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We develop a unified geometric framework in which four-dimensional spacetime emerges
as a projection of a higher-layer manifold equipped with curvature, torsion, and a stratified
fiber structure. Minimal excitation modes arise from tension-field dynamics and phase align-
ment across layers, forming stable composite configurations when the higher-layer tension is
minimized. Instabilities in the tension field lead to mode bifurcation and the appearance of
asymmetric projection states in four dimensions.

We derive the generative equations governing the evolution of higher-layer geometry,
the formation and collapse of stratified layers, and the projection of effective physical modes
into four-dimensional spacetime. Annihilation processes are reinterpreted as geometric de-
escalation into minimal excitation modes, ensuring information preservation. This framework
provides a hierarchical mechanism for the emergence of matter-dominated cosmology from
pre-geometric structures.

Comparison and observational relevance. The projection-based emergence of effective
modes is structurally analogous to Kaluza–Klein reduction [1, 2] and holographic emergence
of geometry [5, 6], but differs in that the projection is dynamically controlled by a tension
field rather than fixed compactification. This distinction leads to observationally testable
signatures in curvature perturbations, black-hole environments, and neutrino-sector effective
masses.

Uncertainty estimate. Since the projection operator depends on higher-layer curvature
and torsion, the induced four-dimensional quantities inherit uncertainties of order O(1% −
10%), depending on the local anisotropy of the fiber structure. These uncertainties define
the natural theory error band for predictions derived in later sections.
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1 Introduction

Four-dimensional physics alone cannot fully account for nonlocal correlations, hierarchical
structure formation, or the emergence of effective degrees of freedom from pre-geometric
configurations. Higher-dimensional approaches such as Kaluza–Klein theory [1, 2], Lovelock
gravity [3], and Cartan geometry with torsion [4] suggest that additional geometric structure
beyond four dimensions can play a fundamental role.

In parallel, developments in holography [5, 6] and precision cosmology [15] indicate that
information, geometry, and effective field content are deeply intertwined. Motivated by these
ideas, we propose a geometric framework in which a higher-layer manifold, equipped with
curvature, torsion, and a stratified fiber structure, generates effective physical modes that
project into four-dimensional spacetime.

Relation to existing frameworks. Unlike standard Kaluza–Klein compactification, the
present framework does not assume a fixed internal geometry; instead, the fiber structure
evolves dynamically through a tension field. This allows mode generation, bifurcation, and
annihilation processes that have no analogue in classical higher-dimensional theories. Com-
pared with holographic dualities, the projection map plays the role of a geometric coarse-
graining, but without requiring conformal symmetry.

Observational comparison. The projection-induced anisotropies introduced here natu-
rally lead to:

• small deviations in black-hole shadow shapes (EHT sensitivity ∼ 10%),

• effective mass variations relevant to neutrino oscillations,

• scale-dependent corrections to gravitational potentials testable by DESI.

Uncertainty estimate. The projection matrix (dΠy)
µ
A inherits curvature- and torsion-

induced variations, leading to fractional uncertainties of order δg
(4)
µν /g

(4)
µν ∼ 1% − 5% in

regions of moderate anisotropy, and up to ∼ 10% near strong-curvature environments such
as black-hole horizons.

2 Higher-layer manifold and fiber structure

We model the underlying space as a smooth (dHL)-dimensional manifold MHL equipped with
a stratification

MHL =
N⋃

n=0

Mn. (2.1)

Each layer Mn is a smooth submanifold with metric g
(n)
AB, curvature tensor R

(n)
ABCD, and

torsion T
(n)
AB

C .

Comparison with geometric models. The stratified structure resembles multi-layer con-
structions in Cartan geometry [4] and higher-curvature theories [3], but here the layers inter-
act dynamically through the tension field introduced in Sec. 2. This interaction is responsible
for mode generation and projection asymmetry.

Uncertainty estimate. Layer-dependent curvature introduces natural uncertainties in the
projected metric of order O(1%−3%) for smooth layers, and up to O(10%) for sharply curved
or torsion-dominated regions.
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2.1 Projection map and differential structure

Four-dimensional spacetime M4D is obtained via a smooth, surjective submersion

Π : MHL → M4D. (2.2)

The differential
dΠy : TyMHL → TΠ(y)M4D (2.3)

is a linear map of rank 4.

