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Basis of spinors expressed by differential forms and calculating its norm
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The basis of spinors in three-dimensional Euclidean space is expressed by differential forms. Its expression is found
from the spectral decomposition of the modified Hamiltonian describing Weyl semimetals where the wavenumber pa-
rameters are replaced by the differential forms. The generalization of the definitions of differential forms including not
only fractional powers but also any algebraic functions is justified by algebraic extension of the symmetric Fock space
isomorphic to multivariable polynomial ring. We furthermore define the inner product for these fractional-order differ-
ential forms written in two ways; the formal power series and the multiple integral. While the norms of the powers ds?
are reduced to the variant of Dyson’s integral and have the value 2v + 1, possibly related to the dimension of irreducible
representation, the norm of two-component spinor is given by the integral
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[2E(z) - (1 - 2)K(2)]dz =~ 1.774,

where K(z) and E(z) are the complete elliptic integrals of the first and second kind, respectively. The product can also
be generalized to include one parameter p analogous to those in L? space, reducing to the original one when p = 2. The
norm with p = oo is considered as an example and the result for v = —% is written by the Watson-Iwata integral. We also
discuss the ambiguity of the definition of the spinor under coordinate rotation originating from Berry’s phase, and point

out that if we heuristically set ds = 0, the ambiguity disappears, though its implication remains unclear.
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In traditional textbooks of the theory of relativity, the vec-
tors and tensors are defined by their linear transformation
rules under the coordinate transformation, which, in today’s
standard theory of manifold," are understood as an expansion
coefficient using the basis of the (co)tangent space naturally
associated with the choice of the coordinate. This knowledge
tells us a genuine mathematical identification of the vectors
which we write &, &, &, in the undergraduate lecture of elec-
tromagnetism and accept intuitively as an “arrow” without
precise definition; that is, their actual nature is the differential
operators dy, d,, d; for the tangent space and the differential
forms dx, dy, dz for the cotangent space.

How about spinors? In fact, the representation theory of
SO(3) found in the textbooks of quantum mechanics also
gives the “basisless” expression of spinors, which is analo-
gous to the above-mentioned traditional treatment of vectors;
if one gets the two-dimensional representation of rotation ma-
trices, then the spin-% particle is defined by the transforma-
tion rule under the multiplication of these 2 X 2 representation
matrices. We thus reach the question that what is an actual
entity of this geometrical object possessing these two com-
ponents as expansion coefficients. One may expect that this
question will be soon solved if we know how spinors have
been formulated in curved spacetime. However, the vielbein
formalism" avoids this problem in a tricky way, where one
temporarily prepares a local orthonormal system by diagonal-
izing the metric tensor point by point, and basisless spinors
formulated once in a flat space as they are are placed on it.
This method makes it possible to discuss physical phenomena
concerning spinors in curved space, but the problem of iden-
tification of spinor becomes obscured. One might even think
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that this basisless formulation is the essential nature of spinor
and considering such question is meaningless. However, we
in reality encounter the spinor whose basis is explicitly writ-
ten by the square root of the differential form in conformal
field theory,z) where, in the general coordinate transformation
x = x(z), the fermion field transforms like y(z) = (3_15)1/2 Y(x),
which may be formally written as y¥(z)(dz)"/? = y(x)(dx)'/?,
indicating that it is a “rank-% covariant tensor”. It simply sug-
gests that the composite of two spin—% isaspin-1,i.e., a vector.
In one dimension, the dimensions of the (co)tangent space are
also 1, so there remains no degree of freedom in making the
“square root of a basis”. However, if dimension gets larger,
what kind of combination of basis dx!,dx2,...,dx" is a suit-
able definition becomes nontrivial. Here we provide a possi-
ble solution in three dimension.

The starting observation is that the covariant vector A =

?:1 A;dx’ can be expressed as a trace of the Pauli matrices:

ey

where o; = o are Pauli matrices and henceforth summation
symbols for repeated indices are sometimes omitted. We also
use the notation (dx',dx? dx*) = (dx,dy,dz) depending on
the situation. Let us now consider the column and row spinor
U= (m) and ¢ = (¢1 ¢.). Their product ¥¢ is a 2 X 2 ma-
trix possessing the irreducible decomposition into spin-0 and
spin-1, and the latter, following Eq. (1), is given by

9(ojdx ) = Tr|yd(orjdx))| = (@1, + Sryp)dx
=iy — drp)dy + (1 — drypdz. (2)

