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I. INTRODUCTION

—IRICR TR - FERTEBR VAL 2 ¥E MR IEE, An-
derson ETIVIRED T ¥ X LR L FERRIZ, PIEHIZ H 87
FIZ B BLIRZE K BEME I N T WS [1-3], 12, Harper
ET I Z DRFREE N S, KT V¥ vIVRE V 024k
XD, RIEIREE. R o 7IREE, EESUIRAEZR BT &,
fRATEIZ B BUERIIZ © ., EERINIZBIFEAEA T WD [4-
10l V > 1 TRETOEAREPRIMEL, V<1 TER
TOREWILD > TREITEES T2, ZOKRT V¥ v Ll
FEIZ X BHEF% % MIT (metal-insulator transition) & & &,

COMWEFEFEEDOXAF Iy 7 ATH KL, VO
ZABIZ & DR DIEA Y Fi73, JHAE (localized), HLER (dif-
fusive), & (ballistic) LFAEL. TNODEBT S, Z
D 7= ARG TIE Z DL % BLT (ballistic-localized transi-
tion) &IPS [11-16], & 512, Harper €TV ZHERL. B
B (mobility edge) 2 DE T IV TORLE - FEBIEHER
BHBIEBAICHE ST NT WS [17-20]

—IRTCR T ¥ X L RPUESE AR % B A I e R 42
BaMAZROPRD KA F Iy 7 2UZBVWTH, FIE -
HRIEICET 220k 5 F DB, FFEED SN
TW3, TOREMWLE DA kicked Anderson E 7 I)L*
kicked Harper € 7V TH 5 [21-29] [30-33], FE~xIxIh
% T2 Anderson E 7 )% kicked Anderson E 7 IV AZ REfH]
7% BRI IEE 2 A 72 R T, £ ORIREIIERIE(L
U, EWHEHOAEL 5 & FHEBBR O 2 AT S 72
[34-37), X 51T, ‘i, kicked Harper & 7 VI & HH
HHE 2 N A 7R TORAE - TEHUER & 558 - IR D17
e MR U 7= [37),

ZOFFETIE, FREEFLEACHRNONTVWRWE EE
HRFRIEE T D Harper ET VO EFILREZ A F I v o
A &R % [38-40], Harper € T IVIEKRT > ¥ v ViR E
VIiZED, 3ODRE FIERE (V > 1), B2 -7k
B (V < 1), IBRRE(V = 1) T, Z0ZThDHAT
FHEE O EE M XHE ¢ 2ZEATZOHREZATWY
<o REID 1B (M =1) DEGE. e 22X THROME
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BRECEBIELAEWS, M>2TE, X14F3Iv IR
IZhRA B DR oD, RERE (V > 1) DEA.
KT 5 & JEfE-subdiffusion(e = e, )-1EHLHL & #5F%
3%, ZHz LDT(localization-diffusive transition) & &t
T, —H. BRI SREE (V < 1) DBFE. e KT S
& iHiE-sperdiffusion(e = ¢,)-IEFILH L IEB T 5, Zh
% BDT (ballistic-diffusive transition) &9, &5 5Dz
BOHSEED M OBHRTHA U, £/, ERFIRE
(V=1 OHEE~DOEHNREFARDL, ZOGEIF. €%
BMALUTH UIES < IEt4 D Harper DFFFIREL LTD
IEHIEE R RS 5, TD%. ZOIEWILE, S EHI
X BIEFHEAN LB T 5, 1L Harper A DOBL T
DDT(diffusive-diffusive transition) £ 59, M = 2 DY
R BROC TR, EPERIMANE kicked Harper map(KHM)
DELGELHEL WA S [37),.

Harper EF NV EHNZ, TV X LI AR 4 XHHL, L
2d kick & fEN—IRIGR T, UEJE AR IR REE BN AN E N L
G EICAD R T EEIBRPRET e REINZ
LIl B, ZOZXIZDOVWThiEmT 5.

