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Abstract 
 We developed an extended Bethe-type expression for electron stopping powers (SPs) in 
organic compounds over the energy range from 50 eV to 200 keV. The analysis used SPs 
previously calculated for 14 organic compounds by the relativistic full Penn algorithm (FPA) 
as reference values. We examined the conventional relativistic Bethe expression using mean 
excitation energies calculated from optical energy-loss functions. The conventional expression 
reproduced the general high-energy behavior but showed large systematic deviations at low and 
intermediate energies. We then optimized the excitation parameter in the Bethe expression over 
restricted energy ranges and found that the optimized value depended strongly on the selected 
fitting interval. This result shows that the discrepancy cannot be removed by choosing a better 
single mean excitation energy. A Fano representation further showed that the FPA-derived SPs 
have continuously varying slopes, reflecting changes in the excitation processes sampled at 
different electron energies. Based on these observations, we introduced an extended Bethe-type 
expression that retains the high-energy logarithmic Bethe behavior while adding a smoothly 
decaying energy-dependent correction term. The proposed expression reproduced the FPA SPs 
for all 14 organic compounds with root-mean-square deviations of 0.67–0.95% over the full 
energy range. The expression therefore provides a compact analytical representation of FPA-
based electron SPs in organic materials and should be useful for electron-transport calculations 
in surface analysis, electron spectroscopy, and related applications. 

Keywords: electron stopping power; organic compounds; full Penn algorithm; Bethe formula; 
mean excitation energy; extended Bethe-type expression 
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1. Introduction 

 Stopping power (SP) is a fundamental quantity that describes the average energy lost 
by a charged particle per unit path length in matter.[1] For electrons in solids, reliable SP 
values are required in surface analysis, electron spectroscopy, electron microscopy, radiation 
physics, and electron-transport simulations.[2] At sufficiently high energies, Bethe theory gives 
the correct logarithmic dependence of SP on electron energy. This asymptotic validity has made 
the Bethe expression a natural theoretical framework for analytical descriptions of SP. [3,4] 
 Many practical applications, however, require SP data over energy ranges much wider 
than those in which a simple Bethe expression remains quantitatively reliable. In surface and 
near-surface electron transport, electron energies from several tens of electronvolts to several 
hundred kiloelectronvolts are often involved. Over this broad range, valence excitations, 
collective excitations, and inner-shell ionizations contribute with different characteristic energy 
scales. Consequently, a conventional Bethe-type expression that uses a single constant mean 
excitation energy (MEE) cannot adequately represent the evolving excitation spectrum over the 
entire energy range. 
 Recently, Tanuma et al. reported calculated SPs for 14 organic compounds from 50 eV 
to 200 keV using the full Penn algorithm (FPA)[5]. [6] They demonstrated that an empirical 
analytical form a Hill-type equation[7] could reproduce the FPA-derived SPs with small 
deviations. Although such empirical fits are highly effective for data representation, analytical 
models that retain a closer connection to the underlying Bethe physics are still needed. In the 
present study, we therefore reexamine the SP problem from the perspective of relativistic Bethe 
theory and investigate how the Bethe framework can be extended to lower energies without 
losing its physical interpretability. 
 In this work, we evaluate the deviations between the FPA-derived SPs and the 
conventional relativistic Bethe expression using the MEE, I, calculated from optical energy-
loss functions (ELFs). We then show that, although the Bethe functional form remains useful, 
the single-constant description of the excitation contribution must be replaced by an energy-
dependent correction to account for low- and intermediate-energy effects. Based on these 
findings, we propose an extended Bethe-type expression that incorporates an energy-dependent 
correction term. We apply this expression to 14 organic compounds and assess its performance 
over the energy range from 50 eV to 200 keV, showing that it corrects the low-energy deviations 
from the conventional Bethe expression while preserving the high-energy asymptotic behavior. 
 
2.  Reference FPA stopping powers and material parameters 
  
 In this work, we used the optical SPs reported by Tanuma et al. [6] as reference data. 
They calculated electron SPs for 14 organic compounds from 50 eV to 200 keV using the 
relativistic full Penn algorithm (FPA) [8]. The FPA extends the optical ELF to finite momentum 
transfer and therefore provides a physically based description of inelastic electron scattering in 
condensed matter. 
 The FPA-based SP calculations, including the evaluation of optical data, band-gap 
corrections, sum-rule checks, and numerical SP tables, were reported separately [6] We 
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therefore summarize only the definitions and material parameters required for the present 
analysis.  