Our present aim is to find the basis of spinor written by dif-
ferential forms. Looking at Eq. (2) carefully, we expect that a

Aidx' = L Tr[(4i07)(ojdx)],
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desired thing will be obtained by “cutting” the form (o-;dx/)
into two parts. That is, writing the spectral decomposition

AJdx? +dy? +dz2,  (3)

where the decomposition is performed by regarding dx/’s as
ordinary real numbers (this will be justified later), then Eq. (2)
is given by ¢(o;dx/)y = ds [d}vovgzﬁ - ¢v|vfzﬂ], and the col-
umn and row spinors with basis expressed by differential
forms would be constructed as

0'jdx’ ds (vovg - vle) ds =

\/avji// =yn ‘/(EV}:T +y \/av;l, 4)
\/a(ﬁVj:(ﬁT\/an’T-F(ﬁi\/an,l, (5)

where we write v; = (V”) Thus, the ket vectors |T) and |]),
which we learned in quantum mechanics, would be identified
as — or at least proportional to — the above \/d_sv;T and
Vds v;‘.’ .

Let us investigate the decomposition (3) in more detail. In
fact, if the form dx/ are replaced by an ordinary number x/, it
reduces to the diagonalization of the Weyl Hamiltonian

3 3 1 _:.2

_ i X X' —ix
mm-éxm—@+m ﬂgy (©)
which, if the parameter x = (x',x%, x%) is interpreted as a
Bloch wavenumber k, is equivalent to the model of Weyl
semimetals.? It is also a minimal model where the adiabatic
change of the system parameter yields a nonvanishing phase
factor for quantum states, i.e., Berry’s phase [Ref. 1, Chap.

10], thus exhibiting topological phenomena.

In order to justify the diagonalization of the Weyl Hamil-
tonian where differential forms are substituted H(dx) instead
of ordinary numbers, we must define algebraic operations for
dx’’s including divisions, fractional powers, etc. It is achieved
by considering the symmetric algebra, which is isomorphic to
multivariable polynomial ring [Ref. 4, Chap. V]. This alge-
bra is also equivalent to the Fock space of bosonic many-body
systems. Then, the division is easily defined by that of polyno-
mial, and moreover, making an algebraic extension by adding
zeros of polynomials, we obtain the algebraic-function field.
By this extension, we can use the square root of differential
forms unambiguously.

Next, we define the inner product for this space. For
a while, we consider an abstract d-dimensional vector
space spanned by a basis ej,...,e;. We also write the ba-
sis of its dual space fi,...,fs satisfying {e;, f;) = 0.
Then, the inner product between rank-r tensors is given
by (e;, ® - -®e;,f;,® - f) 0i,j, --- 0. The cor-
respondence between polynomials and symmetric tensors
is as follows.? Regarding ey,...,e; as indeterminates, the

monomial e}'e)” .. eg”’ , N1,N2, ..., g € Zsg, corresponds to
e"‘egz. € =S ®ey @ - ®e®"" ), where we write ¢®" :=

e®---Qe (n times) and S represents a projection operator to
the symmetric tensor space, satisfying S*> = S and acting as

Sle;, ® - ®e;,) = L Vs, €y, ® - ® e, The same cor-
respondence also holds for f;"' £, ... £}, mi,my,...,mq €

Zsg. The inner product of these two is then calculated as

d -1
Z'—]ni
G A ... ( = @)
1 d’ 1 n1m1 namg ... ng ,

where ( E?Ii{ Zd) (3]:" ‘Z - is a multinomial coefficient.
Henceforth we only consider d = 3 though keeping
general d is not hard. Let A(ey, ez, e3) and B(fi, f>, f3) be
n-th order homogeneous functions, ie the functions s.t.
BAE 2. 1) = Aler, e2,€3) andf33(f D) = B(fi, f2. /).
First let us assume n € Zyo and A and B are polynomial
functions. Then, writing & = e;j/es, m; = filfz, @ = 1,2,
they have expansion A = 53 ez Gnmé)'Ey and B =

13 Yoy mpezog bmy a1y 1, and the inner product is given by
-1
) )

<A, B> = Z am,nzbm,nz( "
111370 ny,ny,n—ny —ny

If A and B are polynomials the range of this summation is
finite: 3 0<p, +n,<n- On the other hand, when n ¢ Z. and/or A
and B include rational and/or fractional-power functions, their
Taylor series generally becomes infinite. Even in this case,
the inner product defined by Eq. (8) makes sense. However, if
we actually calculate this formal power series, the result often
diverges. So, we want another definition equivalent to this one
but has a larger convergence region. We can achieve it if we
find a linear operator giving the mapping