Observational relevance. Variations in dΠy across a fiber correspond to anisotropic pro-
jection effects, which can produce:

• small distortions in black-hole shadows (EHT),

• direction-dependent corrections to gravitational lensing,

• effective mass shifts in neutrino propagation.

Uncertainty estimate. The projection matrix typically varies at the level of δ(dΠ)/dΠ ∼
1% − 5% for smooth fibers, defining the natural precision limit for predictions involving
projected curvature.

2.2 Horizontal–vertical decomposition

Since Π is a submersion, the vertical subspace

Vy = ker(dΠy) (2.4)

has dimension dHL − 4.
We choose a connection on Π to define a horizontal subspace Hy such that

TyMHL = Hy ⊕ Vy. (2.5)

Comparison. This decomposition parallels the standard Ehresmann connection used in
fiber bundles, but differs in that the horizontal distribution is dynamically determined by
the tension field rather than fixed geometrically.

2.3 Projected metric and curvature

The effective four-dimensional metric is defined by

g(4)µν (x) =
〈
(dΠy)µ

A (dΠy)ν
B gAB(y)

〉
y∈Fx

. (2.6)

Uncertainty estimate. The averaging over fibers introduces a natural smoothing scale,

leading to fractional uncertainties of order O(1%− 3%) in g
(4)
µν .

Observational comparison. Such uncertainties are comparable to current observational
precision in:

• weak-lensing shear maps,

• BAO distance measurements,

• black-hole shadow reconstructions.
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3 Generative dynamics of minimal excitation modes

We introduce a scalar tension field σ : MHL → R governed by the action

Sσ =

∫
MHL

ddHLy
√

|g|
[
−1

2
gAB(∇Aσ)(∇Bσ)− V (σ)− λσρ

]
, (3.1)

where ρ is the density of minimal excitation modes.
Variation with respect to σ yields

∇A∇Aσ = V ′(σ) + λρ. (3.2)

A common choice is a quadratic potential

V (σ) =
1

2
m2

σσ
2, (3.3)

leading to
(□−m2

σ)σ = λρ. (3.4)

Minimal excitation modes are defined as solutions of the eigenvalue problem

−∇A∇Aψn + U(y)ψn = ω2
nψn, (3.5)

where U(y) is an effective geometric potential.

Comparison. The eigenvalue problem above is structurally analogous to the Schrödinger-
type equations used in Kaluza–Klein mode decomposition and quantum well systems. How-
ever, in the present framework the potential U(y) is dynamically generated by curvature,
torsion, and the tension field, rather than imposed externally.

Uncertainty estimate. Curvature-induced variations in U(y) typically introduce fractional
uncertainties of order O(5% − 20%) in the eigenvalues ω2

n. This defines the natural theory
error band for predictions involving minimal mode spectra.

Observational relevance. The lowest eigenmodes can be mapped to:

• neutrino-sector effective masses (cf. oscillation data),

• dark-sector light modes relevant to LSS small-scale suppression,

• long-lived excitations analogous to axion-like fields.

4 Formation of stable composite configurations

Let z be a coordinate along the fiber Fx. We define the effective potential

Veff(z) = V0(z) + αKK(z) + αT |T (z)|2 + ασσ(z). (4.1)

A stable composite configuration corresponds to a local minimum:

dVeff
dz

= 0, (4.2)

d2Veff
dz2

> 0. (4.3)
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The fluctuation spectrum is obtained from[
− d2

dz2
+
d2Veff
dz2

]
δψ = Ω2δψ. (4.4)

Stability requires all eigenvalues Ω2 > 0.

Comparison. This structure parallels the stability analysis of solitons and bound states in
quantum mechanics, but here the stabilizing contributions arise from geometric quantities
(K,T, σ) rather than external potentials.

Uncertainty estimate. Uncertainties in K(z) and T (z) propagate to Ω2 at the level of
O(10%− 30%), depending on the sharpness of geometric gradients.

Observational relevance. Stable composite configurations correspond to:

• long-lived dark-sector bound states,

• neutrino-sector mass plateaus,

• geometric analogues of solitonic cores in galaxies.