 The FPA SP is calculated from the optical ELF,  Im[-1/𝜀(𝜔)] , in Hartree units as 
follows:[2,6] 
 

𝑆FPA = 1
𝜋[𝛼(𝑇 )𝑇 − 𝐸g] ∭ 

𝐷
𝑑𝜔𝑑𝑞𝑑𝜔p

2𝜔
𝜋𝜔p

Im [
−1

𝜀(𝜔p)]
Im [

−1
𝜀L(𝑞, 𝜔; 𝜔p)]

1
𝑞

, (1) 

 
where T is the electron kinetic energy measured from the bottom of the valence band, 𝐸𝑔 is the 
band-gap energy, and Im[−1/𝜀L(𝑞, 𝜔; 𝜔𝑝)] is the Lindhard ELF for a free-electron gas with 
plasma energy 𝜔𝑝. The factor 𝛼(𝑇 ) is the relativistic correction factor, given in Hartree units by 
 

𝛼(𝑇 ) =
1 + 𝑇

2𝑐2

[1 + 𝑇
𝑐2]

2
 .                                                                                 (2) 

 
The integral domain D can be described as 
 

𝐷 = {(𝜔p, 𝜔, 𝑞)|0 ≤ 𝜔p ≤ ∞, 𝐸g ≤ 𝜔 ≤ (𝑇 − 𝐸g − 𝐸v), 𝑞− ≤ 𝑞 ≤ 𝑞+}.       (3) 
 
Here, 𝐸v  represents the valence band width, and 𝑞−  and 𝑞+  are the kinematic limits of the 
momentum transfer. [9] 
 Table 1 lists the material parameters used in the analysis for 14 organic compounds. 
The compounds include hydrocarbons, conjugated organic molecules, polymers, and 
nucleobases: 26-n-paraffin, adenine, beta-carotene, diphenyl-hexatriene, guanine, Kapton, 
polyacetylene, poly(butene-1-sulfone), polyethylene, Polymethylmethacrylate, polystyrene, 
poly(2-vinylpyridine), thymine, and uracil. We used the same energy range, from 50 eV to 200 
keV, both for fitting and for evaluating how well the analytical expressions developed below 
reproduce the FPA SPs.  
 The quantity𝐼MEE in Table 1 is the MEE calculated from the optical ELF. We define it 
as [10] 
 

ln𝐼MEE =
∫  ∞

0 Δ𝐸ln(Δ𝐸)Im [
−1

𝜀(Δ𝐸)] 𝑑(Δ𝐸)

∫  ∞
0 Δ𝐸Im [

−1
𝜀(Δ𝐸)] 𝑑(Δ𝐸)

.                                                     (4) 

 
The resulting 𝐼MEE  serves as the constant excitation-energy parameter in the conventional 
Bethe-type expression. It therefore provides a useful reference for assessing the ability of a 
single-excitation-energy Bethe expression to reproduce the FPA SPs over the full energy range. 

 

Table 1. Material parameters used in the present analysis.  
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Compound Molecular 
weight 

density  
(g cm-3) 

Eg (eV) 
[11] 

Ev (eV) 
[9] 

Z 𝐼MEE(eV) 

26-n-paraffin 366.692 0.99 6.0 14.5 210 64.12 
Adenine 135.14 1.345 3.8 14.8 70 78.11 
beta-Carotene 536.85 0.993 0 18.7 296 65.41 
Diphenyl-hexatriene 232.3 0.986 0 18.3 124 66.58 
Guanine 151.13 1.58 2.5 14.5 78 81.26 
Kapton 382.32 1.42 2.04 18.8 196 77.83 
Polyacetylene 26.036 1.13 1.4 17.7 14 57.19 
Poly(butene-1-sulfone) 120.17 1.39 6.0 18.0 64 77.57 
Polyethylene 28.0538 0.92 7.35 15.5 16 69.03 
PMMA 100.114 1.188 5.0 15.8 54 72.39 
Polystyrene 104.144 1.05 4.5 17.0 56 93.23 
Poly(2-vinylpyridine) 105.136 1.14 4.0 16.1 56 61.15 
Thymine 125.11 1.36 3.6 12.9 66 78.32 
Uracil 112.092 1.40 3.4 14.9 58 78.99 

3. Relativistic Bethe expression 

 We used the following relativistic Bethe expression as the primary analytical 
reference. The relativistic Bethe SP is given by [12,13]: 
 

𝑆Bethe(𝐸) = 3922.9
𝛼′(𝜏)𝐸

𝑍𝜌
𝐴 [ln (

𝐸
𝐼MEE)

2
+ ln (1 + 𝜏

2) + 𝐻(𝜏) − 𝛿] , (eV/nm)(5) 

 
where 

𝛼′(𝜏) = 2 + 𝜏
2(1 + 𝜏)2

,                                                                                    (6) 

 

𝐻(𝜏) = (1 − 𝛽2) [1 + 𝜏2

8
− (2𝜏 + 1)ln 2] = 1

(𝜏+1)2 [1 + 𝜏2

8
− (2𝜏 + 1)ln 2] , (7) 

 
and  
 

𝜏 = 𝐸
𝑚𝑒𝑐2

.                                                                                               (8) 

 

Here, E is the electron kinetic energy measured from the bottom of the conduction band, 𝐼MEE 
is the mean excitation energy, Z is the total number of electrons in the molecular unit, 𝜌 is the 
density in g cm-3 ,and A is the molecular weight. The parameter 𝜏 = 𝐸/𝑚e𝑐2 represents the ratio 
of the electron kinetic energy to the electron rest energy, and 𝛽 is the electron velocity divided 
by the speed of light. The terms ln(1 + 𝜏/2) and 𝐻(𝜏) are relativistic correction terms in the 
Bethe expression. The former modifies the logarithmic term at relativistic energies, whereas 
the latter accounts for additional relativistic kinematic effects. We set the density-effect 
correction 𝛿 to zero because its contribution is negligible in the present analysis; even at 200 
keV, its inclusion changes the SPs by less than 0.3% [12]. 