II. MODEL

PN O s 2 EEHEE 2 £ 5 NIV b =7 VTRl
kX N2 Harper €TV (—IRITE—BTR) 25X 5,

N
H(t) = Y [Vl + f()](n|
n=1
N
+ T (In){(n+ 1]+ n+ 1)(n]). (1)
{In)} REXEIETH B, Ao¥ 1 bET VY v ILIE
V(n) =2V cos(2mQn + ¢), (2)
THO., QBT Q= Y51 1TL D, o I HMEEDAH
ThHb, TENIVAT7—ZXVF—ThHYH, T=-1

95, MEHOLE (e = 0). Harper € 7V
D IRTHEEFRIZB I ET 2R TE2ETLTE D



Y. Aubry-Andre €7 )V (AA E7)V) % Aubry-Andre-
Harper €7V (AAH ET)V) LIFEND 2L HH D,
INTHIZRE) fe(t) 1%

€

VM

THOH. M PIREEO ((aF) T e JEHEETH 5,
IREEUI A WVIZIEEAE A — R — 1 DL D25, FFHE
T f ()2 = /2 TH Y. {0} IREEBOAMTH
505, {0; =0} £ L. 6; DELD FITHK S R ER R O B
READ, RIWEHRIZ X > TR ¢ 12 & B FHEED
T—REGEIRDE-OEMNI I EH B,

YA b ng (ZRLEUHIHBER < n|T(t = 0) >= 6,0,
WL, IOV 2L —F 1 v H—HRR

M
fe(t) = Z cos(wit + 0;), (3)

oW (t) >
ot

W] ¢ TORBIRE |V (t) > OIFEFERZFHE T
%, 2L, RAEFERAEDORE £ RD MSD my(t) 12 & b
TE=-X—9 5

m2(t) :Z(n_n0)2<|¢(n’t)|2>’ (5)

n

2T d(n,t) =< n|W(t) > Y1 SFROWKEEBIE (&
TIREE) TH B,

—f%i1Z, LDT X BDT & ¥ OEH Tl JEEEOHLER
B o TR SN E my(t) DIRZEVWDEI NS,

ih

= H)|U(t) > . (4)

ma(t) ~ 1900 < o < 2) (6)

Z DILHIEE o DI EZ, RO 2 MR S7-01Cu—
JIVIRHEREY % U7z MSD mo(t) Z HHWTCEHET 5, T
Bmbhb,

dlogma(t)
Oéms(t) = dlogt (7>
PRAEAIRD B, ZORBIRY Y —TREREERO SN
B TH, B EDOEERZ DR O Z N 55%, i3
B oK% 3k 3 5 D12, LDT OFITIE, #x
e ® Ml e > e, TIE, EFIEHZERU qins(t) — 1
e, O TNle < e TREEZRU aipms(t) — 0 &7
%, WM € ~ e, FIIATIE ains(t) = ac(< 1), ZERADEL
O PLEIE UGS 5,

#8513 2nd order symplectic integrator T, HEEI%IA &
UTIXZEXR At = 0.005 ~ 0.02 Z 7z, ZOEIETH
WBNRTA—RFh=1/8F7zldh=1Ths, EHRE
B3FEIZe<0527T5, YATFTLAYAAN=213_2917
U, EMEMNZREERITZE D S22,

III. SOME PRELIMINARIES

JEEE) (e = 0) DI~ D Harper €TV IE, BT L 0¥
B S BT KSR INT VWD, ZTORER %
BIZEFLOTBLL ZEPARHOHWNTH 5, EHIRED

2

ElGEEOME L LT, Harper EF VDL D H OB M:
(self-duality) IZ & D, V > 1 TIEE2TOFBAREKIT[EEL
FDARY MVIEFART ML, V < 1 TIRIEH - 72 RE
THERE A X7 PIVIZIE T 5, BFROV =V, =1
Tk, EABEBULEESFIRETA RS MVIdR S A <7
MVERT, RAEHEE (V > V(= 1.0)) COEEREDF
R &(V) X, 2TOEATRIVF—IZHL

1
50 = W (8)

THzZ o3, TRILF—IZRS DN, ZOFELWEEI,
H R ME & Thouless A2 & D EA L5,

InsoMBEE KL, AHEENROEFXAF3I 7
k. Vo> 1 CIREEBEEICEEL. V<1 TIENY R
FAYTRIENY FE L, V=17Tx (IEW) IEEWIZE
B ERBINTWS [11-13],

FIG. 1: (Color online) The double logarithmic plots of mg
as a function of ¢ for some values of the potential strength
V = 1.1,1.0,0.9 in the unperturbed Harper model (¢ = 0)
with ¢ = 0. h = 1. The black dashed lines have slope 1 and
2.