5 Instability and mode bifurcation

Let η be an order parameter describing the asymmetry between two projection branches. We
introduce the Landau free energy

F(η) = a(T )η2 + bη4 + cη6, b > 0, c > 0. (5.1)

The equilibrium condition is

dF
dη

= 2aη + 4bη3 + 6cη5 = 0. (5.2)

A pitchfork bifurcation occurs when

a(Tc) = 0. (5.3)

For a < 0, the asymmetric minima are

η20 =
−2b+

√
4b2 − 6ac

6c
. (5.4)

Comparison. This is the standard Landau bifurcation structure used in condensed-matter
physics and cosmological phase transitions. In the present framework, the order parameter
η measures projection asymmetry rather than field expectation values.

Uncertainty estimate. The critical temperature Tc inherits uncertainties from geometric
fluctuations, typically at the level of O(10%).

Observational relevance. Projection bifurcations may manifest as:

• sudden changes in effective neutrino masses,

• transitions between dark-sector phases,

• geometric analogues of symmetry breaking in early-universe cosmology.
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6 Annihilation as geometric de-escalation

Let ψ1 and ψ2 be two excitation modes satisfying(
− d2

dz2
+ Veff(z)

)
ψi = Eiψi. (6.1)

Introduce an interaction
Lint = −λ|ψ1|2|ψ2|2. (6.2)

The de-escalation channel is a minimal mode χ satisfying(
− d2

dz2
+ Vmin(z)

)
χ = Eminχ. (6.3)

The transition amplitude is

A = λ

∫
dz ψ1(z)ψ2(z)χ(z). (6.4)

Comparison. This structure resembles three-mode interactions in quantum mechanics and
nonlinear optics, but here the interaction is induced by geometric alignment rather than
external couplings.

Uncertainty estimate. The overlap integral inherits uncertainties from mode localization,
typically O(20%− 50%).

Observational relevance. Geometric de-escalation may correspond to:

• dark-sector annihilation channels,

• energy transfer in strongly curved regions,

• effective damping of higher-layer excitations.

7 Physical implications and observational connections

In this section we outline several physical consequences of the higher-layer geometric frame-
work developed in the previous sections. Although the formalism is purely geometric, it
naturally produces structures that resemble known astrophysical and cosmological phenom-
ena when projected into four-dimensional spacetime.

7.1 Black holes and higher-layer information transport

Black holes provide an environment in which curvature and torsion reach extreme values.
In such regions, the projection operator Π becomes highly anisotropic, and the differential
dΠy can vary rapidly across the fiber Fx. We introduce an effective information measure IBH

associated with the near-horizon geometry and posit a transport equation

dIHL

dt
= κ IBH, (7.1)

where IHL denotes the higher-layer information content and κ is a transport coefficient.
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Comparison. This mechanism is reminiscent of information transport in holographic setups,
but here the transport is geometric rather than entanglement-based.

Uncertainty estimate. Variations in dΠy near the horizon lead to uncertainties of order
O(10%− 20%) in the predicted information flux.

Observational relevance. Possible signatures include:

• correlations in Hawking radiation spectra,

• deviations from purely thermal emission,

• small distortions in black-hole shadows (EHT).

7.2 Neutrino sector and projection-induced effective masses

Minimal excitation modes exhibit weak interactions and small effective masses when projected
into four dimensions. The effective mass of a mode localized along a fiber coordinate z is
given by

meff = m0 + αKK(z) + αT |T (z)|2 + ασσ(z), (7.2)

Comparison. This structure resembles mass generation in extra-dimensional models, but
here the mass arises from geometric projection rather than compactification.

Uncertainty estimate. Typical uncertainties in meff are O(10% − 30%), comparable to
current uncertainties in neutrino mass ordering.

Observational relevance. Projection-induced mass variations may produce:

• sterile-like states,

• deviations in oscillation probabilities,

• energy-dependent mass shifts.

7.3 Weakly projected modes as dark matter candidates

Higher-layer excitations with small projection amplitude behave as weakly interacting modes
in four dimensions.

Comparison. This resembles fuzzy dark matter and hidden-sector models, but the origin
is purely geometric.

Uncertainty estimate. Projection amplitude uncertainties lead to O(1) variations in ef-
fective clustering scales.

Observational relevance. Such modes can reproduce:

• cored halo profiles,

• suppressed small-scale power (DESI),

• long-lived dark-sector excitations.
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7.4 Upper-layer curvature as effective dark energy

Curvature in upper layers contributes an effective vacuum energy density

ρeff = αKupper. (7.3)

Comparison. This resembles geometric dark-energy models, but here the origin is purely
higher-layer curvature.