SP  organic compounds_S11.docx 

 5 

 

 
 

Figure 1.  Energy dependence of the SP ratio 𝑆Bethe/𝑆FPA and the RMS deviation. The solid 
lines represent 𝑆Bethe/𝑆FPA for the 14 organic compounds, and the open circles represent the 
RMS deviation calculated at each energy using Eq. (9). 

 
 
Figure 1 shows the ratio 𝑆Bethe/𝑆FPA for the 14 organic compounds over the energy range from 
100 eV to 200 keV. We also calculated the RMS deviation of the Bethe SPs from the FPA SPs 
at each energy as 
 

RMS(𝐸) = 100 ×
[∑  

14

𝑖=1 (
𝑆Bethe

𝑖 (𝐸) − 𝑆FPA
𝑖 (𝐸)

𝑆FPA
𝑖 (𝐸) )

2

/14
]

1/2

.                              (9) 

 
 
The open circles in Fig. 1 show the RMS values. For electron energies between 1 keV and 200 
keV, 𝑆Bethe/𝑆FPA remains within approximately 0.8–1.0 for all 14 compounds, and the RMS 
deviation stays around 10%. These results indicate that the conventional Bethe expression still 
provides a useful analytical reference in this energy region, although it systematically 
underestimates the FPA SPs for many compounds. In contrast, below 1 keV, 𝑆Bethe/𝑆FPA 
decreases rapidly with decreasing energy, and the RMS deviation increases dramatically, 
exceeding 40% at 100 eV. This behavior clearly shows that a conventional Bethe expression 
with a constant MEE cannot adequately describe the low-energy SPs. 
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4. Effective excitation energy obtained from restricted-range fitting 
 
 In the conventional Bethe expression, the MEE is the only material-dependent 
parameter that appears in the logarithmic term. We therefore examined how much the 
conventional Bethe form could be improved by treating this quantity as an adjustable parameter. 
In this analysis, we denote the optimized excitation energy in the Bethe expression by 𝐼fit . We 
optimized 𝐼fit  independently for each compound over several restricted energy ranges. The 
upper limit of the fitting range was fixed at 200 keV, whereas the lower limit was varied from 
100 eV to 10 keV. 
 Table 2 lists the resulting optimized values of 𝐼fit . These values differ appreciably from 
the initial 𝐼MEE values obtained from the ELFs. We found particularly large differences for 
polyacetylene, Kapton, polystyrene, and diphenyl-hexatriene. For example, polyacetylene has 
an initial 𝐼MEE  value of 57.19 eV, whereas the optimized value decreases to 23.56 eV for the 
1 keV–200 keV fit and to 18.24 eV for the 10 keV–200 keV fit. This result shows that we 
should not regard 𝐼fit  as a physically unique MEE. Rather,𝐼fit  acts as an effective fitting 
parameter that partly compensates for the limited functional form of the conventional Bethe 
expression. 
 Table 3 gives the fitting-range RMS deviations evaluated for each compound over each 
energy interval, together with the average RMS deviation over the 14 compounds. These 
tabulated RMS values should be distinguished from the energy-dependent RMS(E) defined in 
Eq. (9), which is evaluated across compounds at each electron energy. The mean RMS deviation 
decreases systematically as the lower limit of the fitting range is increased: from 3.88% for the 
100 eV–200 keV fit to 2.61% for the 1 keV–200 keV fit, 0.80% for the 5 keV–200 keV fit, and 
0.50% for the 10 keV–200 keV fit. The maximum compound-specific RMS deviation also 
decreases from 6.43% for the 100 eV–200 keV fit to 0.96% for the 10 keV–200 keV fit. These 
results confirm that the conventional Bethe expression can reproduce the FPA SPs reasonably 
well when the fitting range is restricted to sufficiently high energies. 
 Figures 2 and 3 illustrate why this improvement does not provide a universal correction 
to the Bethe expression. Figure 2 shows the RMS deviations as a function of electron energy 
for 𝐼MEE and for several 𝐼fit  values optimized over different energy ranges. Each optimized 𝐼fit  
reduces the deviation mainly within the fitted energy range, but the deviation increases outside 
that range, especially at lower energies. Figure 3 shows the corresponding ratios 𝐼fit/𝐼MEE. For 
most compounds, 𝐼fit  is smaller than 𝐼MEE, and the ratio varies systematically with the lower 
limit of the fitting range. The magnitude of this variation is also compound dependent. These 
results show that 𝐼fit  is not a unique material constant, but an energy-range-dependent effective 
parameter that compensates locally for the limited functional form of the conventional Bethe 
expression. This behavior indicates that the discrepancy between the Bethe and FPA SPs cannot 
be removed by identifying a better constant excitation energy. A single constant excitation 
energy can shift the Bethe curve through the logarithmic term, but it cannot reproduce the 
change in energy dependence caused by valence excitations, collective excitations, and inner-
shell ionizations. Thus, the conventional Bethe expression is limited by its single-logarithmic 
functional form. 
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 These findings lead us to two conclusions. First, the Bethe expression correctly captures 
the high-energy asymptotic behavior of the SP and therefore provides an appropriate physical 
starting point for an analytical expression. Second, a single-parameter Bethe expression cannot 
reproduce the FPA SPs over the broad energy range from 50 eV to 200 keV. We therefore need 
to introduce an additional energy-dependent correction while preserving the correct high-
energy Bethe limit. This requirement forms the basis for the extended Bethe-type expression 
introduced in the following section.  
 