-1
n
n n 71 N
e 162763} 2 ’ 111In16n3m26n3m3( ) . (9)
ny,ny,n3
It is indeed realized by setting ¢; = +/p; el fi = \/—efiu;

and applying the integral operator nl H, . fo dp;e™ . ‘;”ﬂ’
Thus, the integral expression of the inner product is glven by

du;
<Mm,ﬂfm o[

A(\/p_lelul,\/p_zeluz,\/_361u3)B(\/p_le_iul,\/Ee_iuz,\/p_3€_iu3), (10)

which often gives a finite value even when the series (8)
diverges. Replacing the quantum inner product by a classi-
cal multiple integral reminds us of path integral. The two
of the six-fold integral in Eq. (10) can be soon performed;
first, by shifting u; — wu; + u3 and uy — up + us, the inte-
grand becomes u3-independent, and next, introducing the po-
lar coordinate (py,02,03) = YA(A1, A3, 73) with (A1, fip, A3) =
(sinfBcos @, sin B sin , cos ), the integration w.r.t. y reduces
to I' function. Therefore, the integral which we must actually
calculate is four-fold. We also note that if the integrand in
Eq. (10) only contains the even powers of e**’s, the replace-
ment e*!“ — e*“/2 does not change the result and simplifies
the integrand. The examples considered below all belong to
this case and this replacement is made unless otherwise noted.

Note that this algebra can be equipped with another in-
ner product. Let p > 0 be a rational number. If the above-
described algebraic extension starts from the vector space
spanned by et 2. eﬁ,’/ instead of ey, ..., ey, the final alge-
braic field contains the same elements but the product (7) is
modified by

2 \d )
< 1 Ny ﬂd> .— P Zi:l ni
6‘] . ed sJ1 - Jg » = 2 )

pnl,...,;nd

-1

1)

The original one (7) corresponds to p = 2. The product itself
can be defined even for irrational p. In particular, the limit
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p — o is

12)

ni n| M4 —
<el. ed, | ..d>m_1,

and the integral expression realizing this inner product is

V4
dup o
(A, B)..= | | f S p (i gl el B(ein g7l ity (13)

The product (-, -),, is invariant under the orthogonal transfor-
mation (e/)"/* = R,-jef/z, (f))P’? = R,-jfj(’/2 with R an orthog-
onal matrix, which is partially similar to those in L” space.
Hence, the product with p = 2 has prime importance in phys-
ical application.

Let us finish abstract algebra and go back to differential
forms. Replacing ¢; — dx’ and f; — a -, the expressions
shown above can be used. As a basic example, let us con-
sider the norm of ds?” = (dx? + dy? + dz?)”. The dual element
is given by V?” = (9% + 65 + 6?)". One can prove

ds™, V"y=2v+1, (v>-3). (14)

The derivation of Eq. (14), expanding the integrand, reduces
to the formula

3
l_[ n% gin2lt H2TU3 52l usmun o 0ly Uy (/1+lz+13)!(11—%)!(12—%)1(13—%)1
_p 2m 2 2 2T PR ) (a+ ) (s +H))!

5)

which is a variant of Dyson’s integral® but eludes the proof
by Good® (see also Ref. 7, §8.8); to calculate Eq. (15) we
need the constant term of [];,,(1 — ZZ—I")”N with aj; = a;; but
their theorem only treats the case aj; = a;.

The co-norm (ds®”, V?"),, has finite value when v > —1. In
particular, the case v = —% can be explicitly evaluated as

(= ) = 2OKGin’5) = LB
where K(z) is the complete elliptic integral of the first kind
and B(x, y) is the beta function. This integral reduces to those
studied by Watson and Iwata.3"'%) The power series given be-
low suggests that all integrals with other half-odd integers
V> —% reduce to elliptic integrals.

It is worth observing what happens if the formal power se-
ries (8) is used. We consider general p-norm so we replace
the multinomial coefficient by (11) or (12). By binomial ex-
pansion ds? = dz% 372, (‘I’) o (i ).ff"f%l’z’, the power series
of the norm is obtained but diverges. So, we temporarily in-
troduce an auxiliary variable x’ in the summand, yielding

(ds > V2V>P =7 ZZ (v D, 41(/1 7), 4 )71xl, (]7)

=0 r=0

B(},1)* ~0.896, (16)

__9

where means that the limit x — 1 is taken at the last stage.
This summation can be carried out for p = 2 and oo:

(ds, vy =" (17)3%), (18)

(ds?, W2y o= F3 (37775 4x), (19)

where F} (Zi ) Yo (l(a')' L)1 s the generalized

)i 1)i-..(bg)i
hypergeometrlc fU.IlCthIl If v € Zso, both (18) and (19)
return a correct answer since they reduce to a polynomial.

