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Abstract

We propose a geometric reformulation of gauge-sector relationships based on a unified
generator manifold, introducing inter-sector distances as fundamental physical quantities.
In contrast to conventional approaches that assume unification through algebraic embedding
into a larger symmetry group, we describe sector mixing in terms of geometric proximity,
with interaction strength suppressed by inter-sector distance.

We show that the observed interaction hierarchy emerges naturally from a robust or-
dering of distances, di2 < di3,ds3, corresponding to the relative proximity of U(1)-
like, SU(2)-like, and SU(3)-like sectors. By promoting these distances to dynamical fields
d;j(x), we obtain a distance-field framework in which gauge interactions, sector mixing,
and spacetime geometry become interconnected.

Furthermore, we introduce a projection-based interaction principle, in which all inter-
actions arise as projections of an underlying flow structure, with geometric separation con-
trolling their strength. In this picture, unification is interpreted not as a fixed symmetry
identity but as a geometric limit of small inter-sector distance, while gravity is understood
as the geometry governing the dynamics of sector separation.

This suggests that unification and gravity are not independent structures, but arise from
a common geometric framework governed by sector proximity and flow projection.
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1 Introduction

The unification of fundamental interactions has traditionally been formulated as an algebraic
problem in which distinct gauge sectors are embedded into a larger symmetry group [1,2]]. In
such approaches, the Standard Model gauge structure is interpreted as the low-energy remnant of
aunified group, with the gauge couplings expected to approach a common structure at sufficiently
high energy.

This algebraic program remains an active subject of research. Recent systematic studies
have mapped broad classes of simple gauge theories capable of accommodating Standard Model
matter, clarifying both the minimality of conventional candidates and the restricted domain of
grand-unifiable gauge extensions [6]. Other recent work has explored asymptotic unification, in
which gauge couplings approach a common ultraviolet fixed point rather than becoming exactly
equal at a finite unification scale [7]. These developments demonstrate that even within gauge-
group-based approaches, the physical meaning of unification need not be restricted to exact
equality at a single finite scale.

At the same time, several recent studies have investigated broader geometric or emergent
formulations of gauge and gravitational structure. In particular, gauge kinetic functions and
confinement scales have been shown, in explicit string-theory compactifications, to depend on
distance in the space of metric configurations [5]. Related emergence scenarios consider Stan-
dard Model gauge symmetries as effective low-energy structures arising from deeper ultravio-
let dynamics [8]]. Pre-geometric approaches similarly investigate the possibility that spacetime
geometry and Einstein gravity emerge dynamically from more primitive gauge or symmetry-
breaking structures [9]. These works do not imply the sector-distance construction developed
below, but they provide recent examples in which gauge strength, symmetry structure, and grav-
ity are treated as dynamical or geometric rather than immutable microscopic inputs.

Despite the conceptual appeal of unification, several general issues remain open. These
include the absence of direct evidence for proton decay, the non-uniqueness of viable ultraviolet
completions, and the difficulty of incorporating gravity into the same organizing structure [3,4]].
Moreover, algebraic embedding alone does not necessarily explain why the electroweak sectors
exhibit a closer phenomenological relationship than either does with the color sector.

In this work, we propose an alternative effective formulation in which gauge-sector relation-
ships are described geometrically rather than solely through group embedding. We introduce a
unified generator manifold in which each gauge-like sector is represented by a subspace. The
central quantities are the inter-sector distances

dij, &)

which characterize the geometric and structural separation between sectors.

Within this framework, sector mixing is controlled by geometric proximity, with interaction
strength suppressed as the distance between sectors increases. This leads to the operational
reformulation

geometric unification +—  d;; — 0. 2)

This condition is not identified with conventional grand unification. It does not require the
Standard Model gauge groups to be embedded into a unique simple group, nor does it require
exact equality of gauge couplings at a finite energy scale. Instead, it defines unification as a
limiting relation among sector configurations.

A central structural result of the present construction is the ordering

dy2 < dys, dyy < da3, (3)



where the indices (1, 2, 3) denote the U(1)-like, SU(2)-like, and SU(3)-like sectors, respectively.
This ordering is supported by multiple contributions, including shared hierarchy structure, sup-
port overlap, and closure complexity. The aim is not to claim that a unique canonical metric
has already been derived, but to examine whether the qualitative ordering is preserved across a
broad class of structurally admissible distance measures.