!"#$%&'(&)*+,-,.%/&%00%1+,2%&%31,+"+,45&%5%67,%89𝑰𝐟𝐢𝐭9&4#+",5%/&#:&0,++,57&+;%&1452%5+,45"$&<%+;%&
%3*6%88,45&+4&+;%&=>?&@>8&42%6&/,00%6%5+&%5%67:&6"57%8(&!;%&A**%6&$,-,+&40&%"1;&0,++,57&6"57%&
B"8&0,3%/&"+&'CC&D%E(&E"$A%8&"6%&7,2%5&,5&%E(&

F4-*4A5/ & 𝐼!"" !"#$% &''%"#(
)''%*"# %

+''%"# (
)''%*"# %

,''%"# (
)''%*"# %

&%*"#(
)''%*"# %

,%*"#(
)''%*"# %

&'%*"#(
)''%*"# %

26-n-paraffin 64.12 54.48 59.99 60.56 59.38 58.31 59.33 
Adenine 78.11 53.27 55.14 54.20 50.99 44.50 43.54 
β-carotene 65.41 46.77 47.48 46.34 43.30 38.81 38.28 
Diphenyl-hexatriene 66.58 42.43 40.63 38.64 34.77 29.07 28.02 
Guanine 81.26 53.75 53.97 52.57 48.99 41.78 40.51 
Kapton 77.83 48.87 44.91 42.16 37.39 29.71 28.13 
Polyacetylene 57.19 33.56 28.66 26.60 23.56 19.19 18.24 
Poly(butene-1-sulfone) 77.57 63.20 69.03 68.14 64.38 57.77 56.66 
Polyethylene 69.03 41.65 40.65 39.32 36.48 32.26 31.61 
Polymethylmethacrylate 72.39 60.13 66.52 67.24 65.99 62.89 63.23 
Polystyrene 93.23 48.10 48.90 47.59 44.13 38.94 38.24 
Poly(2-vinylpyridine) 61.15 51.45 53.57 52.64 49.43 44.21 43.62 
Thymine 78.32 52.23 52.59 51.38 48.18 41.73 40.61 
Uracil 78.99 51.07 50.09 48.45 44.88 37.81 36.45 

!
!

&
!"#$%&G(&&H%$"+,2%&HI@&/%2,"+,458&#%+B%%5&+;%&=>?&@>8&"5/&+;%&<%+;%&@>8&1"$1A$"+%/&A8,57&+;%&
4*+,-,.%/&𝑰𝐟𝐢𝐭&2"$A%8(&!;%&HI@&/%2,"+,45&B"8&%2"$A"+%/&42%6&+;%&8"-%&%5%67:&,5+%62"$&A8%/&046&
+;%&4*+,-,."+,45(&E"$A%8&"6%&7,2%5&,5&*%61%5+(&

F4-*4A5/ & JCC&%EK
'CC&D%E&

GCC&%EK
'CC&D%E&

LCC&%EK
'CC&D%E&

J&D%EK
'CC&D%E&

L&D%EK
'CC&D%E&

JC&D%EK
'CC&D%E&

26-n-paraffin 3.50 1.28 1.22 1.08 0.97 0.96 
Adenine 3.25 3.12 3.16 2.65 0.62 0.32 
β-carotene 2.92 2.98 2.93 2.18 0.45 0.31 
Diphenyl-hexatriene 4.51 4.66 4.41 3.33 0.98 0.52 
Guanine 3.46 3.64 3.61 3.04 0.84 0.40 
Kapton 5.74 5.65 5.31 4.21 1.48 0.85 
Polyacetylene 6.43 5.36 4.82 3.64 1.33 0.80 
Poly(butene-1-sulfone) 4.32 2.74 2.77 2.20 0.59 0.35 
Polyethylene 3.15 3.30 3.16 2.36 0.56 0.29 
Polymethylmethacrylate 3.76 1.38 1.33 1.21 0.67 0.72 
Polystyrene 3.26 3.34 3.28 2.47 0.53 0.29 
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Poly(2-vinylpyridine) 3.13 2.88 2.90 2.25 0.46 0.33 
Thymine 3.14 3.29 3.28 2.75 0.75 0.36 
Uracil 3.72 3.92 3.84 3.21 0.99 0.50 
Mean 3.88 3.40 3.29 2.61 0.80 0.50 
Maximum 6.43 5.65 5.31 4.21 1.48 0.96 
Minimum 2.92 1.28 1.22 1.08 0.45 0.29 