Al —v
vt +OWT  x),

reproduces Eq. (14) if the first divergent term is excluded.

The expansion of Eq. (18),

Equation (19) substituted x = 1 has a complex value,
which is inconsistent with the integral (13) whose result
is real and positive, implying something wrong in analytic
continuation. More concrete information can be obtained
for half-odd integer v’s; using Clausen’s formula and the
contiguous relations [Ref. 11, Chap. IV], Eq. (19) reduces
to the elliptic integral. Furthermore, we can check that
its real part coincides with the integral (13) numerically.

2
Indeed, Eq. (19),_y,, = F3 (772 14x) = SK(0=2Y,

with x = 1 and Landen’s transformation, reduces to

LK(eT?)? = %K(sinzl”—z)e‘i”/(’, whose real part is (16).
Now we again consider writing the basis of

spinors by  differential forms. Introducing the

spherical-coordinate-like parametrization (dx,dy,dz) =
\/@(SinHCOS @,sinfsin,cosd), which is now unam-
biguously defined by algebraic extension with 6,¢ being
not ordinary numbers, the diagonalization of Eq. (6) with
differential forms substituted is performed in the same way
as that of ordinary numbers:

H(dx) = Vds2V(dx)osV(dx)T, 20)
V(dx) = e%iWT}e%iGO'Z (21)

Using the column and row spinors ¢ and ¢, we can make
an SU(2)-invariant pH(dx)y = ds¢V(dx)o3V(dx)"y. From
this expression, we introduce the covariant column spinor
(ds?)3 V(dx)'y and the covariant row spinor (ds®)i¢V(dx)
as a spinor whose basis is written by differential forms. We
also simply call them the covariant ket and bra. If we write
V = (vo,v1), we easily find v;(6 + m) = i(—l)jvl,j(a). The
above definition includes an array of two possible bases v, or
v1; either of two can be used, but we should carefully con-
sider Berry’s phase discussed later. In the spherical coordi-
nate (r, 6, ¢) of normal numbers, if we formally allow nega-
tive r, the parametrization has the redundancy of replacement
(r,0,¢) = (—r,0 + 7, @), reflecting the 1:2 correspondence of
SO(3) and SU(2). By this replacement the exchange of the
eigenvalues and eigenvectors r < —r and vy < V| occurs.
Since we normally restrict the range of 6 to [0, x], if vy is the
“nearside” basis, vy is the “farside” one.

The contravariant ket and bra are also introduced in the
same way: (V2)/4V(V)Ty and (V?)/4¢V(V). The norm den-
sity is then obtained by the product of contravariant bra
and covariant ket ¢! ((V2)1 V(V), V(dx)"(ds?)? ) y. If we write

((V)3V(V), V(dx)"(ds?)?) = Ipla + £, Lo, we can check
that 7, I, I5 all vanish because the power series only includes
the oscillating terms. Vdsvo and Vdsv; are orthogonal in this
sense. The only non-vanishing integral I is

Iy = O l_lf dpie _"f \/N3

P3+N2 ( P1+/J2)
9

2N,

(22)

where N3 = |pjel + prel® + pse|, Ny = |pje™ + prele].
A little calculation reveals the following expressions:
2 dxd
Ih== i (23)

D N1 =01 =2 +)y2 1)

_4V2 ta +\/')
n (1+

J2E@) - (1 - K@]dz ~ 1.774, (24)
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where D is x* +y> > 1&0 < x < 1&0 < y < 1, and K(z) and
E(z) are the complete elliptic integral of the first and second
kind. The closed form of this integral is unknown.