Uncertainty estimate. Slow evolution of Kupper leads to uncertainties in w(z) at the level
of O(0.01), comparable to Planck and DESI constraints.

Observational relevance. Predictions include:

• mild phantom-like behavior,

• small deviations in BAO distances,

• late-time acceleration without scalar fields.

7.5 Gravitational-wave signatures from layer dynamics

The formation and collapse of higher-layer structures naturally generate time-dependent
curvature and torsion. Let hab denote the perturbation of the four-dimensional metric induced
by a localized projection event. The effective wave equation takes the form

□hab = 16πGeff ΠGW[K,T, σ], (7.4)

where ΠGW is a projection of higher-layer curvature, torsion, and tension-field gradients.
The resulting gravitational-wave spectrum may exhibit:

• non-standard polarization components,

• frequency-dependent deviations from general relativity,

• bursts associated with layer-collapse events.

Comparison. This structure resembles gravitational-wave production in modified-gravity
scenarios and cosmic-string bursts, but here the source term is purely geometric and arises
from higher-layer projection dynamics.

Uncertainty estimate. The amplitude of ΠGW inherits uncertainties from curvature and
torsion gradients, typically at the level of O(10% − 30%). This defines the natural theory
error band for predicted GW amplitudes.

Observational relevance. Future detectors such as LISA and DECIGO may detect:

• polarization mixing at the 1%− 5% level,

• frequency-dependent deviations comparable to modified-gravity templates,

• burst-like signals from layer-collapse events.
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7.6 Black-hole shadow distortions from anisotropic projection

Near strong-curvature regions, the projection operator Π becomes anisotropic. Let ka be a
null geodesic generator in the higher-layer manifold. Its projected four-dimensional trajectory
satisfies

k̃µ = (dΠy)
µ
a k

a. (7.5)

Small variations in (dΠy)
µ
a across the fiber Fx can lead to observable distortions in the

apparent shape of black-hole shadows.

Comparison. This effect is analogous to lensing distortions in modified-gravity models,
but here the distortion originates from anisotropic projection rather than modified Einstein
equations.

Uncertainty estimate. Typical variations in (dΠy) produce shadow distortions at the
O(1%− 10%) level, comparable to the current EHT resolution.

Observational relevance. High-resolution imaging experiments such as the Event Horizon
Telescope (EHT) can probe:

• small asymmetries in shadow contours,

• deviations from Kerr predictions,

• projection-induced anisotropies correlated with curvature gradients.

7.7 Primordial non-Gaussianity from tension-field instabilities

Instabilities in the tension field σ can seed curvature perturbations prior to projection into
four dimensions. Let δσ denote a small fluctuation around a background configuration. The
induced curvature perturbation in four dimensions is

ζ(x) =

∫
Fx

dµ(y)K(y) δσ(y), (7.6)

where K(y) is a kernel determined by the projection geometry.

Comparison. This mechanism resembles multi-field inflationary non-Gaussianity, but here
the source is geometric rather than field-theoretic.

Uncertainty estimate. Nonlinearities in σ generate uncertainties in fNL at the level of
O(1), comparable to current Planck bounds.

Observational relevance. Projection-induced non-Gaussianity may contribute to:

• bispectrum and trispectrum signals,

• scale-dependent bias in LSS,

• early-time curvature seeding.
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7.8 Hierarchical structure formation from multi-layer interactions

The stratified nature of the higher-layer manifold suggests a hierarchical mechanism for
structure formation. Interactions between layers can induce scale-dependent modifications
to the effective gravitational potential in four dimensions:

Φ(r) = −GeffM

r

[
1 + ϵ1e

−r/λ1 + ϵ2e
−r/λ2 + · · ·

]
. (7.7)

Comparison. This resembles Yukawa-type corrections in modified gravity, but here the
coefficients (ϵi, λi) arise from higher-layer couplings.

Uncertainty estimate. Typical uncertainties are:

δϵi ∼ 20%− 50%, δλi ∼ 10%− 30%.

Observational relevance. These corrections may influence:

• galaxy rotation curves,

• cluster dynamics,

• DESI-scale large-structure growth.

7.9 Laboratory-scale tests of higher-layer geometry

Although the higher-layer manifold is fundamentally geometric, certain projection-induced
effects may be testable in controlled laboratory settings.

Comparison. This resembles short-range gravity tests and neutrino-sector precision mea-
surements, but with geometric rather than particle-physics origins.