 

 
 
=,7A6%&'(&HI@&/%2,"+,458&#%+B%%5&+;%&=>?&@>8&"5/&+;%&<%+;%&@>8&"8&"&0A51+,45&40&%$%1+645&
%5%67:&046&+;%&JM&467"5,1&14-*4A5/8(&!;%&84$,/&1A62%&8;4B8&+;%&6%8A$+&4#+",5%/&A8,57&+;%&
46,7,5"$𝐼MEE&2"$A%8(&!;%&/"8;%/&1A62%8&8;4B&+;%&6%8A$+8&4#+",5%/&A8,57&𝐼fit&2"$A%8&4*+,-,.%/&
,5/%*%5/%5+$:&046&%"1;&14-*4A5/&42%6&+;%&0,++,57&6"57%8&JCC&%EK'CC&D%E9&J&D%EK'CC&D%E9&"5/&
JC&D%EK'CC&D%E(&!;%&HI@&/%2,"+,45&B"8&1"$1A$"+%/&"+&%"1;&%$%1+645&%5%67:&42%6&+;%&8%+&40&JM&
14-*4A5/8&A8,57&NO(&PQR(&

!  
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5. Fano representation of the energy dependence 
 
 We next examine the origin of the energy-dependent deviations from the Bethe 
expression using a Fano-type representation. Although the conventional Fano plot is usually 
introduced for the nonrelativistic Bethe expression, we use the same terminology here because 
the present representation plays the same role: it tests whether the SP follows the logarithmic 
energy dependence expected from a Bethe-type expression. In this paper, we refer to this 
relativistically modified representation as a Fano plot. In the present analysis, we define the 
Fano representation as 
 

𝑌 (𝐸) = 𝛼(𝐸)𝐸𝑆(𝐸)
𝑘

,                                                                     (10) 

 
where ! "#$ is the SP, %"#$is the relativistic correction factor defined in Section 3, and 𝑘 =
3922.9𝑍𝜌/𝐴 . For a conventional Bethe-type expression with a constant excitation energy, 
&"#$ should vary approximately linearly with '( # , apart from the weak curvature introduced 
by the relativistic terms.  
 Figure 4 shows the Fano plots obtained from the FPA SPs for the 14 organic compounds. 
The plots do not follow a single straight line over the full energy range from 50 eV to 200 keV. 
Instead, their slopes and curvatures change systematically with energy. This behavior is 
consistent with the fitted-I analysis in Section 4: a single constant excitation parameter cannot 
represent the full energy dependence of the FPA SPs. 
 The Fano representation also provides a useful guide for constructing an extended 
Bethe-type expression. The nearly linear behavior at high energies suggests that the logarithmic 
Bethe term should be retained as the leading term. However, the FPA-derived slopes are not 
fully reproduced by a Bethe expression with a fixed logarithmic coefficient over the whole 
energy range. We therefore introduce m as an adjustable effective slope parameter in the 
extended expression. At the same time, the curvature at low and intermediate energies requires 
an additional energy-dependent correction. This correction should decrease smoothly with 
increasing energy so that the expression preserves the Bethe-type high-energy logarithmic 
behavior. 
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=,7A6%&M(&="54&*$4+8&4#+",5%/&064-&+;%&=>?&@>8&046&+;%&JM&467"5,1&14-*4A5/8&"8&0A51+,458&40&
%$%1+645&%5%67:&064-&LC&%E&+4&'CC&D%E(&

6. Extended Bethe-type expression 
  
 We introduce an extended Bethe-type expression for the electron SPs of organic 
compounds. We retain the relativistic Bethe framework as the high-energy foundation and 
supplement the Bethe-like logarithmic term with a smoothly decaying energy-dependent 
correction term. We chose the form   𝑎1 ln 𝐸 /𝐸𝑎2 because it introduces curvature in the Fano 
plots while vanishing relative to the leading logarithmic term at high energies. Other smooth 
decaying functions are possible, but this form provided stable fits for all compounds with a 
common range of 𝑎2. The resulting expression is 
 

