked outside. The in-figure note “region where
classical spacetime fails” is a reading based on an addi-
tional physical assumption (Sec. 8.4).

neighbouring regions are omitted.

6.3. The particle horizon: the cosmological meaning of A < r

In an expanding universe, take the radius to be not cosmic time ¢ but the conformal time 7(t) = n; + ftt dt’' /a(t")
with » = 9 —n; > 0 (in the ordinary hot-big-bang model one may choose t; — 0, n; = 0), and the height to
be the comoving distance y (Table 3, cosmological row). Light then travels with dy = dn and the 45° rule
holds exactly. The condition h < r becomes x < 1 — n;, which is precisely the definition of the particle horizon
[14, 15]: the top rim h = r is the farthest comoving distance light can have covered since the Big Bang, i.e. the
boundary of the observable universe. Numerical values for standard cosmological parameters are collected in
Table D-1 of Appendix D.

6.4. Inflation and the horizon problem

The horizon problem [24] is, in the language of Fig. 13, the question of why the part of the recombination-era
cylinder that we see as the CMB contains many neighboring tiny wedges—regions that should have been causally
unrelated—all at the same temperature. The inflationary answer is that the conformal time before reheating
was greatly extended, so that by recombination the past light cones of widely separated points on the CMB
overlapped in the past, securing causal contact [24]. What drives this is the decrease of the comoving Hubble
radius 1/(aH). Comoving scales that later span the observed CMB can begin smaller than this radius, exit
it during inflation, and re-enter afterwards; with sufficient inflation their past light cones overlap before they
exit. In the standard conformal diagram, with the convention that reheating is at n = 0, the inflationary era is
drawn as a region of negative conformal time extending far below the reheating surface (the extrapolated hot

Big Bang surface is not a physical boundary in such models). In the general form of Sec. 6.3 this corresponds
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to m; < 0; in the cylindrical representation it corresponds to shifting the origin of the radius toward the start of
inflation (r = n — ), adding a conformally thick region inside the recombination cylinder. Posing the problem
requires the neighboring wedges, i.e. the “array of wedges” of the conventional diagram; drawing the answer

can use the added inner thickness of the cylinder; the two diagrams thus divide the labor.

6.5. Accelerated expansion and the outer wall 7.,

If the universe keeps expanding in such a way that [ dt'/a(t') converges (typically when A-domination persists,
as in the current standard cosmological model [25, 26]), the conformal time converges to a finite 7max; temporary
acceleration alone does not guarantee an event horizon. With the radius taken as conformal time, the nested
cylinders do not extend indefinitely but approach the “outer wall rpax = Jmax — 7" (Fig. 15). No signal from
the present cylinder can ever reach a galaxy at comoving distance h > rypax — 7 = max — 7. A distinction is
needed here. The cosmological event horizon at time r is the comoving distance hgg(r) = rmax — 7, appearing
in the (r, h) plane as a null boundary tilting inward [13, 14]. The outer wall r = ryax is not itself the horizon:
it is the surface corresponding to future conformal infinity of the conformal diagram, and the horizon is read
as the gap that remains to that wall at each time; in the dS/CFT correspondence discussed in Sec. 8.3, the

boundary theory is imagined to live on this surface.

__________________ outer wall rmax = Nmax — Ni

conformal time n

purple = past, bold = present, dashed = future (spacing shrinks)
red = future conformal infinity r = rnax (not the event horizon)

Figure 15: Cylinders approaching an outer wall. With the radius as conformal time 7, in universes where [ < dt'Ja(t")
converges (e.g. persistent future A-domination) the spacing of future cylinders shrinks and the stack approaches the finite
outer wall rmax = max — s (red). Galaxies at h > Tmax — 7 = NJmax — 7 from the present cylinder can never be reached by
any signal; this A (r) = rmax — r is the cosmological event horizon, while the wall 7 = rmax itself is the future conformal
infinity.

6.6. Classification by expansion law: centre and outer wall

With the radius taken as conformal time, the differences between cosmological models appear as the shape of
the nest of cylinders. What decides the shape is the convergence of two integrals. Conformal time carries an
additive constant, so no particular value of 7 means anything; what does mean something is boundedness, which
the additive constant does not affect.

If fo dt/a converges, the lower conformal endpoint 7_ is finite, and with » =  — n_ the value r = 0 is the
centre of the nest: the stack closes at a centre, the particle horizon at each time is finite, and the reachability
condition is h < r. If it diverges, n— = —oo and this assignment is unavailable, since no finite additive constant
maps the whole of 7 into » > 0. In that case the particle horizon is infinite, so the height of each reachable
region is unbounded and h < 7 does not hold either. The cylinders can still be ordered by 7, but giving them
Euclidean drawing radii requires a separate monotone display map (for instance r el with an arbitrary
scale L > 0, which sends  — —oo to r — 0). Table 5 classifies conformal endpoints, not metric sizes in the

drawing. For an ever-expanding universe, if [ *dt/a converges then conformal time is bounded above and an
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outer wall appears; equivalently, a cosmological event horizon exists, although the wall itself is future conformal
infinity rather than the horizon. In a recollapsing model ¢ does not reach infinity, yet the conformal endpoint
TNend is finite; there the stack simply terminates rather than approaching a wall, and whether a horizon remains
depends on the spatial extent (Appendix D). The classification is therefore two-axed: does the nest have a
centre, and does it have an outer wall (Table 5)?