To describe the dynamics of sector separation, we promote the distances to scalar fields,

This yields a distance-field effective theory in which finite sector separation is part of the vacuum
structure, whereas locally small distances correspond to enhanced inter-sector mixing.

We further introduce a projection-based interaction principle. In this formulation, different
interaction channels are interpreted as projections of a common underlying flow, while the dis-
tance fields modulate the strength with which those projected channels communicate. Schemat-
ically,

interaction strength ~ P [flow] exp(—Ad,;). 5)

Projection determines the observable interaction channel, whereas geometric separation controls
its effective strength.

The distance fields also couple naturally to spacetime geometry through their kinetic terms
and stress-energy contribution. The gravitational discussion in this work should therefore be un-
derstood as an effective extension: spacetime geometry governs the propagation of the distance
fields, and inhomogeneous distance configurations contribute to curvature. This is conceptu-
ally adjacent to recent emergent and pre-geometric gravity programs [9], but no microscopic
equivalence to those constructions or to general relativity is claimed here.

This work is organized as follows. In Section [2| we define the generator manifold and the
sector distances. In Section [3| we present an illustrative structural estimate of their ordering.
In Section {] we introduce the distance-field Lagrangian. In Section [5} we formulate the prin-
cipal structural results. In Section [6] we introduce the projection-based interaction principle.
In Section [/, we examine the generally covariant extension and the stress-energy contribution
of the distance fields. Finally, Section [§| discusses the relation to recent literature, limitations,
predictions, and future directions.

Conceptual statement. In the present effective framework, unification is not defined as an iden-
tity of gauge groups, but as a geometric limit of proximity between interaction sectors.

2 Generator Manifold and Sector Geometry

2.1 Unified Generator Manifold

We introduce a unified generator manifold &, which serves as the ambient space in which all
gauge-like sectors are embedded. Each sector is associated with a subspace of &:

S; = span{Yy}, S, = span{7', 7%, 7%}, Ss = span{T",... T®}. (6)

These correspond respectively to U(1)-like, SU(2)-like, and SU(3)-like sectors.

The generator manifold & is not assumed to carry a simple-group structure. Instead, it pro-
vides a geometric arena in which sector relationships are encoded through relative positioning.

This geometric picture is illustrated schematically in Fig. [I] where the U(1)-like and SU(2)-
like sectors are shown as geometrically close, while the SU(3)-like sector remains separated.
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Figure 1: Schematic geometry of sector subspaces in the generator manifold &. The U(1)-like
and SU(2)-like sectors are geometrically close, while the SU(3)-like sector is separated. This
proximity structure underlies the observed hierarchy of interaction strengths and forms the basis
of the geometric interpretation developed in this work.

2.2 Inner Product and Projection Operators

We equip & with an inner product
(A,B) =Tr(A'B), (7)

which induces a Hilbert—Schmidt norm.
Each sector subspace S; is associated with a projection operator P; acting on &. These
projectors allow us to define distances between sectors in a coordinate-independent manner.

2.3 Geometric Distance Between Sectors
We define the algebraic distance between two sectors ¢ and j as
al
dij = 1B = Pillys - ®)
Equivalently, in terms of principal angles 6;; between subspaces,

dglg = sin Q’LJ (9)

)

This quantity measures the geometric separation between sectors within &.

2.4 Effective Distance and Structural Contributions

In addition to algebraic separation, we introduce an effective distance:

& = adif + §dF +yd. a.f,7>0. (10)

() Y
Here:
o (3P measures support overla
ij pp P,
o (¢ 1 lexi
< measures closure complexity,

I . .
* d;;* encodes geometric separation.



2.5 Interpretation

In this framework, gauge sectors are distinguished by their geometric and structural separation
within & rather than by a unified symmetry group.

The relative position of sector subspaces in the generator manifold determines their
interaction properties.

3 Illustrative Estimate of Sector Distances

3.1 Motivation

To demonstrate how geometric separation between sectors leads to a hierarchy of interactions,
we construct a minimal illustrative estimate of inter-sector distances.
The goal of this section is not to provide a precise quantitative model, but to show that the
qualitative ordering
dip < dyz, dyz < das (11)

emerges naturally from structural considerations.