𝑆(𝐸) = 3922.9
𝛼(𝐸)𝐸

𝑍𝜌
𝐴 [𝑚ln (

𝐸
𝑎0) +

𝑎1ln 𝐸
𝐸𝑎2

+ 𝑛𝐻(𝜏) + ln (1 + 𝜏
2)] ,                        (11) 

 
where m,  𝑎0 , 𝑎1, 𝑎2, and n are fitting parameters. The last two terms, 𝑛𝐻(𝜏) and ln(1 + 𝜏/2), 
retain the relativistic correction terms of the Bethe expression, although the coefficient of 𝐻(𝜏) 
is allowed to vary through the fitting parameter n. The first term gives the Bethe-like 
logarithmic dependence. The second term introduces the additional energy dependence 
required to reproduce the FPA SPs at low and intermediate energies. Because this term 
decreases approximately as 𝐸−𝑎2 ln 𝐸, it becomes progressively less important at high energies 
and preserves the leading Bethe-like logarithmic behavior. 
 The parameter 𝑎0 has the dimension of energy and sets the logarithmic energy scale in 
the first term. Because the logarithmic term is combined with the additional correction term and 
fitted coefficient m, we do not identify 𝑎0 directly with the optical MEE. The fitted-I analysis 
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in Section 4 showed that an effective excitation parameter depends on the selected fitting range. 
We therefore regard 𝑎0  as a fitting parameter in the extended expression, not as a unique 
physical MEE. The parameter 𝑎2 controls the decay rate of the additional correction term and 
therefore determines how rapidly the expression approaches the high-energy Bethe-like form. 
 We fitted Eq. (11) directly to the FPA SPs for each compound over the full energy range 
from 50 eV to 200 keV. We evaluated the quality of each fit using the relative root-mean-square 
deviation, 

RMS = 100
[

1
𝑁 ∑  

𝑁

𝑖=1
{

𝑆fit(𝐸𝑖) − 𝑆FPA(𝐸𝑖)
𝑆FPA(𝐸𝑖) }

2

]

1/2

,                                         (12) 

 
where N is the number of energy points. This definition is the same as that used for the fitting-
range RMS deviations in Table 3; only the energy points 𝐸𝑖 included in the summation differ 
according to the evaluated energy range. Table 4 lists the fitted parameters and the 
corresponding RMS deviations. 
 The extended Bethe-type expression reproduces the FPA SPs with RMS deviations 
between 0.67% and 0.95% for all 14 compounds. This agreement is substantially better than 
that obtained by optimizing the conventional Bethe expression over broad energy intervals, as 
shown in Table 3. The fitted values of the exponent 𝑎2 mostly lie between about 0.5 and 0.6, 
indicating a common slow-decay behavior of the correction term among the organic compounds. 
This result suggests that the non-Bethe contribution decreases only gradually with increasing 
energy, even though the logarithmic Bethe-like term becomes dominant at high energies. 

 

!"#$%&M(&=,++%/&*"6"-%+%68&40&+;%&%3+%5/%/&<%+;%S+:*%&%3*6%88,45&046&+;%&JM&467"5,1&14-*4A5/8&
42%6&+;%&%5%67:&6"57%&064-&LC&%E&+4&'CC&D%E(&

Compound m a!  a"  n a2 RMS (%) 
26-n-paraffin 2.4520 5.0055 276.0 7.1285 0.5367 0.75 
Adenine 2.7184 5.3705 387.8 8.6026 0.5098 0.81 
beta-Carotene 2.7784 5.9494 419.1 8.1150 0.4792 0.78 
Diphenyl-
hexatriene 

2.9669 6.4736 481.2 9.0051 0.4722 0.81 

Guanine 2.6131 4.6294 274.7 7.9147 0.5507 0.88 
Kapton 2.6492 4.5130 211.6 8.4840 0.6152 0.95 
Polyacetylene 2.5336 3.8501 111.5 4.4623 0.6010 0.88 
Poly(butene-
1-sulfone) 

2.6842 5.4123 430.0 10.2714 0.5478 0.70 

Polyethylene 2.7445 5.4538 335.6 6.8513 0.4640 0.74 
PMMA 2.4456 4.5436 277.6 7.6175 0.5543 0.67 
Polystyrene 2.8333 6.1497 467.0 8.7244 0.4809 0.87 
Poly(2-
vinylpyridine) 

2.8117 6.0727 497.0 8.8466 0.4799 0.84 

Thymine 2.5972 4.6346 267.6 7.6088 0.5440 0.81 
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Uracil 2.5319 4.0905 199.9 7.9849 0.6087 0.84 