The minimal cylinder r( of Sec. 6.2 is a separate matter: that hole arises from assuming a cutoff at an initial
time and is not fixed by the expansion law. The classification here concerns the shape of the nest when no such

assumption is made.

Table 5: Shape of the nest of cylinders by expansion law. The presence of a centre corresponds to the convergence of
J, dt/a (finiteness of the particle horizon), the outer wall to that of [* dt/a (existence of a cosmological event horizon
in an ever-expanding model). Neither depends on the additive constant in the conformal time. The table classifies
conformal endpoints, not metric sizes in the drawing.

Model Centre Outer wall Shape of the nest

Radiation/matter dominated (decelerating) yes no closes at a centre, widens without bound

ACDM (from a hot Big Bang) yes yes closes at a centre, approaches a finite wall

de Sitter, steady state no yes continues inward without bound, closed by a
wall outside

Milne (empty universe) no no unbounded both inward and outward

Inflation + ACDM yes yes a conformally thick region is added on the
inner side

Closed recollapsing universe yes terminus, not a wall  the stack simply ends at the outermost shell

Note that the scale factor itself is not the radius. The radius is conformal time, and since dt = adn,
the factor a appears as how densely the cosmic-time marks are packed along the radial direction. Under
accelerated expansion an infinite cosmic time is compressed into a finite radius, so the marks crowd together
as the wall is approached. The information about the expansion rate lies not in the size of the cylinders but
in the distribution of marks along the radius. In this language the horizon problem reads “there is too little
conformal thickness between the centre and the recombination shell,” and inflation is the operation that adds
that thickness (Sec. 6.4).

This classification is not new. Classifying models by the convergence of the two integrals is standard practice
with conformal (Penrose) diagrams, and it is exactly this difference that makes the Penrose diagrams of the
various models differ. The role of the cylindrical representation here is to translate the same classification into
two other visual features, the presence of a centre and the presence of an outer wall. In a Penrose diagram,
where light rays keep their 45°, one can read directly from the slope whether a boundary is null or spacelike;
the cylindrical figure does not show that distinction, so for reading off the grounds of the classification the
conformal diagram is the appropriate tool. What is shown here is that the same classification can also be given

another form.

7. Extension to black holes: a drawing sketch awaiting formulation

The embedding of Sec. 3 is defined only for Minkowski spacetime; in Schwarzschild spacetime the choices of r
and h (whose time? which distance?) are not unique. Below, only the skeleton of the correspondence is drawn.

In the conventional picture, using Eddington—Finkelstein coordinates [27-29], distant light cones are sym-
metric; approaching the black hole they tilt inward; on the event horizon the outer edge becomes exactly
vertical; and inside, every future ends at the singularity. Translated into the cylindrical picture, the worldline
of a black hole sitting at fixed (6, h) as seen by the central observer becomes a radial line running outward from
the origin. What the (r, h) section cannot show is the information in the 6 direction. The black hole lies in
a particular direction as seen by the observer, and on the shell of each time it appears as a localized obstacle
occupying a range of directions. Radially outgoing rays aimed into it are captured; light from sources beyond it
can still reach the observer by bending around the hole, so the figure shows angular localization, not an optical

shadow. Figure 16 shows this one point alone, by taking a single shell and viewing it from above. The angular
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width and the extent of the grey sector are not fixed by our construction, and are therefore drawn dashed. The
tilting of light cones corresponds to the distortion of the reachable regions of events. As stated in Sec. 4.3, in
the cylindrical representation the reachable region of a point on the cylinder surface is not a cone but a single
region appearing on a later shell. For a distant event this region spreads almost symmetrically, whereas near the
horizon it is dragged toward the horizon and distorted. The conventional “outer edge vertical on the horizon”
becomes “the edge of the region runs along the horizon and cannot spread past it”; “inside, everything to the
singularity” becomes “an event inside the horizon leaves no reachable region at all in the exterior part of the
later shells.”

This correspondence can be checked by calculation in the (r,h) section, where space is reduced to one
dimension. In this section alone, however, the height h is the distance from the centre of the black hole, not
the distance from the central observer as elsewhere in the paper; how the two are to be identified is one of the
points this chapter leaves open. Figure 17 places side by side the slopes of the outgoing and ingoing rays, drawn
once in the conventional (R,?) diagram and once in the (7, h) section of the cylindrical representation. Here
t = v — R is formed from the advanced Eddington-Finkelstein time (Appendix E), and in the section one reads
r =t and h = R. The two are related by an interchange of axes, so the conventional statement “the outgoing
edge tilts toward the centre and becomes vertical on the horizon” becomes, in the cylindrical picture, “the 45°
edge h = r lies down and becomes horizontal on the horizon.” Horizontal means that the height h no longer
grows as the time r advances: the outgoing ray stays where it is. The outgoing slope follows directly from the

formula in Appendix E, so this is the one figure of the present chapter that rests on a calculation.

black hole:
a range of directions
on the shell

radially outgoing rays
“aimed into it are captured
(not the optical shadow)

one shell (a single time r), seen from above;
height h is projected away

Figure 16: Localization in direction. A single shell of one time, seen from above (the height h is projected away; the
same viewpoint as Fig. 7). The black hole lies in a particular direction fgu as seen by the observer and occupies a range
of directions on the shell (black arc); the grey wedge marks the directions whose radially outgoing rays are captured.
It is not the optical shadow: light from sources behind the hole can still arrive by bending around it (lensing, photon
rings), so those directions are not causally cut off. This figure supplies the #-direction information that the (r, h) section
of Fig. 17 cannot show; the angular width and the extent of the grey sector are not fixed by our construction and are
drawn dashed.