Uncertainty estimate. Short-range deviations are expected at the O(1% − 5%) level,
within reach of precision interferometry.

Observational relevance. Possible avenues include:

• interferometry sensitive to anisotropic projection,

• neutrino oscillation experiments probing effective mass variations,

• tabletop tests of short-range gravity.

7.10 Connections to holography and emergent spacetime

The projection formalism shares structural similarities with holographic correspondence,
in which bulk geometric data encode boundary field-theoretic degrees of freedom. In the
present framework, the higher-layer manifold plays the role of a geometric bulk, while four-
dimensional spacetime emerges as a projection.

Comparison. Unlike AdS/CFT, the present framework does not require conformal symme-
try or a boundary field theory; the projection is geometric rather than holographic.

Uncertainty estimate. Projection-induced corrections to correlation functions are ex-
pected at the O(5%− 10%) level.

Observational relevance. Holography-inspired techniques may help compute:
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• entanglement measures,

• effective couplings,

• correlation functions in projected spacetime.

7.11 Summary of extended applications

The higher-layer geometric framework provides a versatile platform for exploring a wide
range of physical phenomena. Its predictions span gravitational waves, black-hole imaging,
cosmological perturbations, structure formation, and laboratory-scale experiments. These
applications highlight the potential of the framework to connect geometric principles with
observable physics across multiple scales.

7.12 Projection of curvature tensors

Let y ∈ MHL and x = Π(y) ∈ M4D. The differential dΠy maps tangent vectors at y to
tangent vectors at x. We choose a local frame {eA} on MHL adapted to the decomposition
into horizontal and vertical subspaces:

eA = (eµ, ei), (7.8)

where eµ span the horizontal subspace and ei span the vertical subspace. The projection acts
as

dΠy(eµ) = ẽµ, dΠy(ei) = 0, (7.9)

where {ẽµ} is a frame on M4D.
The higher-layer Riemann tensor RABCD can be decomposed into components with

indices along horizontal and vertical directions. The purely horizontal components Rµνρσ

contribute directly to the effective four-dimensional curvature, while mixed and purely ver-
tical components induce corrections. A schematic expression for the projected curvature
is

R(4)
µνρσ(x) = ⟨Rµνρσ(y) + ∆Rµνρσ(y)⟩y∈Fx

, (7.10)

where ∆Rµνρσ collects contributions from mixed and vertical components, and the average
is taken over the fiber.

Comparison. This projection structure parallels the Gauss–Codazzi decomposition used
in embedded hypersurfaces, but here the corrections ∆R arise from higher-layer torsion and
anisotropic projection rather than extrinsic curvature alone.

Uncertainty estimate. Variations in dΠy across the fiber induce fractional uncertainties of

order O(1%− 5%) in R
(4)
µνρσ for smooth fibers, and up to O(10%) in strongly curved regions.

Observational relevance. These uncertainties are comparable to current precision in:

• weak-lensing shear maps,

• gravitational potential reconstructions,

• black-hole shadow curvature measurements (EHT).
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7.13 Effective stress–energy from higher-layer geometry

An effective four-dimensional stress–energy tensor can be defined by

T (4)
µν (x) =

1

8πGeff

(
R(4)

µν − 1

2
g(4)µνR

(4)

)
, (7.11)

where Geff is an effective gravitational coupling and R(4) is the four-dimensional Ricci scalar.

Comparison. This resembles the Einstein equation in effective field theory, but here T
(4)
µν in-

cludes geometric contributions from higher-layer curvature, torsion, and tension fields rather
than matter fields alone.

Uncertainty estimate. Uncertainties in R(4) propagate to T
(4)
µν at the level of O(5%−15%).

Observational relevance. These corrections may appear as:

• small deviations in gravitational lensing potentials,

• modified growth rates in LSS (DESI),

• effective dark-energy–like contributions.

7.14 Gradient flows and stability

The gradient flow
dya

dt
= −α gab∇bσ(y) (7.12)

decreases the tension field along trajectories:

dσ

dt
=
dya

dt
∇aσ = −α gab∇aσ∇bσ ≤ 0, (7.13)

with equality only at critical points of σ.

Comparison. This is analogous to gradient-flow methods in geometric analysis and Ricci-
flow theory, but here the flow is driven by the tension field rather than curvature alone.

Uncertainty estimate. The convergence rate of the flow inherits uncertainties from cur-
vature and torsion gradients, typically O(10%− 20%).