7. Evaluation of the proposed expression 
 
 We evaluated the proposed expression by comparing the SPs obtained from Eq. (11) 
with the FPA SPs over the full energy range from 50 eV to 200 keV. Figure 5 shows the ratios 
𝑆fit/𝑆FPA  for the 14 organic compounds, together with the energy-dependent RMS(E) 
evaluated across the compounds. The fitted ratios remain close to unity over the entire energy 
range, and the energy-dependent RMS(E) is less than 2% over the entire range. This result 
shows that the proposed expression represents the FPA SPs not only at high energies, where 
the conventional Bethe expression already gives a reasonable description, but also at low and 
intermediate energies, where the conventional expression shows systematic deviations. 
 This improvement cannot be explained by a simple vertical rescaling of the Bethe curve. 
Changing the excitation parameter only shifts the Bethe SP through the logarithmic term; it 
does not reproduce the curvature observed in the Fano representation. By contrast, the 
additional energy-dependent term in Eq. (11) changes the shape of the energy dependence, 
rather than merely shifting the curve vertically. This feature is responsible for the small RMS 
deviations obtained over the full energy range. 
 Figures 6 and 7 compare the fitted results obtained with Eq. (11) and the FPA SPs for 
β-carotene and polyethylene, respectively. We selected these two compounds because β-
carotene has a large conjugated molecular structure, whereas polyethylene is a simple saturated 
hydrocarbon polymer. Thus, they provide representative examples with markedly different 
molecular and electronic structures. Corresponding comparisons for the remaining 12 organic 
compounds are presented in the Appendix. In both representative cases, Eq. (11) reproduces 
the FPA SPs over the entire energy range from 50 eV to 200 keV. By contrast, the conventional 
Bethe expression remains reasonable at high energies but exhibits marked deviations at lower 
energies. This difference is also evident in the ratio plots: 𝑆fit/𝑆FPA remains close to unity, 
whereas 𝑆Bethe/𝑆FPA exhibits a clear energy-dependent bias. 
 The Fano plots in Figs. 6 and 7 provide an independent assessment of the energy 
dependence of the fitted results. Equation (11) reproduces not only the magnitude of the FPA 
SPs but also the curvature of the corresponding FPA-derived Fano plots much more closely 
than the conventional Bethe expression. These results demonstrate that the proposed expression 
preserves the desirable high-energy behavior of the Bethe framework while accurately 
reproducing the energy dependence of the FPA SPs over the entire energy range examined. 
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8.  Discussion 

 The present results clarify the role and limitation of the Bethe expression for electron 
SPs in organic compounds. These results do not indicate a failure of the Bethe framework itself. 
Rather, the Bethe expression provides the correct high-energy foundation and captures the 
dominant logarithmic dependence at sufficiently high energies. Its main limitation is that it 
represents the electronic excitation spectrum by a single constant excitation energy. This 
approximation becomes inadequate when we extend the analysis down to 50 eV. 
 The fitted-I analysis in Section 4 makes this limitation explicit. We can obtain good 
agreement over restricted high-energy intervals by optimizing the excitation parameter, but the 
optimized value changes systematically with the selected fitting range. Therefore, the 
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discrepancy between the FPA SPs and the conventional Bethe expression cannot be removed 
simply by choosing a better constant MEE. The main problem is that the conventional 
expression lacks the energy dependence needed to describe the changing excitation spectrum 
sampled by electrons of different energies. 
 The Fano analysis in Section 5 provides a complementary view of this energy 
dependence. The slopes of the FPA-derived Fano plots vary continuously with energy and show 
features that reflect changes in the excitation processes sampled at different electron energies. 
This behavior is consistent with the expectation that valence excitations and collective modes 
strongly affect S(E) at low and intermediate energies, whereas inner-shell ionization channels 
gradually become more important as the electron energy increases. At higher energies, these 
detailed structures become less prominent, and the Bethe-like logarithmic dependence becomes 
dominant. The proposed expression represents this transition by adding a correction term that 
is important at low and intermediate energies but decreases smoothly with increasing energy. 
 The fitted values of the exponent𝑎2 indicate that this correction decays slowly. This 
behavior is consistent with the expectation that effects associated with finite momentum 
transfer and the gradual opening of excitation channels persist over a broad energy range rather 
than disappear abruptly. The exponent 𝑎2 therefore provides a compact empirical measure of 
how the non-Bethe contribution decreases over the present energy range. 
 The proposed expression is empirical in the sense that we determine its parameters by 
fitting FPA SPs. However, it is not merely a numerical interpolation. We constructed the 
expression to retain the high-energy Bethe behavior and to reflect the energy dependence 
observed in the Fano representation. This structure gives the expression a clearer physical basis 
than a polynomial, spline, or purely numerical fit. It also provides a compact analytical 
alternative to tabulated FPA SPs for use in electron-transport calculations. 
 We should also note the scope of the proposed expression. We fitted the expression to 
FPA SPs and evaluated its performance for 14 organic compounds over the energy range from 
50 eV to 200 keV. We therefore recommend the expression primarily as an analytical 
representation of these FPA-based SPs. Comparisons with other SP models may show 
differences, particularly at low energies, because different models may treat exchange effects, 
maximum energy transfer, finite-momentum-transfer dependence, and the balance between 
collective and single-particle excitations in different ways. These possible differences should 
be examined in future work, but they do not affect the present assessment that the extended 
Bethe-type expression accurately represents the FPA SPs for the organic compounds examined 
here. 
 