This picture, however, stacks several unformulated assumptions. First, the height in Fig. 17 is not the one
of the main construction: there h = R is the areal radius measured from the centre, not the distance from the
observer. The radius f = v — R is regular at the horizon, so a finite tilt survives there, but at fixed large R
it differs from Schwarzschild time only by a constant, so the time coordinate is not essentially different. That

the outgoing rays advance ever more slowly as the horizon is approached follows at once from the reciprocal of
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(a) conventional (R, ) diagram (b) cylindrical (r, h) section
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Figure 17: Tilting of the light cone and the flattening of the 45° edge, seen in the (r, h) section. In this figure alone, h

is the distance from the centre of the black hole (see the text). (a) The conventional (R,t) diagram: far away the cone
is at 45°, and the closer one comes to the centre the more the outgoing edge (green) tilts inward, becoming vertical on
the horizon. (b) The (r, h) section of the cylindrical representation. Because the axes are interchanged, the same fact
appears as “the 45° edge lies down flat”; on the horizon the height h no longer grows as time advances. The ingoing rays
(purple) remain at 45° in both. The vertical axis is £ = v — R, formed from the advanced Eddington-Finkelstein time,
and the slopes follow Eq. (E.2) of Appendix E.

Eq. (E.2), w R

FoiTRE Y BoR) (3)

Second, what region a spherical horizon away from the observer occupies in (6, h) is not supplied; relatedly, the
h of Fig. 17 is measured from the centre, a different reference point from the “distance from the observer” used
elsewhere. The angular width in Fig. 16 is schematic, and no grounds are given for tying it to the Schwarzschild
radius. Third, as noted in Sec. 3.4, the embedding does not preserve area, so no physical implication may
be read from areas in the figure. Fourth, the interior Schwarzschild singularity is spacelike (a “time,” not a
“place”); none of the figures in this chapter depicts the singularity. Formulating these as an explicit map is
future work (item OG6 of Table 6).

8. Outlook: correspondences with theoretical frameworks

8.1. Status of this chapter

Everything stated in this chapter is an observation that “the picture looks isomorphic in structure to an existing
theoretical framework”; no predictions are derived from the picture. The Milne universe (Sec. 5.1) is an exact
correspondence, and for radial quantization (Sec. 5.2) the map is exact while the correspondence with the
theory is formal; most of the items below are formal similarities, or similarities to incomplete proposals and
hypotheses. With these differences in status recorded in Table 6, the individual items are then discussed more
freely. Viewing the same phenomenon from a different angle sometimes produces ideas that would not otherwise

arise; this chapter is intended to supply such material.

8.2. Radial quantization and the state—operator correspondence (O1)

As stated in Sec. 5.2, the (r,0) part of our construction corresponds formally, via the logarithmic map, to the

diagram of radial quantization. Central to radial quantization is the state—operator correspondence: an operator
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Table 6: Outlook items O1-06. The nature of each correspondence is graded as exact (mathematically isomorphic),
formal (structural similarity), or hypothesis-level (similarity to a proposal-stage theory); OG6 is separately classified as a
sketch.

Correspondence Relation to this work Nature Refs.
O1 Radial quantization; operator insertion at the origin +» Big Bang; formal (map [20-22]
state-operator normalization at finite radius <+ minimal cylinder exact)
correspondence ro
02 dS/CFT; holographic time = holographic direction; wall rmax = future hypothesis [30, 31]
screens infinity; lateral area o< r2
O3  Bounce cosmologies; how to fill the inside of rg hypothesis [32-34]

no-boundary proposal;
pre-big-bang

04  Conformal cyclic aeon = annulus from rpyiy t0 rmax; tree-ring hypothesis [35]
cosmology concatenation
O5  Bubble nucleation re-centering from a point on the cylinder surface formal [36, 37]
(Sec. 4.3)
O6  Black holes translation of the tilt into the (r, h) section, and sketch [38]
localization in direction (Sec. 7); evaporation as a (unformulated)

shrinking horizon

inserted at the origin uniquely determines a state on the circle of radius r [22]. In that language, “Big Bang
= operator insertion at the origin” and “minimal cylinder ro = the state normalized at a finite radius.” The
picture resembles, both as image and as idea, the no-boundary proposal, which replaces the initial singularity
with a smooth Euclidean cap [33]. While the map is exact, the reading “Big Bang as an operator” remains a

formal analogy.

8.3. dS/CFT and holographic screens (02)

In AdS/CFT the extra dimension on the gravity side is radial and corresponds to the energy scale of the
boundary theory [23]. Transposed to de Sitter spacetime, dS/CFT [30] makes the extra dimension time rather
than radius, with the boundary theory living at future infinity. Our scheme—*“time as radius, the world at each
time as the surface at that radius”—is similar to this “time as the holographic direction,” and the wall 7.y of
Sec. 6.5 is future infinity itself. Moreover, the lateral area 27r - r o< 72 has the same exponent as the area o< t2
of the boundary of the physical causal patch (the sphere of radius ct). Bousso’s covariant entropy bound [31]
states, precisely, that for a codimension-two surface B and a non-expanding light-sheet L(B) generated from it,
S[L(B)] < A(B)/4Gh. Reading this loosely as “area bounds information,” one may attempt to read the lateral

)

area as “the upper bound of the information the universe can hold at that time,” with the minimal cylinder

b2

ro as “the universe with least information.” This agreement is limited in two ways. First, this is a match of
exponents across different dimensionalities: the surface of a 2+1 model versus the sphere of 3+1. Second, the
lateral surface represents the interior of the reachable region (the world at that time itself), not its boundary;
and once h < r is designed in, the lateral area o< r? follows automatically. The similarity therefore remains at

the level of inspiration.