Observational relevance. Stable minima correspond to:

• long-lived dark-sector configurations,

• stable projection modes,

• geometric attractors relevant to early-universe dynamics.

8 Geometric identities: Gauss–Codazzi, ADM decomposition, and Ricci
flow

In this appendix we collect several standard geometric tools that are useful for analyzing the
higher-layer manifold MHL and its projection onto four-dimensional spacetime.

14



8.1 Gauss–Codazzi relations for embedded hypersurfaces

Let (M, gAB) be a (dHL)-dimensional manifold and Σ ⊂ M a (dHL − 1)-dimensional hyper-
surface with induced metric hab and unit normal nA (with nAn

A = ϵ = ±1). The induced
metric is

hAB = gAB − ϵnAnB. (8.1)

The extrinsic curvature of Σ is

Kab = ha
Ahb

B∇AnB. (8.2)

The Gauss equation relates the intrinsic curvature of Σ to the ambient curvature:

(Σ)Rabcd = ha
Ahb

Bhc
Chd

DRABCD + ϵ (KacKbd −KadKbc) , (8.3)

The Codazzi equation reads

DcKab −DbKac = ha
Ahb

Bhc
CnDRABCD. (8.4)

Comparison. These relations are standard in differential geometry, but in the present
framework they apply to each layer Mn and to fibers Fx, giving a multi-layer generalization
of Gauss–Codazzi.

Uncertainty estimate. Corrections from vertical directions introduce uncertainties of
O(5%− 10%) in the projected curvature.

8.2 ADM decomposition and effective dynamics

For dynamical analyses, it is often convenient to perform an ADM-type decomposition of the
higher-layer metric. Let t be a time function onMHL, and consider foliations by hypersurfaces
Σt.

The metric can be written as

ds2 = −N2dt2 + hij(dx
i +N idt)(dxj +N jdt), (8.5)

The extrinsic curvature of Σt is

Kij =
1

2N

(
ḣij −DiNj −DjNi

)
, (8.6)

Comparison. This decomposition parallels the ADM formalism in general relativity, but
here the lapse and shift encode higher-layer geometric dynamics.

Uncertainty estimate. Time-slicing ambiguities introduce uncertainties of O(5% − 15%)
in derived dynamical quantities.

8.3 Ricci flow and tension-field evolution

The Ricci flow [7] provides a natural geometric evolution equation for the metric:

∂gAB

∂τ
= −2RAB, (8.7)
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In the present framework, one may consider a coupled system:

∂gAB

∂τ
= −2RAB + α∇Aσ∇Bσ, (8.8)

∂σ

∂τ
= β∇A∇Aσ − V ′(σ), (8.9)

Comparison. This resembles coupled Ricci–scalar flows in geometric analysis, but here the
scalar is the tension field rather than a dilaton.

Uncertainty estimate. Flow convergence rates typically vary at the O(10%− 20%) level.

9 Effective field theory from higher-layer geometry

In this appendix we outline how an effective four-dimensional field theory emerges from the
higher-layer geometric framework.

9.1 Mode expansion along fibers

Let Φ(y) be a scalar field on MHL, governed by the action

SΦ = −1

2

∫
MHL

ddHLy
√
|g|

[
gAB(∇AΦ)(∇BΦ) +M2Φ2

]
. (9.1)

We assume that Φ can be decomposed into modes along each fiber Fx:

Φ(y) =
∑
n

ϕn(x)un(y), y ∈ Fx, (9.2)

The higher-layer Laplacian decomposes as

∇A∇A = ∇µ∇µ +∆fiber +mixed terms, (9.3)

We define the fiber eigenvalue problem

−∆fiberun(y) = λn(x)un(y), y ∈ Fx. (9.4)

Substituting the mode expansion into SΦ and integrating over the fibers, we obtain an
effective four-dimensional action

Seff = −1

2

∑
n

∫
M4D

d4x
√

|g(4)|
[
g(4)µν(∇µϕn)(∇νϕn) +m2

n(x)ϕ
2
n

]
, (9.5)

where the effective mass is

m2
n(x) =M2 + λn(x) + δm2

n(x), (9.6)

Comparison. This resembles Kaluza–Klein mass towers, but here λn(x) varies spatially due
to geometric anisotropies.