9.  Summary 
 
 We analyzed the energy dependence of electron SPs for 14 organic compounds from 50 
eV to 200 keV using relativistic full-Penn-algorithm SPs as reference data. The conventional 
relativistic Bethe expression, when used with mean excitation energies calculated from optical 
ELFs, reproduced the general high-energy trend but showed systematic deviations at low and 
intermediate energies. This result confirmed that the conventional Bethe expression is useful as 
a high-energy foundation but is not sufficient as a quantitative expression over the full energy 
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range considered here. 
 We next optimized the excitation parameter in the Bethe expression over restricted 
energy ranges. This optimization substantially reduced the deviations within the selected fitting 
intervals, particularly at high energies. However, the optimized excitation parameter changed 
with the lower limit of the fitting range and differed from the optical MEE. We therefore 
concluded that the fitted excitation parameter should not be interpreted as a unique physical 
MEE.!Instead, it acts as an effective parameter that compensates locally for the missing energy 
dependence in the conventional Bethe expression. 
 The Fano representation provided a complementary view of this limitation. The FPA-
derived Fano plots did not follow a single straight line over the full energy range. Their slopes 
changed continuously with energy, reflecting the energy-dependent excitation contribution 
sampled by electrons of different energies. This behavior showed that an analytical expression 
should preserve the Bethe-like logarithmic behavior at high energies while incorporating an 
additional energy-dependent contribution at low and intermediate energies. 
 On this basis, we proposed an extended Bethe-type expression that adds a smoothly 
decaying correction term to the relativistic Bethe framework. The proposed expression 
reproduced the FPA SPs for all 14 organic compounds with RMS deviations between 0.67% 
and 0.95% over 50 eV–200 keV. The fitted decay exponent was mostly in the range of about 
0.5–0.6, suggesting that the non-Bethe contribution decreases only gradually with increasing 
energy. 
 The proposed expression should therefore be regarded as a compact analytical 
representation of FPA-based SPs for organic compounds.!It retains the high-energy Bethe-like 
logarithmic form while extending practical applicability to much lower energies. The 
expression should be useful for electron-transport simulations and surface-analysis applications 
where compact analytical representations are preferable to tabulated FPA SPs and the 
conventional Bethe expression is not sufficiently accurate. 



SP  organic compounds_S11.docx 

 19 

Appendix 

We show the fitting results obtained by applying the proposed extended Bethe-type expression, 
Eq. (11), to the FPA stopping powers for the remaining 12 organic compounds: 26-n-paraffin, 
adenine, diphenyl-hexatriene, guanine, Kapton, polyacetylene, poly(butene-1-sulfone), 
poly(methyl methacrylate), polystyrene, poly(2-vinylpyridine), thymine, and uracil. For each 
compound, panels (a)–(d) show the fitted and FPA stopping powers, the ratios to the FPA 
stopping powers, the Fano plots, and the Fano-plot slopes, respectively. The dashed curves 
represent the conventional relativistic Bethe expression calculated using the optical mean 
excitation energy, 𝐼MEE . 

 

Figure S1. Results of fitting results of the proposed extended Bethe-type expression, Eq. (11), 
to the FPA stopping powers for polyethylene. Panels (a)–(d) compare the fitted and FPA 
stopping powers, the corresponding ratios to the FPA stopping powers, the Fano plots, and the 
Fano-plot slopes, respectively. The dashed curves represent the conventional relativistic Bethe 
expression calculated using the optical mean excitation energy, 𝐼MEE. 
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Figure S2.  Results of fitting results of the proposed extended Bethe-type expression, Eq. 
(11), to the FPA stopping powers for adenine. The panels are the same as those in Fig. S1. 
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Figure S3.  Results of fitting results of the proposed extended Bethe-type expression, Eq. 
(11), to the FPA stopping powers for diphenyl-hexatriene. The panels are the same as those in 
Fig. S1. 
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Figure S4.  Results of fitting results of the proposed extended Bethe-type expression, Eq. 
(11), to the FPA stopping powers for guanine. The panels are the same as those in Fig. S1. 
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Figure S5.  Results of fitting results of the proposed extended Bethe-type expression, Eq. 
(11), to the FPA stopping powers for Kapton. The panels are the same as those in Fig. S1. 
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Figure S6.  Results of fitting results of the proposed extended Bethe-type expression, Eq. 
(11), to the FPA stopping powers for polyacetylene. The panels are the same as those in Fig. 
S1. 
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Figure S7.  Results of fitting results of the proposed extended Bethe-type expression, Eq. 
(11), to the FPA stopping powers for poly(butene-1-sulfone). The panels are the same as 
those in Fig. S1. 
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Figure S8.  Results of fitting results of the proposed extended Bethe-type expression, Eq. 
(11), to the FPA stopping powers for polymethylmethacrylate. The panels are the same as 
those in Fig. S1. 
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Figure S9.  Results of fitting results of the proposed extended Bethe-type expression, Eq. 
(11), to the FPA stopping powers for polystyrene. The panels are the same as those in Fig. S1. 
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Figure S6.  Results of fitting results of the proposed extended Bethe-type expression, Eq. 
(11), to the FPA stopping powers for poly(2-vinylpyridine). The panels are the same as those 
in Fig. S1. 
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Figure S11.  Results of fitting results of the proposed extended Bethe-type expression, Eq. 
(11), to the FPA stopping powers for thymine. The panels are the same as those in Fig. S1. 
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Figure S12.  Results of fitting results of the proposed extended Bethe-type expression, Eq. 
(11), to the FPA stopping powers for uracil. The panels are the same as those in Fig. S1. 
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