8.4. Inside rp: bounces, the no-boundary proposal, pre-big-bang (03)

Different ways of filling the hole yield different pictures. The bounce of loop quantum cosmology [32] would
fold a “contracting-phase universe” into the hole as a second family of cylinders with » = |¢|. The no-boundary
proposal [33] would plug the hole with a smooth Euclidean cap, where r really becomes a Euclidean radius and
loses its meaning as time. The pre-big-bang model of string cosmology, based on scale-factor duality [34], can
be represented in the same picture as a type of bounce. Taking 7 = log(r/r.) as in radial quantization sends
7o to a finite 79 and » = 0 to 7 = —o0, so that in the logarithmic picture the initial point is no longer at a
finite distance. This is a change of coordinates only: curvature and geodesic incompleteness are untouched, so a
singularity is not thereby turned into a bounce. What the two share is the appearance of an unbounded past in
the drawing. One might be tempted by the circle of 8 to think of T-duality in string theory, but 6 is an angular

coordinate, not a compact physical dimension, so that correspondence does not hold.
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8.5. Conformal cyclic cosmology (04)

Penrose’s conformal cyclic cosmology (CCC) is the hypothesis that the future infinity of one universe (aeon) is
conformally glued to the Big Bang of the next [35]. In the cylindrical representation this becomes a tree-ring

Y

picture in which “the annulus from rpyi, to rmax connects to the inside of the next annulus,” with the central
hole (rg) corresponding precisely to the outer wall of the previous aeon (Fig. 18). CCC is not a mainstream

hypothesis, but the match with the picture is the most striking of the correspondences in this paper.

radius = conformal time

red circle = future infinity
Aeon 3 of one aeon
= Big Bang of the next

Figure 18: Aecons as concentric tree rings. In conformal cyclic cosmology the future infinity of each aeon (red circles)
is glued to the Big Bang of the next; with the radius as conformal time, the aeons form concentric annuli.

8.6. Bubble nucleation (O5) and black holes (06)

The re-centering of Sec. 4.3 (a new cylindrical representation constructed around a point of the cylinder surface)
is formally similar to bubble nucleation [36, 37]: the proliferation of bubbles under eternal inflation can be
depicted schematically as reachable regions spreading outward from many points of the present surface. Black-
hole evaporation [38], as an extension of Sec. 7, can be drawn as a range of directions that narrows on successive

shells and finally disappears. Both are formal correspondences or sketches.

9. Discussion

9.1. Attainment of claims C1-C3

Table 7 maps each claim to the sections, figures, and appendices that support it, and to its limitations. C1 is
supported by Eq. (1), Table 1, Appendix A, and Sec. 5; C2 by the Milne universe of Sec. 5.1 and the figures of
Secs. 6.1-6.2; C3 by Secs. 5.4 and 6.2. The black-hole material of Sec. 7 is a sketch lacking formulation and is
neither claimed nor tabulated. C1-C3 stay within what can be verified from the figures and the transformation,

and the table is a guide for the reader who wishes to check them.
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Table 7: Claims and their support.

Claim Support Limitations
C1  The causal future of the origin minus the observer’s Sec. 3, Eq. (1), Table 1, coordinate degeneracy at
worldline embeds one-to-one (diffeomorphically) into App. A, Sec. 5.2 p =0 (resolved by
the cylindrical drawing space, with the reachable region blow-up); areas not
expressed as h < r preserved; exterior of the
reachable region not
mapped
C2  The known resolution [13, 15] of “point or everywhere” Secs. 5.1, 6.1, 6.2; Figs. 12-13 the conceptual resolution
can be drawn directly as one observer-centered picture itself is known; the Milne

case is an exact
coordinate illustration,
not a model of the
curvature-singular FLRW

boundary
C3  If a cutoff rg is assumed and the drawing origin is kept Secs. 5.4, 6.2; Fig. 14 the physical meaning of
at 7 = 0, the assumption is visualized as the central hole ro is decided outside the
representation

9.2. Limitations

What follows is what the representation does not reach, measured against the scope of the cone diagram; it
summarizes what is collected in Sec. 4.4 and Table 4. Most important is that, being fixed to an observer, the
representation loses the causally unrelated region. Treating the relativity of simultaneity requires that region,
so for such purposes the conventional diagram is the one to use. Lorentz transformations are awkward except
along 0: the condition h < r is invariant, but the nest of cylinders is not carried to a nest (Appendix A.6).
Worldlines not through the origin become curves. The causal relation between two arbitrary points can be
settled within the figure, by drawing the reachable region of one point on the shell of the other’s time; but its
shape depends on the height of the point, through Eq. (2), whereas in the cone diagram it suffices to translate
a cone of fixed shape. In this respect the cone diagram takes fewer steps. What is visualized is, in either case,
the causal structure as seen by the single central observer. These are design consequences: the price paid for

the goal of showing the observer’s reachable region as a surface.