1%, #EETIO Harper ET VT, KT V¥ ¥ LG
ZREM (V> 1) 25 IERTEM (V < 1) NS 87258
DMSD Thb, DoEIEH I, REDHED my ~ t°
SR OEED diffusive mg ~ t! ZRET, mo ~ 2 D
ballistic ZRIED D ~NEDHL B Z Wb hb, V<1TIEV D
fEIZH 53 ballistic TH B, Tibb,

t%(localization) V>1
may(t) ~ < t'(normal diffusion) V=V,=1 (9)
t2(ballistic spreading) V <1

B 2 IZEESAGERE V > 1 TORIER & = /ma(t — o)
DRT VY ¥ )VIRE VIRIFETH B, &(V) BT ILF—
K S 72WDT, FRIED ZOMFEKTIE

o ~(V=V)t (10)

T In|V]

EWVSHRD DDA TE B,
F 7z, Balllistic i (V' < V(= 1.0)) T,

2 q ma(t)
Ug—tlggo 2
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FIG. 2: (Color online) The dynamical localiation length &y as

a function of (V —V¢) for V > V. in the unperturbed Harper
model. The dotted lines have slope -1. A = 1.

Z & O RERRE 0, A ERTE, BASGERV S 1T
vy ~ (Vo= V)! (12)
2a7T, M3 TTOMTEMATES,

1 n PR |

/" slope 2

FIG. 3: (Color online) The dependence of the group veroc-
ity squared U; as a function of (V — V;) for V' > V, in the
unperturbed Harper model. The dotted lines have slope 2.

h=1.

51T, BREV =V =118 5EAREDTILF
757 X L ROLHRE &ﬁ®ﬁ4%\/71&t®
s L <FRS TV S [41, 42],

IV. LDT FOR THE LOCALIZED STATES
v >W)

ZOHTIE, RFUv Uy VBEV, TV =13&8
EHEBICEE L, Z2REEHDNTRA—Z M, e 22X T
dynamics D IERIERBIZENT 2T 2HFARD, 22T
. BRI T 2EEMEE U TCORKLZEH WO T, H
ARz iﬁ%ﬁﬁiihe<osz?5ﬁ\eﬁ§@@%
5z t%ﬁztk%&% DHEHRIZEE/RT S, ZDOHiLA
BeCid, KTy VDM o 2325 10 ¥ > 7Y
%tbxith:U8@®%%?%éo

A. Localization for M =1 and M =2

1 E8H (M = 1), 2 taEH (M = 2) DHED MSD
%méﬂ4nﬁﬁolq)()1b#é$9_\ﬁt<t
B, INSWVIRE € DEFNNND - 725 A X[ RS N

5, UL, EEpgELXISIzHMLTWwW &, M =11%
FIEDE EAEN., M =2 CREEHLTFIZE{LTWSE D

A, BMAe),(d) o bhb, O kid, 2 AEEEH
1772 Anderson €TV 1 DIHFE, e P HREL EEF
DRIENPHRFEINEZ L LB E5DTH S, HEFTE
V olEiz &b, JERMEIREZRNET S &L S 74 Harper €7
NVEEDEDO1E LW, KFETIEINLL EZB AS
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FIG. 4: (Color online) The double logarithmic plots of m2 as a
function of ¢ for some values of the perturbation strength € in
the perturbed Harper model of the potential strength V' = 1.3
with (a)M =1 and (b)M = 2. The panels (¢) and (d) show
the results in the real scale for the relatively large values of
€. An average over 10 random phases is taken. 7 = 1/8. The
same applies to the following numerical results.