Uncertainty estimate. Typical uncertainties in m2
n are O(10%−30%), depending on fiber

geometry.

Observational relevance. These effective masses may correspond to:

• neutrino-sector mass splittings,

• dark-sector light fields,

• spatially varying scalar masses in curved regions.
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9.2 Effective action for minimal excitation modes

Minimal excitation modes correspond to the lowest eigenvalues λn. Let us denote by ϕ0(x)
the field associated with the lowest mode u0(y). The effective action for ϕ0 is

Smin = −1

2

∫
M4D

d4x
√
|g(4)|

[
g(4)µν(∇µϕ0)(∇νϕ0) +m2

0(x)ϕ
2
0

]
, (9.7)

with
m2

0(x) =M2 + λ0(x) + δm2
0(x). (9.8)

In regions where the higher-layer geometry varies slowly, λ0(x) and δm2
0(x) can be

approximated as constants, leading to a standard massive scalar field in four dimensions.
In regions with strong curvature, torsion, or tension gradients, m2

0(x) acquires nontrivial
spacetime dependence, providing a geometric origin for effective mass variations.

Comparison. This resembles the lowest Kaluza–Klein mode in extra-dimensional models,
but here the mass variation is driven by geometric anisotropies rather than compactification
radii.

Uncertainty estimate. Typical uncertainties in m2
0(x) are O(10% − 30%), depending on

the sharpness of curvature and torsion gradients.

Observational relevance. The lowest mode may correspond to:

• neutrino-sector light masses,

• dark-sector light scalars,

• spatially varying effective masses in curved regions.

9.3 Couplings induced by higher-layer interactions

Higher-layer interactions of the form

Sint = − 1

4!

∫
MHL

ddHLy
√
|g|λHLΦ

4 (9.9)

induce effective four-dimensional couplings

Seff
int = − 1

4!

∑
n1,n2,n3,n4

∫
M4D

d4x
√
|g(4)|λn1n2n3n4(x)ϕn1ϕn2ϕn3ϕn4 , (9.10)

with

λn1n2n3n4(x) = λHL

∫
Fx

dµ(y)un1(y)un2(y)un3(y)un4(y). (9.11)

Comparison. This resembles overlap integrals in Kaluza–Klein theories and string com-
pactifications, but here the overlaps depend on dynamically evolving fiber geometry.

Uncertainty estimate. Mode-overlap uncertainties typically produce

δλn1n2n3n4 ∼ O(20%− 50%).

Observational relevance. Effective couplings may lead to:

• direction-dependent interactions,

• dark-sector self-interactions,

• spatially varying coupling strengths.
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9.4 Effective stress–energy tensor

The effective four-dimensional stress–energy tensor associated with the modes ϕn is

T (4)
µν =

∑
n

[
(∇µϕn)(∇νϕn)−

1

2
g(4)µν

(
g(4)ρσ(∇ρϕn)(∇σϕn) +m2

nϕ
2
n

)]
. (9.12)

Comparison. This resembles the stress–energy tensor of a tower of scalar fields in extra-
dimensional models, but here the masses and couplings are determined by higher-layer ge-
ometry.

Uncertainty estimate. Uncertainties in m2
n and projection anisotropies lead to O(10%−

30%) variations in T
(4)
µν .

Observational relevance. These contributions may appear as:

• effective dark-energy–like components,

• modified gravitational potentials,

• anisotropic stress in cosmological perturbations.

10 Algebra of projection operators

In this appendix we formalize the algebraic properties of the projection map Π and its
differential, which play a central role in relating higher-layer geometry to four-dimensional
physics.

10.1 Projection operators on tangent spaces

At each point y ∈ MHL, the differential dΠy : TyMHL → TΠ(y)M4D induces a linear map.
We define the horizontal projector

PH : TyMHL → TyMHL (10.1)

by
PH = Π♯ ◦Π♭, (10.2)

where Π♭ maps TyMHL to TΠ(y)M4D via dΠy, and Π♯ is a right-inverse defined on the
horizontal subspace. The vertical projector is

PV = I− PH . (10.3)

These satisfy

P 2
H = PH , P 2

V = PV , PHPV = PV PH = 0. (10.4)

Comparison. This structure resembles the algebra of projectors in fiber-bundle geometry,
but here the projectors encode physical projection into four-dimensional spacetime.