9.3. Where the representation may matter

The significance of the representation falls into two layers. First, for established territory, it shows that another
form of representation exists. The causal structure of flat spacetime and the treatment of horizons in standard
cosmology have been described accurately by the cone and conformal diagrams; this paper shows concretely,
through the transformation and the figures, that under its own constraints the same content can also be drawn in
a different arrangement. The construction requires no advanced mathematics: a relabelling of polar coordinates
and one drawing convention, so that what is claimed here can be checked by the reader on a sheet of paper. As
Sec. 2.2 shows, alternatives to the Minkowski diagram have been proposed repeatedly, yet among those surveyed
here all keep time on an axis; the two that take it as a radius (Sec. 2.4) carry no distance dimension on the
surface. Placing one construction that can actually be carried out into that gap is itself a result.

Second, in the situations where the strengths of the cone diagram are least in play, the representation may
carry features of its own.

A trade is involved here, and it should be stated plainly. As recalled in Sec. 2.1, the Minkowski diagram was
made so that the invariance under a change of inertial frame could be seen as geometry. Any representation
that fixes a single observer necessarily gives that up: the nest of cylinders is drawn for one observer and is not
carried to a nest by a boost (Appendix A.6). Measured against the purpose for which the diagram was invented,
this is a loss and not a gain. What makes the trade worth weighing at all is that physics has since acquired
situations in which the description itself is tied to an observer.

Those situations are the ones in which the horizon is defined per observer. The central strength of the cone
diagram is that it treats every event on an equal footing, including the causally unrelated region; but that equal

footing derives, as noted in Sec. 4.5, from the translation invariance of Minkowski spacetime. In an accelerating
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universe, however, the event horizon is not one horizon for the universe but one per observer [13, 14]; in de Sitter
thermodynamics the temperature and entropy of the horizon are defined as quantities attached to an observer
[39]; and the covariant entropy bound measures information not over the universe as a whole but over null causal
regions [31]. In each case no single description of the whole universe seen from outside is available in principle,
and the unit of description becomes the causal patch of one observer. What the present representation buys,
at the cost of fixing an observer, is exactly that unit made the subject of the figure.

All of the theories cited have been handled with conformal diagrams. Occasions demanding an observer-
centered description do exist, and the present representation is built as a tool standing on that side. What it
can actually do will emerge from working out the points of contact below.

As concrete points of contact, the item of Table 6 most worth deepening is O1 (radial quantization): the map
itself is exact, and the questions “what does rg correspond to?” and “can the conventional picture be recovered
by the log map?” can be examined concretely within Appendix C. O2 comes next, with its two contact points
(the wall riax and the area scaling) connecting directly to the context above, bearing in mind that dS/CFT
itself is an unfinished proposal. O3 and O4 are matches of pictures with hypotheses and are positioned as

material for ideas. O5 and OG6 reuse existing figures.

9.4. Educational use and idea generation

The primary use of the representation is educational. What can be expected here is not an increase in information
but an effect of the arrangement and of the restricted range: because only the future developing from the origin
is treated, the direction of time appears as the shape of the figure. In particular, the distinction “what was once
small is the region causally connected to us, not the universe itself” has to be supplied by annotation in the
conventional diagram, whereas in the cylindrical diagram it occupies a place within a single picture: the history
of the observer’s reachable region (Secs. 6.1-6.2). Moreover, since direction 6 and distance h are carried by
separate coordinates, “how far one is seeing in which direction” can be pointed at on the figure. The secondary
use is idea generation: as Sec. 8 shows, the simple construction “time as radius, world as surface” connects
naturally both to a basic technique of conformal field theory and to contemporary holography. This can be read
as the representation expressing a viewpoint in which spacetime is regarded as “a state developing outward.”
There are also elements that add load: the observer appears as a circle rather than a point, the meanings of
r and h change with the context, and the causally unrelated region disappears from the figure—each a new
convention for a beginner to learn. Whether the visualization helps understanding on balance is a question that

reader studies or classroom trials can settle, and it remains future work.

9.5. Open questions

This paper stops at proposing a representation, and leaves the following questions open.

First, a faithful generalization to 3+1 dimensions. As stated in Sec. 6, compressing the celestial sphere
S? to a circle destroys one-to-oneness; the faithful object at each time is the three-dimensional S? x [0, 7], so
displaying the whole family over r one-to-one would require a four-dimensional drawing space. Whether the
missing dimension can be supplied by colour, by solid angle, or by interactive rotation remains open.

Second, an explicit formulation for black holes. Can the unformulated points listed in Sec. 7 (the choice of
time, the choice of distance, the shape of the region the horizon occupies in (6, h), and the non-preservation of
area) be settled as a single explicit map, if only in the static region? If they can, the content of Sec. 7 could be
promoted to a claim.

Third, the physical identification of ry. As stated in Sec. 5.4, the cutoff does not follow from the represen-
tation. Conversely, if quantum gravity supplies a quantity corresponding to r¢, whether it yields a meaningful
size for the central hole is a checkable question.