1 ffE#E & 2 AEFHOLE TORMERIZ L 5 2 5N 7-H)

W%Tﬁf-Mmﬂt%uﬂ@ﬁﬁﬁﬁ@ﬁﬁ%.5hf
T, MIFEHEER ¢ 2 BEHTORER { TAT =V ULz

HEDERLTWVWS, E¥55D5EH. € < 0.5 TIXIEHRE
BHNZ A ASND, Thbb

§(Vye) =~ &o(V)e™. (13)

TH 5, (clFEH ) THiE, Anderson E T )LX Anderson
XY TRTHALNS D LHLDOMEATH 5,

€ D&Y REZFHTII 1 OHEBIIREDI TS, FER
Fex~ (=€) TRARIZBRDPAICEEL 5, DX D, LK
HTHD mld e TARERD, —H. 2EHDLEIT
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FIG. 5: (Color online) The scaled dynamical localiation

length £/& as a function of € for M = 1,2,3 in the case
V = 1.3. The dotted line represents critical strength e. = 0.32
for M = 3.

B. LDT for M >3

62 3 iEHE, 4 AiEH, bAEHOELEEDOEER
J& e Izt 9 %5 MSD WA E) mo(t) 2573, M =3
DFE. V =13THV =15 THH5Hec = ¢ T
mg ~ t% a ~ 2/3 @ subdiffusion Z/R L, ZDHK e > ¢,
20U TR ERBIT my ~ t! OIEFIERIZR 2 Z 2 DK
6(a)(b) B5bHB, € < ¢, TIREMRMTIRBET 5, 20D
BEREK 7oy bUTHB, Z0HEIFe=¢c ~3.2
TLDT BEURBIERIIFENRT 5, 512, M 28N ¢
4 B EERP 5 AEERTEHHEUDEADLA SN, TNF
ND%E D subdiffusion 1& o ~ 2/4, a ~2/5 THBHI &
M 6(c)(d) bbb, HERDFHIT, K7 IR L 7B
RIHEEFE RN s DIFTEZENE ¢ DI KT, o = 055
a— 1 NDEBIZBWT EZLZO LDT OFEZREL T
W5,

SIS D e, D MIKIFHETH B, BB LZ.

1
M—-1

€~ (14)
TH Y, Anderson ¥ v TR EDGELHELTH 5,
91X, M =3,51281F% ¢ > e, DIFIEALL 7-HLEL
HPRRE D HLEARE % BB R E DA X LT plot L72E D
THb, ZOHEDILEGRE D I3k EIZHIG U,

D = lim — (15)

FIG. 6: (Color online) The double logarithmic plots of m2 as a
function of ¢ for some values of the perturbation strength € in
the perturbed Harper model V' = 1.3, with (a)M = 3,V = 1.3
(b)M =3V =15 (¢)M =4,V =13 ()M =5,V = 1.3.

The dashed lines indicate ms oc t' and mso o t2/M in each
cases.
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FIG. 7: (Color online) The time-dependence of ains(t) for
various strength € in the perturbed Harper model of V = 1.3
with (a)M = 3 and (b)M = 5. The dotted lines indicate
Oéms(t) = 2/M.

ZRAERIZEME L THROZEDTH B, c DEEIE & H1Z
DIIHARL., e~ (= O(1)) THRARIZZR D Z DHEA I
HUBIENDNDE, (~12TH5b, )
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FIG. 8: (Color online) The critical value €. of LDT in the
perturbed Harper model of V' = 1.3. Note that the both axes
are in logarithmic scale.
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FIG. 9: (Color online) Diffusion coefficient D as a function of
€(> €c) in the perturbed Harper model of V' = 1.3. Note that
the both axes are in logarithmic scale.