3.2 Support Overlap

We first consider the effective support of generators in each sector. In a minimal representation,
we take:

Supp(T?)) = {17 2}7 (12)
supp(Y) = {1,2,3}. (13)
The overlap between two sectors is defined as
N A .
overlap(i, ) = |supp(4) supp(j)l . (14)

~ [supp(i) U supp(j)]
We then define a support-based distance:

d;;? =1 — overlap(i, 7). (15)

ij
In this simple model, the U(1)-like and SU(2)-like sectors share a larger support than either
does with the SU(3)-like sector, leading to

diy < dyy, diy <dyy. (16)

3.3 Closure Complexity

Next, we introduce a measure of closure complexity based on the number of generators and
algebraic constraints:

Ci=1 0Cy=3, (C3=28. a7
We define a complexity-based distance as
a _ |G =G
PG b — L 18
Y max(Cy, C5) (18)
This yields
diy < iy, dfy < d5, (19)

reflecting the higher structural complexity of the SU(3)-like sector.
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3.4 Effective Distance

Combining these contributions, we define an effective distance:

& = a P + B d; a, B> 0. (20)

YR

Since both terms independently satisfy the same ordering, the combined distance preserves

diy < diy, di; < dj. @1

3.5 Mixing Strength

We model the interaction strength between sectors by an exponential suppression:
Mij = CXP(—)\dij), (22)

where A > 0.
This leads to
My > Mg, Mis > Mos, (23)

demonstrating that geometrically closer sectors exhibit stronger mixing.

3.6 Interpretation

This simple estimate shows that the hierarchy of interactions can be understood as a direct con-
sequence of geometric separation in the generator manifold.

Interaction strength is controlled by geometric proximity: closer sectors mix more
strongly.

4 Distance-Field Lagrangian

4.1 Motivation

In the geometric framework introduced above, inter-sector distances d;; determine the strength
of interactions between sectors. To describe their dynamics, we promote these distances to scalar
fields:

di; = di;(x). (24)

This leads to a field-theoretic description in which sector separation becomes a dynamical
degree of freedom.

4.2 Distance-Field Action

We introduce the distance-field Lagrangian:

1
Lp= 2 Z Kij 9" O0udijO,dij — Vi (di), (23)

1<j

where K;; > 0 are kinetic coefficients and V) is a potential governing the vacuum structure.



4.3 Potential and Finite-Distance Vacuum
We consider a minimal potential of the form
>‘ij 2 2\2
Vp = Z v (&2 —aZ)”, Aij > 0. (26)
i<j
The vacuum configuration is given by
dij = Qyj > O, (27)

indicating that exact unification (d;; = 0) is not a generic ground state.

The qualitative structure of the distance-field potential is illustrated in Fig.[2] In particular,
the generic vacuum occurs at finite distance, whereas exact unification at d;; = 0 is not realized
as a stable ground state.

Vb (dij ) finite-distance
T vacuu

exact unification
not stable

Figure 2: [Illustrative distance-field potential V(d,;). The generic vacuum occurs at finite
distance d;; = a;; > 0, while exact unification at d;; = 0 is not realized as a stable ground state.
In this framework, exact unification appears only as a limiting configuration rather than as the
natural vacuum.

4.4 Gauge Sector Lagrangian
The gauge dynamics are described by

1 S v
Egauge = _Z . Zz(d) Tr(F‘iuVF;’M ) ) (28)
where Z;(d) may depend on the distance fields.

4.5 Mixing Term

We model the interaction between sectors through a mixed curvature term:

1 v
Loix = =7 > exp(—2Adi;) Tr(Fy u FYY) | (29)

i<j

This term implements exponential suppression of mixing with increasing distance.
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4.6 Total Lagrangian

The full action is given by

L= o Rt Lo+ Louge + Lo

4.7 Equations of Motion

Variation with respect to d;; yields

oV, oL 5L
KZD dz _ gauge mix
=% T 50 T Ted, T ady

where L, is the covariant d’Alembert operator.

4.8 Interpretation

In this formulation:
* the fields d;;(x) encode sector separation,
* gauge interactions are modulated by geometric distance,
* mixing arises from exponentially suppressed coupling,

* the vacuum corresponds to finite separation between sectors.

The structure of interactions is governed by the dynamics of inter-sector distances.

S Structural Results and Geometric Interpretation

5.1 Geometric Unification State

(30)

€19

We define a geometric unification state as a configuration in which inter-sector distances are

sufficiently small in a given region €2:

dzj(l’) < 1, x € Q.

(32)

In this limit, sector mixing is enhanced and the distinction between sectors becomes weak.