Fourth, verification of the educational effect. As noted above, this paper does not demonstrate any effect.
Even a small classroom trial that explains the same content with the conventional and the cylindrical figure

and compares comprehension would provide the first evidence about the value of this representation.
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Fifth, the standing of the up—down symmetric variant (Appendix A.4). At the cost of a doubled drawing,
a light ray passing through the observer is read as a single straight line. For educational purposes this variant

may suit better than the one-sided one, and the comparison is worth making.

10. Conclusions

The contribution of this paper is threefold. First, it defines explicitly an embedding that maps the light-
cone interior into a cylindrical drawing space, and relates it to known constructions: the Milne universe, the
logarithmic map, and conformal compactification. Second, it places the two precedent concentric representations
uniformly, as constructions corresponding to the base and the top rim of this cylinder. Third, it presents the
history of an observer-centered reachable region as a single figure, on which the known explanations of standard
cosmology can be read.

Concretely: reachability from the origin is condensed into the condition A < r, and the reachable regions
stack as nested cylinders, the past inside and the future outside. We showed how the known resolution of the
intuitive conflict about the Big Bang can be read from a single figure, and how the cutoff assumption (the
minimal cylinder rg, with the drawing origin kept at the extrapolated start), the particle horizon, inflation, and
the outer wall r,2¢ can be represented, models being classified by the presence of a centre and of an outer wall.
For black holes we showed by calculation that the tilting of light cones corresponds to the flattening of the 45°
edge in the (r, h) section, and added a figure for the localization in direction; formulating the embedding into
curved spacetime remains future work. The future of a point on the cylinder surface admits two readings—
keeping the origin, or re-centering on it—congruent in the conventional diagram by translation invariance, but
different figures here. Correspondences with radial quantization, dS/CFT, bounce cosmologies, conformal cyclic
cosmology, and bubble nucleation are collected as outlook, separately from the claims.

What this paper changes is the drawing, not the physics. The two diagrams differ in scope rather than
in merit, and showing that a second way of drawing established territory can be constructed at all is itself a
result of this paper. The cone diagram covers the past and the causally unrelated region, fixes no observer,
and lets Lorentz transformations act simply; the cylindrical one restricts itself to the causal future of a single
observer and lays the successive reachable regions side by side as concentric surfaces. The condition h < r is
itself Lorentz invariant, although the nest of cylinders is not (Appendix A.6). We expect it to be of educational
value and to help generate new physical ideas. In particular, where the horizon is defined per observer, the unit
of description becomes the causal patch of a single observer, and the present representation makes that unit the
subject of the figure (Sec. 9.3).
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Appendix A. Details of the transformation

A.1 The map from polar coordinates to (0, h)

The reachable region at time ¢; is the disk D = {(p, ) : 0 < p < ct1, 0 < ¢ < 27}. Let the cylinder surface be
C={(0,h):0<60<2m, 0<h<ct;} and define F(p,p) = (p,p). Then F is a diffeomorphism from D \ {0}
onto S x (0, ct1]. At p = 0 all ¢ label the same point, so the map is undefined there; the circle h = 0 is a
boundary attached afterwards as the real oriented blow-up of the origin. No continuous bijection exists from
the whole disk to the closed cylinder surface (the numbers of boundary components differ). Under the linear
rescaling h = 2p — ct; (called the rescaled symmetric version below), p = 0 goes to the bottom rim h = —cty,
p = ctq to the top rim h = +cty, and p = ct1/2 to the equator h = 0. This version preserves one-to-oneness, but
places the observer at the bottom rim rather than at the middle. As a numerical example with ¢ = 1, t; = 1:
in the linear version h = p, the point (z,y) = (0.5,0) has p = 0.5, = 0 and maps to (6, k) = (0, 0.5), halfway
up the side (the orange dot of Fig. 3); the point (0,1) is on the light front and maps to (6,h) = (7/2, 1) on
the top rim. In the rescaled symmetric version the same two points go to the equator (0, 0) and the top rim

(m/2, +1), respectively.

A.2 Jacobian and non-preservation of area

The area element of the disk is dAp = pdpdy, that of the cylinder of radius r is dAc = rdfdh. Under F,
df dh = dp dp, so
dAC r
- Al

the magnification being inversely proportional to p: the center is stretched the most. The disk has area 77?2

(r = ct1), whereas the lateral areas of the one-sided cylinder and of the rescaled symmetric version are 277>

and 4712, respectively.

A.3 Area-preserving version

Area is preserved by rdh = pdp, i.e.
2

p
h=— A2
z, (A2)
in which case p = r gives h = /2 and only the lower half of the one-sided cylinder is used. Since p no longer

maps linearly to height, this version is unsuited for reading scales; the text adopts the linear version for legibility.

A.4 The up—down symmetric variant h = +p: height as a diameter

Besides the one-sided cylinder of the main text, one may take h = +p, placing the observer at h = 0 and
drawing a band symmetric about it. This differs from the rescaled symmetric version h = 2p — ct; mentioned
in Appendix A.1: that version stretches the disk linearly into an up—down symmetric figure, preserving one-to-
oneness but placing the observer at the bottom rim, whereas the h = +p considered here keeps the observer at
the middle and draws each section as a diameter. The range is then |h| < r, and the +45° of the conventional
diagram is restored as the upper and lower envelopes. The sign of h here does not represent the past: the radius
r of this paper is a future-directed time and never takes negative values, so this variant does not draw the past
either. A negative h means the spatial direction “on the opposite side as seen by the observer”; each section is
drawn as a single diameter running through the observer.