V. BDT FOR THE EXTENDED STATES (V < V.)

JHITHAIz & 512, Harper 7 )VId self-duality (2 & 9.
V>V, TOMWEL V <V, DWETOBEEZR IS VFIE
35, FEBUZ, Harper €7 DOHFMEERIK T3 % kicked
Harper €7V (KHM) (2B W Tk, ZEEHNIC LD BE
S HEEA DR & [[RFIZ, ballistic propagation %* & IE
LA A OLF (BDT) 851 TW5, Harper €7V T
DZDBREMRTZZ B OHDOHMNTH 5,

10 (X, Harper € 7L ® extended states (V = 0.7(<
Ve)) & X—AZ U CHEEH 2> 58 O RDILA D
fThHsd, M=101EHEETIEEZEZ BT TD ballistic
spreading X3, M > 2 LA Tl e DK T ballistic-
diffusive transition (BDT) 2365, 7272, BAEKIZIE
TERIEE i e 2852 2137293V, M =32
ONBRHFD LS ITAZ S, EBE. ZOWMAT —IL T
ballistic propagation 2* 5 LEKA~Z/L T 5 @FE T, kR4 72
PEHHEE 1 < a < 2 D super-diffusion 2NEET 2 0MZH R
Z5B, TNERTTOIZ, ILHFEBDRHZA auns (t) 24
11(b) (2 £ L7z, ZOBE. M =3V =0.7Ta~1.64
Te~05THdIehbhrd,

FIG. 10: (Color online) The double-logarithmic plots of ma(t)
as a function of ¢ for various strength e in the perturbed
Harper model of V' = 0.7 with (a) M =1, (b)M =2, (¢)M =3
and (d)M = 5. The solid black lines indicate normal diffusion
ms o t' and ballistic spreading mgo t2. Note that the axes
are in the logarithmic plot.

FIG. 11: (Color online) The time-dependence of cns(t) for
various strength € in the perturbed Harper model of V' = 0.7
with (a)M = 1 and (b)M = 3. The dashed lines indicate
normal diffusion a;,s(t) = 1 and ballistic spreading ains(t) =
2.

VI. DIFFUSIVE PROPERTY AT THE
CRITICAL STATE (V =V, = 1)

ZOHiTIE, V =1 =V, & LT Harper €T VDI
FURFEAN DL EEIRIRIC L B8R 2 FARB, 3HiTHA
ZEDITL VSV RV <V, OB/ RESERRDLD
3. V=V.=1Tl& e~ 0 THoTHIHBMPEHRT
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FIG. 12: (Color online) The plots of ms as a function of ¢ for
some values of the perturbation strength € in the perturbed
Harper model of the critical potential strength V = V. = 1.0
with (a)M =1, (b)M = 2 and (¢)M = 3. Note that the both
axes are in real scale.
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FIG. 13: (Color online) Diffusion coefficient D as a function
of € for M = 2,3,5 in the perturbed Harper model with the
critical strength V' = 1.0 Note that the both axes are in log-
arithmic scale.
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MSD &, B8BLRIEFESHEZRT, ZH%E DDT(diffusive-
diffusive transition) & IT8, Z D& & DILEREDZE L%
R UTERRLUEDDAN 13 TH D, € ~ 0 1 SIHK
U, e=¢*(~1.2) TE—=ZIZEL, ZOHBALTNVL,
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FIG. 14: (Color online) The double-logarithmic plots of ma(t)
as a function of ¢ for various potential strength V' in the per-
turbed Harper model of M = 3 with the strength e = 0.1

LU 7= HEBURE DG (e > €.) THEBKTH 5, 72721,
V=V.0OEB&I ¥—2D & EUTD D DS TR
W, ZHIEMI12IZHRINTWS XS 12, EFILER
DEDDAIE ST, HHIEIZ L D ballistic (ZEWIR S ZEWAS
HBZLITNIET B, ZHE M AN WIGEIZHEFEICE
Nna,

E 4IZRTEDIZ, e = 0.1 LEROBERE
TH V =1 2FE & ballistic ZRJEMN D FOEERZ2EH7- 56
THRTF VIV IVREILX V. =1Thbd, 2FVHIHES
Tldst % Harper € 7V COMENEK S L Bbh b, FHE
€< 0.15 TlE, e=0DHAELITIFEABKD V =1 T BLT
IEBRE Z 5,