5.2 Absence of Exact Unification in the Vacuum

Consider the distance-field potential

Aij (o 22
Vb = ZI (dij - aij) )
i<j
with Qi > 0.
The vacuum configuration satisfies
dij = aij,

which implies that exact unification (d;; = 0) is not realized as a stable ground state.

8
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5.3 Local Unification Regions
Solutions of the equations of motion admit localized configurations in which
dij(z) < ai (35)

within a finite region.
These configurations define local unification regions, in which sector mixing is significantly
enhanced.

5.4 Distance-Controlled Mixing
The mixing strength between sectors is modeled as
M;; ~ exp(—Ad;;), (36)
leading to the hierarchy
diz < diz,das = Mg > Mg, Mas. (37)

Thus, interaction strength is determined by geometric proximity.

5.5 Phase Structure of Sector Separation
The space of distance configurations admits distinct phases:
* Separated phase: d;; ~ a;; for all (3, j),
* Electroweak-like phase: d,; < d3, ds3,
* Local unification phase: d;; < 1 in localized regions.

These phases characterize different regimes of sector interaction.

5.6 Robustness of Distance Ordering

The qualitative ordering
diz < diz, diz <d3 (38)

is robust under a broad class of effective distance definitions.
In particular, consider

& = adif + B+ d a, 8,7 > 0. (39)

i 59
Since each contribution independently supports the same ordering, the effective distance
preserves the hierarchy.

5.7 Geometric Interpretation
These results support the following conceptual statement:

Unification is not an identity of symmetry, but a geometric limit of small inter-sector
distances.

In this framework, the observed structure of interactions is understood as a consequence of
the geometric configuration of sector subspaces.
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6 Projection-Based Interaction Principle

6.1 Interaction as Projection of Flow

We introduce the following unifying principle:

’ interaction ~ projection of underlying flow (40)

In this framework, interactions are not independent forces, but arise as observable projec-
tions of a common underlying dynamical structure. Different interaction sectors correspond to
different projection channels applied to this shared flow.

6.2 Unified Interaction Law vs Sector Separation

A key distinction in the present framework is between interaction laws and sector configurations:

interaction law : unified, 41)

sector configuration : non-unified. 42)

The interaction law is universal, reflecting a common underlying flow structure. However,

sector configurations remain distinct due to geometric separation encoded by the distance fields
d

ij

6.3 Relation to Distance Fields

The distance fields introduced in Section[dcan be interpreted as coarse-grained measures of the
underlying flow structure:
dij ~ dw’(h, flow data), (43)

where h denotes underlying hierarchy or flow variables.

Thus, geometric separation reflects differences in the organization and overlap of the under-
lying flow.
6.4 Distance-Controlled Projection

Combining the projection principle with geometric separation, we obtain:

interaction strength ~ Pe[flow] x exp(—\d;;) (44)

Here:

* P¢ denotes a channel-dependent projection operator,

* exp(—Ad;;) encodes suppression due to sector separation.
This expression unifies two key aspects:

* projection determines the type of interaction,

* distance determines the strength of interaction.
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6.5 Interpretation
This leads to the following conceptual picture:

All interactions originate from a common flow structure, and appear distinct due
to projection and geometric separation.

In this sense, unification does not imply identical structure across sectors, but rather a shared
dynamical origin with differentiated geometric realization.

6.6 Connection to Gravity
The distance fields also determine spacetime dynamics through their gradients:
gravity ~ Vd,;. (45)

Thus, gravitational effects can be interpreted as governing the dynamics of sector separation,
linking spacetime geometry to the underlying flow structure.

6.7 Scope

We emphasize that:

* the present framework does not assume a unique canonical metric,
* the goal is to establish structural relations rather than full microscopic derivation,

* the projection-flow relation is introduced as a unifying principle to guide further develop-
ment.

7 Distance Fields and Gravitational Dynamics

7.1 Coupling to Spacetime Geometry

To incorporate gravitational dynamics, we introduce a spacetime metric g,,,, and consider a gen-
erally covariant action. The total Lagrangian takes the form

1
L=
167G
where R is the Ricci scalar.

R + LD + L"gauge + *Crnix; (46)

7.2 Stress-Energy Tensor

The energy-momentum tensor is obtained by variation with respect to the metric:
2 08

T, ———2_ 9 @7)
Y V=gag
It can be decomposed as
T, = T;Ejl?) + Tfff‘“ge) + Tg‘i"). (48)
The contribution from the distance fields is
1
T =Y Ky (audijaydij - §gwg”apd@-jaadij) — gV (49)

1<J
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7.3 Einstein Equation
Variation of the action yields the Einstein equation:
G, =8rGT,,, (50)

where G, is the Einstein tensor.