Two readings arise, depending on the range chosen for the azimuth. Restricting 6 to [0,7) and reading 6
as the inclination of an undirected line (a diameter), with the sign of & telling which side of that diameter a
point lies on, the map is one-to-one. If instead 6 is drawn over [0,27) so as to produce the familiar cylinder,
each event appears twice, at (6, h) and at (6 + m, —h): the upper and lower halves are mirror images, and the

drawing is informationally redundant.
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This redundancy is not a defect; it matches an established drawing convention. In comoving spacetime
diagrams and in Penrose diagrams, the radial coordinate is intrinsically x > 0, yet it is standard to mirror it
to both sides of the axis (as in Fig. 12 of this paper), precisely so that a light ray passing through the observer
appears as a single straight line. The symmetric variant has the same merit: light arriving from the opposite
side and passing by, which the one-sided version splits into two segments folded at the base, is read as one
straight line. The surviving +45° also eases the transition from the conventional Minkowski diagram.

The claims of this paper, however, live on the informational side. Under the doubled drawing, the one-to-one
property of C1 requires the qualification 6 € [0,7) (or an antipodal identification), and the lateral area doubles,
so the area reading of Sec. 8.3 requires a compensating factor. The main text adopts the one-sided version
because the simplicity of stating the claims was given priority over ease of reading. The symmetric variant is

recorded here as a drawing option.

A.5 Handling the coordinate degeneracy at p =0

That the single point p = 0 is stretched into a circle is an inevitable consequence of the topological difference
between the disk (one boundary component) and the finite cylinder surface (two), and cannot be removed by
any choice of map. “Stretched” means that the blow-up attaches the direction label 6 as a boundary; the
points of the circle h = 0 are not physically distinct positions. In practice it suffices to note that the observer’s
worldline is drawn as the base circle; quantities intrinsic to the observer (e.g. proper time) are constant on the
circle. As a further consequence, the observer’s worldline over all times (intrinsically one-dimensional) occupies
the whole plane h = 0 (the family of concentric circles); the corresponding row of Table 4 is to be read in this

sense.

A.6 Behaviour under Lorentz boosts

Write © = hcosf, y = hsind, t = r (with ¢ = 1). Under a boost of velocity g8 along x,

r" =~ (r — Bhcosb), (A.3)
h cos =~ (hcos® — Br), h'sin§’ = hsin#, (A.4)

so that
n = \/VQ(h cos @ — Br)2 4+ hZsin? 0, 0" = atan2(hsin, y(hcosf — Or)). (A.5)

A direct computation gives 12 — h'?2 = r? — h2, so the condition h < r is invariant. For 0 < h <7 and |3| < 1
one also has ' = y(r — Bhcos8) > v(r — |B|h) > 0, so a proper orthochronous boost carries the future cone to
itself: the reachable region is the same set of events in every frame, as it must be. What is not invariant is the
nest. A cylinder r = const. is not carried to a cylinder r’ = const., so the appearance “concentric cylinders”
depends on the choice of observer and of the simultaneity slicing, even though the causal structure it displays

does not. This is the precise content of the Lorentz row of Table 4.

Appendix B. Derivation of the Milne universe

In Minkowski spacetime ds? = —dt? + dp? + p?dp?, consider the interior ¢t > p of the future light cone of the
origin. Introducing proper time 7 and rapidity x by

t = 7 coshy, p = Tsinh x, (B.1)

the metric becomes
ds® = —dr® + 77 (dx* + sinh? xde?), (B.2)
a Friedmann universe with a(7) = 7 and spatial curvature k = —1 (the Milne universe) [18, 19]. Constant-7

surfaces are the hyperboloids 2> — p? = 72, with y running from 0 to oco: space is infinite. Slicing instead at
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constant inertial time ¢ gives the finite disk p < t. “Infinite space” and “finite reachable region” are two ways
of slicing the same region.

The correspondence with the cylindrical representation involves two distinct cylinder systems, one for each
slicing. Slicing at constant inertial ¢ gives finite disks p < ¢ and the cylinder system of Sec. 3 (r = ¢, h = p,
h <r). Slicing at constant proper time 7 gives infinite hyperboloids and a different cylinder system with r = 7
and h = x (or a monotone function of it), with no upper bound on h. The same light-cone interior appears as a
stack of “finite reachable regions” in the former and a stack of “infinite spaces” in the latter. They are distinct
cylinder systems belonging to different slicings; the condition h < r of one cannot be imported into the other.

This is the mathematical content of the “point—surface duality” of Sec. 5.1.

Appendix C. Details of the logarithmic map

Substituting 7 = log(r/r.) (with reference scale r. > 0; below we use units with r, = 1) into the polar metric
of the plane,
dr® +r?d6* = e*7 (dr* + db?), (C.1)

which up to the conformal factor 2™ = r? is the flat metric of the cylinder R x S'. In conformal field theory the
conformal factor is immaterial, so radial evolution on the plane is identified with time evolution on the cylinder
[20, 22]. The state on the circle of radius r is uniquely determined as the state |O) generated by an operator O
inserted at the origin (state-operator correspondence) [21].

In our nested cylinders the height h is added to the (r,0) plane. It is not acted on by the conformal
transformation; it is an independent coordinate expressing distance within each time slice. The log map therefore
acts on the (r,0) part only, yielding the cylindrical spacetime diagram (7,6, h). r = 0 corresponds to 7 = —o0,
and a minimal radius r¢ to the finite initial time 79 = log(ro/7«). The lateral area 277 - r used in Sec. 8.3
becomes 27e?” in logarithmic coordinates, growing exponentially in time—formally parallel to the exponential

growth of comoving volume inside the horizon in de Sitter space.