Finally, we discuss the ambiguity originating from Berry’s
phase under coordinate rotation. This problem is more seri-
ous than the same problem for the ordinary number (6); in
the latter, we only observe the hysteresis as an actual phys-
ical phenomenon under actual change of parameters, but in
the former, what we do is nothing but a change of frame, so
the physical output must be unchanged. Let L;, L,, and L3 be
generators of rotation with respect to x, y, and z axis in three
dimension, e.g., L3 = 0 ® 0, and write the element of SO(3)
by the Euler angle R = e /s?e¢71128¢71157 The corresponding
element in SU(2) is U = e™17%e~i7he 177, By the coordi-
nate rotation x’ = Rx, the corresponding differential form also
changes as dx’ = Rdx. We can soon check

H(Rdx) = UH(dx)U". (25)

On the other hand, if the diagonalization is performed from
the beginning in the x’-coordinate, we get

H(Rdx) = Vds2V(Rdx)o;V(Rdx)'. (26)

Since Eq. (25) with (20) must be equal to (26), and since the
eigenvector with nondegenerate eigenvalue is unique up to an
overall factor, there exists a diagonal matrix D such that

V(Rdx)D = UV(dx). 27

Let & and ¢’ be angle parameters for the x’-coordinate. Then,
if we write D = €'73, the expression for Berry’s phase ¢ is
found as

2ig _ cosfcos(p +y)sinB + cosBsinf —isinfBsin(p + )
e = .

sin @’
(28)
Since cos & = cos B cos 8 —cos(¢+7) sin B sin 6, this is indeed
a unit complex number (le*| = 1), but not identically 1. How-

ever, if we rewrite this expression using cosf = %, et =
dx+idy

Vds2—dz2’
sm,B( (cos ydx—sin ydy)dz— 1d)ds) + cosﬂm

21{ ds2—dz? —0
€ ——>
Vds? —

and heuristically set ds — 0, we obtain

(cosBdz — cosy sin Bdx + siny sin dy)?
(29)

Thus, if we would have some justification for this replace-
ment, non-uniqueness caused by Berry’s phase would be
eliminated.

The above heuristic replacement also works for vectors
obtained by the composition of two spinors. The compo-
sition of ket and bra (\/avjw)(\/aqﬁvj) with i,j = 0,1
can be treated by matrix Viy¢Vds all at once; intro-
ducing the notation y¢ = i(nl, + Y2, Woi), we ob-

. + _ l d3 dz —Vds2—d2
tain ViygVds = 3n df) + ‘1"3( Vaa? d ) +
dadz+idsdy dy dydz—idsdx
, VT] 1%( e Vd) While the di-
—dx —dy

agonal éornponents which are the gauge-invariant com-
bination v and v; and Berry’s phase cancels out, suc-
cessfully yield the spin-O and spin-1 components the off-
diagonal components, the composition of v and v_;, de-
pend on Berry’s phase and do not prov1de an ordinary
scalar and vector. However, if we set ds — 0, we get

ViypVds — %Zf?:l ‘dexj(})(l i), thus all four compo-
nents present vectors. The composition of two kets can also
be considered. Let ¢, y be both column spinors. The com-

position of the gauge-invariant combination v, and v'l' suc-

cessfully generates the scalar and vector: (\/(Evgl//)(\/avf X) =
L(qi)]yl —(dxtidy) + (Dlgodz + (Dl,—l dx—idy + (I)O’()ds), where

V2 V2 V2
. )
(@11, P10, @11, Dog) = Wy, PHFHL gy, L)

is the spin-triplet and singlet components. On the other
hand the composition of the gauge-dependent pair, two

v ’s, yields (\/_vflﬂ)(\/_sv x) = IZ[MQH +

Vi
Jj (dx—idy)(ds—(—1)/dz) .
(—1) Vds?—dz? (DL() + W(Dl’_l]’ which does not re-
§e—az”

duce to the covariant vector, but if we set ds — 0, we obtain
a vector L 1) =2 (@, _(dx—\gd” + @y odz + d)lv_ld’%jy).

A conc]udmg remark is on the implication of the matrix
o ;dx’/ in Eq. (3). In physics, vectors and matrices appear as
an equivalent representation of bases of geometrical objects.
However, o jdxj already includes the basis in its matrix com-
ponents. Therefore, these Pauli matrices are not an array of
expansion coefficients of physical quantities but a purely al-
gebraic notion expressing symmetry and structure of physi-
cal systems. In fact, in tensor networks and matrix product
states,'” matrices are already heavily used in this way, where
they consider matrices whose component itself is a ket vector;
for example, the ground state of the AKLT model is known to
reduce the matrix product state. Thus the spinor decomposi-
tion presented in this manuscript might provide a novel dis-
section tool of quantum states in these fields.

The detailed calculations of the integrals will be submitted
elsewhere. Several closely related concepts would be found in
other fields including, e.g., spin geometry and twistor theory,
and identifying these connections is left for future work.
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