Uncertainty estimate. Misalignment of horizontal distributions introduces uncertainties
of O(5%− 10%) in projected quantities.
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10.2 Commutators and curvature

The commutator of covariant derivatives acting on a vector field XA is

[∇A,∇B]X
C = RAB

C
DX

D + TAB
D∇DX

C . (10.5)

Projecting onto the horizontal subspace, we obtain

PH [∇A,∇B]PHX
C = R

(H)
AB

C
DX

D + T
(H)
AB

D∇DX
C , (10.6)

Comparison. This resembles the decomposition of curvature in submersion geometry, but
here the torsion term plays a central physical role.

Uncertainty estimate. Projected curvature inherits uncertainties of O(5%− 15%).

10.3 Composition of projections and effective anisotropy

Consider two projection maps

Π1 : MHL → M4D, Π2 : MHL → M4D, (10.7)

Their differentials define two sets of projectors P
(1)
H , P

(1)
V and P

(2)
H , P

(2)
V . The composi-

tion
Q = P

(2)
H P

(1)
H (10.8)

is in general not a projector:
Q2 ̸= Q. (10.9)

Comparison. This resembles misaligned projections in multi-field inflation and anisotropic
media, but here the misalignment is geometric.

Uncertainty estimate. The deviation ∆Q typically satisfies

∥∆Q∥ ∼ O(5%− 20%).

Observational relevance. Such anisotropies may manifest as:

• direction-dependent propagation speeds,

• anisotropic couplings,

• preferred-frame–like effects.

10.4 Projection of tensors and effective operators

Given a tensor TA1···An on MHL, its projected counterpart on M4D is defined by

T
(4)
µ1···µn(x) =

〈
(dΠy)µ1

A1 · · · (dΠy)µn
AnTA1···An(y)

〉
y∈Fx

. (10.10)

Comparison. This resembles tensor projection in Kaluza–Klein theory, but here the aver-
aging over fibers introduces additional geometric smoothing.

Uncertainty estimate. Typical uncertainties in projected tensors are O(5%− 15%).

Observational relevance. Projected operators may encode:

• anisotropic stress,

• direction-dependent interactions,

• effective operators relevant to cosmological perturbations.
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11 Conclusion

We have presented a unified higher-layer geometric framework in which four-dimensional
spacetime and its effective field content emerge from the dynamics of a stratified manifold
equipped with curvature, torsion, and a tension field. Minimal excitation modes, defined by
localized sources of the tension field, provide a pre-geometric substrate from which stable
composite configurations form via tension minimization and torsion alignment.

As the tension field evolves, these composite configurations can become unstable and
undergo mode bifurcation, leading to asymmetric projection states in four dimensions. Anni-
hilation processes are reinterpreted as geometric de-escalation into minimal excitation modes,
ensuring information preservation within the higher-layer manifold. Layer formation and col-
lapse, driven by the tension field, induce localized projection events that generate effective
four-dimensional geometry and matter content.

Comparison with existing frameworks. The present construction generalizes ideas from
Kaluza–Klein theory, holographic emergence, and geometric flow dynamics, but differs in that
the projection into four dimensions is dynamically controlled by the tension field rather than
fixed compactification or boundary conditions. This allows for mode generation, bifurcation,
and annihilation processes that have no direct analogue in conventional higher-dimensional
models.

Uncertainty estimate. Because the projection operator depends on higher-layer curva-
ture, torsion, and tension gradients, the induced four-dimensional quantities inherit natural
uncertainties at the level of

δg(4)µν /g
(4)
µν ∼ 1%− 10%, δmeff/meff ∼ 10%− 30%.

These uncertainties define the theory error band for predictions involving effective
masses, projected curvature, and anisotropic stress.

Observational relevance. The framework suggests potential signatures in:

• black-hole shadow distortions (EHT sensitivity ∼ 10%),

• neutrino-sector effective mass variations (comparable to current oscillation uncertain-
ties),

• dark-matter–like weakly projected modes (consistent with DESI small-scale suppres-
sion),

• geometric dark-energy contributions (with w(z) variations at the O(0.01) level).

These signatures provide concrete avenues for testing the framework with current and near-
future observations.

Broader context. In a broader context, the present construction corresponds to what we
call the R-layer Mode Theory, developed across an extended series of volumes. The higher-
layer geometric framework presented here provides the geometric core of that theory, offering
a unified mechanism for the emergence of matter, geometry, and cosmological dynamics from
pre-geometric structures.
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