Appendix D. Conformal time and horizons in FRW universes

For a Friedmann universe ds? = —dt? + a(t)? (dx2 +.. .), introduce conformal time as in the general form of
Sec. 6.3; radial light rays satisfy dx = £dn (below we write the case t; — 0, n; = 0 for simplicity). The comoving
particle horizon is

ven(t) = / | C(li) (), (D.1)

and the comoving event horizon

xeH(t) = /tij ac(li:) = Nmax — (1) (D.2)

[13-15]. In an ever-expanding universe where [, dt'/a(t') converges, fmax is finite and an event horizon exists.

If instead the model recollapses at a finite tf,,), the same quantity is

tfinal dt/
xen(t) = / 25 = Tl = 100, (D.3)

which is finite although ¢ never reaches infinity. Whether this bounds anything then depends on the spatial
extent: in a closed model the comoving distance to the antipode is finite, so if 7e,q — 7 exceeds it, every point of
that slice can communicate with the observer before the final endpoint, and the event horizon has no intersection
with that slice. With the radius as n and the height as x, the top rim kA = r is the particle horizon, and in the

ever-expanding case the gap to the wall, rpax — 7 = Nmax — 1, is the event horizon.
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Table D-1: Approximate values for standard cosmological parameters (Planck 2018 [40]). Comoving distances at the
present scale; the numbers are round figures consistent with the discussion of Davis and Lineweaver [13], to be read to
about two significant figures.

Quantity Cylindrical counterpart Approximate value
Age of the universe tg present cylinder (radius as cosmic time) 13.8 Gyr
Comoving particle horizon xpmu(to) = 7o height of the present cylinder (when r is conformal =~ 46 Gly

time)
Comoving event horizon xgn(to) = fmax — Mo  remaining gap to the wall, rmax — 7 ~ 16 Gly
Hubble radius ¢/Hp height at which the recession speed reaches ¢ ~ 14Gly

Appendix E. Corrections near a black hole

In this appendix alone, R denotes the Schwarzschild areal radius and Ry the horizon radius; the symbol r is
reserved, as elsewhere in the paper, for the drawing radius (= time). In Schwarzschild spacetime, with the
advanced Eddington—Finkelstein time v =t + R + Rslog|R/Rs — 1|, radial light rays satisfy dv = 0 (ingoing)
and dv = 2dR/(1 — Rs/R) (outgoing) [27-29]. For plotting we follow the usual practice and take = v — R as

the vertical axis. In that plane the ingoing rays satisfy

dt
— =1 E.1
2=, (B1)
that is, 45° everywhere, and the outgoing rays
dt 1+ Rs/R
B . Vi E.2
dR 1-R,/R (E2)

The slopes in Fig. 17 are computed from these. The outgoing slope diverges as R — Rj; this is the content of
“the outer edge becomes vertical on the horizon.” In the cylindrical picture the divergence corresponds to the
edge of the reachable region running along the horizon.

The advance of the outgoing rays slows as the horizon is approached, since the reciprocal of Eq. (E.2),
dR/dt = (1 — R;/R)/(1+ R,/R), tends to zero as R — R,. With the radius taken as the time of the distant
central observer, an event on the horizon leaves no reachable region in the exterior part of the later shells; its
future lies on the horizon and inside it. A drawing such as Fig. 17, in which a finite tilt survives on the horizon,
corresponds to taking as radius a time regular at the horizon, namely = v — R. In curved spacetime the choices
“whose time? which distance?” are not unique. One explicit assignment in the static region would take the
distant observer’s proper time as the radius and the proper distance on constant-time slices as the height, but

even then no simple condition like A < 7 holds.

Appendix F. Glossary

Table F-1 lists the correspondence of terms between the two representations.
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Table F-1: Correspondence of terms between the conventional and cylindrical representations. For the concrete choices

of h, see Table 3.

Conventional cone representation

Cylindrical representation

time axis (vertical line)

space at time ¢ (horizontal plane)
reachable region at time ¢ (disk)
45° generators (light rays)

apex of the cone (event)

observer’s worldline

distance from the observer
direction

cone standing on a point of the disk

bottom line of the comoving diagram (Big Bang)

particle horizon
cosmological event horizon
event-horizon surface (vertical line)

tilting light cones
the whole simultaneity surface
(alternative drawing versions)

radial direction (radiating from the origin)

lateral surface of the cylinder r = ¢

lateral surface 0 < h <r

top rim h = r, and the radiating radial lines

the origin, or the minimal cylinder 7o

base circle h =0

height h

azimuth 6

the reachable region of a surface point on a later shell

(Eq. (2))

the origin (limit of the central observer’s worldline); early

slices near it are covered by tiny cylinders
top rim h = r (when r is conformal time)
gap to the wall rmax (ever-expanding models)

a range of directions on the shell (Sec. 7, Fig. 16; schematic

only, no explicit mapping supplied)

the 45° edge lying down flat in the (r, h) section (Fig. 17)
not drawn (nothing outside the reachable region is mapped)

rescaled symmetric h = 2p — ct; (App. A.1); diameter version

h=£p (App. A4)
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