Bifli £ TOREE, BIED S EFELEAD LDT Ok
& e.. ballistic 2 & IEFHLEL~D BDT DB TRIE ¢, %
BOT, (Vye) HTRHIIZ, BE (L), L8k (D). HE
(B) BIILH D &2 T 72K 15 TH D, V =11EHD
P DY VRV (e ~ 0.15) £T BLT 24U 27t 4
@ Harper TOIEHILEIHR 2 AR X v, 2 DR
I LDT CTAEU B EEIRKRED L b5 D 5,

VII. SUMMARY AND DISCUSSION

Harper € 7 )V COYIABER RO R FHLHZ A FIv
2L B R EEEN E S 8T 5 h % i~ 7-, Harper
EFNVRART VY VREVIZED, 3DODRE, BER
BB (V >1), G272 RE(V <1), BFRE(V=1)»
HY. TNTNDOEGE TREEEH OO M XL e 228
AEDNRE AT, M > 2 TIXRAEMD S I~ D LDT
X extended I SILERAND BDT DBFEHEZERTE /-,
X oI, RFVREEANEHZ A 72550 DDT HFET 5
M. D e HAFIEIXILIG % & A& ballistic IREEH B EN D,
ZOEANE M BN WIEEEHETH S, LDT & BDT D
LGEIEEL o DI ORSMRES M QK THD L7,

M = 2 Oz R 2RV T, BRI kicked
Harper map(KHM) OI5& LR U & WA S, KT, AHE
7% KHM O#ER, X 512 1D Anderson map % Anderson



FIG. 15: (Color online) The schematic phase diagram in the
(V,e) plane for M = 3 in the perturbed Harper model. The
wavepackets are localized in the region L, are diffusive in the
region D, and are ballistic in the region B. Some numerical
results of e. and ¢, are plotted in the diagram by red circles
and blue boxes, respectively, The legends by black triangles
denote the normal diffusion caused by critical states in the
unperturbed Harper model with V' = 1.0.

ET N1 DGEDEDREIEREER [43-45) IZ2WTH
FMALZHEDTH 5,

%5, randomness  kick B 72\ 1 YOTHEERIR T, A
BEMREORG & AT 5 & S5 728 F R RS A0
U7-54. 2 bl ECI3EERE BN T WIXE S Ic ' T
EEIEBBRRET D Z e WRENz, 72770, ZhoDX
1 TOEEEBRADIEBRIZBWTH, ETAN1IRIGRT
H 3 Z & REFEEIDRE R ORIEIRE) 7 & OFE & ITH
BT AREDTHDZ LIZIKERLNE, ~BROEHBEE, H#
ZAXFHERICIRE) 770 & & DFEA TIEER B HEHIT 72 5 ATHE
WD 2, £, FHREMD AL S T LB MHBEED

st e ORELPIMEIZ T NETH D,

TABLE I: M —dependence of the DLT and BDT in the Harper
model. For 4 < M < oo the result is same as the case of
M = 3. Those in the kicked Harper model (KHM), kicked
Anderson and Anderson models are also entered for reference.
The lower lines is a result of the d—dimensional disordered
systems. Loc: exponential localization, Diff:normal diffusion,
Balli:ballistic propergation

M 0 1 2 3 4

Harper model(V > 1) Loc Loc LDT LDT LDT

Harper model(V = 1) Diff Diff Diff Diff Diff

Harper model(V < 1) Balli Balli BDT BDT BDT
]

Loc Loc LDT LDT LDT
Balli Balli BDT BDT BDT

KHM (V >> 1) [37
KHM (V << 1) [37]

Anderson model [35] Loc Loc Loc LDT LDT
Kicked Anderson model [34] Loc Loc LDT LDT LDT
Kicked rotor [34] Loc Loc LDT LDT LDT
d d=1 d=2 d=3 d=4 d=5
d—D Anderson model Loc Loc LDT LDT LDT
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