7.4 Distance-Field Equation of Motion

The distance fields satisfy

Vo 6Louge  Lm
K;; O.d;; _ gauge mix 51
=% T 50 T Tea, T ody ©1)

where [, is the covariant d’Alembert operator.

7.5 Interpretation

In this framework, the distance fields contribute directly to the stress-energy tensor and therefore
act as sources of spacetime curvature.
This leads to the following interpretation:

* gradients of d;;(x) generate energy density and curvature,
* local reductions of d;; correspond to regions of enhanced interaction,

* spatial variations of sector separation influence gravitational dynamics.

7.6 Geometric Interpretation of Gravity

The structure of the theory suggests the following conceptual picture:

Gravity is the geometry that governs the dynamics of inter-sector distances, while
gauge interactions arise from curvature within sector subspaces.

In this sense, spacetime curvature reflects the configuration of the distance-field manifold,
providing a unified geometric description of interactions.

7.7 Implication

This framework implies that:
unification ~ d;; — 0, gravity ~ Vd;;. (52)

Thus, unification and gravity are not independent structures, but different aspects of the same
geometric framework.
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8 Discussion

8.1 Relation to Recent Literature

The present framework is related to several recent research directions, while remaining distinct
from each of them.

Recent grand-unification studies continue to classify and constrain simple gauge-group em-
beddings of Standard Model matter [[6]. Asymptotic grand-unification models broaden this con-
ventional picture by replacing exact finite-scale coupling equality with convergence toward a
common ultraviolet fixed point [[7]. The present construction differs from both approaches be-
cause the distance variables d;; describe effective geometric separation between sector subspaces
and do not presuppose a common simple gauge group.

A more direct conceptual relation exists with work showing that gauge kinetic functions and
confinement scales can depend on distance in the space of metric configurations [3]]. That result
demonstrates, in a different setting, that geometric distance and gauge strength need not be inde-
pendent quantities. However, the distance considered there is a distance between gravitational
or compactification configurations, whereas the present d;; characterizes separation between ef-
fective gauge-sector subspaces. The two constructions should therefore be viewed as adjacent
but mathematically distinct.

The proposal is also broadly compatible with research on emergent gauge symmetries, in
which Standard Model gauge structure is treated as a low-energy manifestation of deeper dy-
namics [8]]. Similarly, recent pre-geometric gravity models study the dynamical emergence of
spacetime geometry from an underlying gauge system [9]. In contrast, the present paper starts
from an effective spacetime metric and introduces distance fields as additional dynamical vari-
ables. It therefore does not provide a microscopic emergence mechanism for either gauge sym-
metry or gravity.

These comparisons clarify the scope of the claimed novelty. The main proposal is the com-
bined use of:

distances between effective gauge-sector subspaces,

* distance-controlled inter-sector mixing,

finite-distance vacuum configurations,

and channel-dependent projections of an underlying flow.

The present work should consequently be regarded as a structural effective framework whose
microscopic origin and canonical metric remain open problems.

8.2 Limitations

While the geometric distance framework provides a coherent description of sector relationships,
several aspects remain to be clarified.

* Metric non-uniqueness. The precise definition of the algebraic distance d?;-g is not unique.
Although the qualitative ordering of sector distances is robust, identifying a canonical
metric on the generator manifold remains an open problem.
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* Mixing law assumption. The exponential suppression
Mij ~ exp(—)\dij) (53)

is motivated by overlap arguments, but a full first-principles derivation is not yet estab-
lished.

* Dynamical completion. The present framework provides a minimal effective description.
A complete dynamical treatment including matter coupling and quantum effects remains
to be developed.

* Gravitational sector. Although gravity is naturally interpreted as the geometry of the
distance-field manifold, explicit solutions and phenomenological consequences require
further investigation.

8.3 Predictions

The framework leads to several qualitative predictions:

* Absence of exact unification. Exact equality of sector structures is not expected as a
generic vacuum property.

* Robust electroweak proximity. The closeness of U(1)-like and SU(2)-like sectors is
structural and persists across admissible distance definitions.

* Suppressed strong-sector mixing. The SU(3)-like sector remains geometrically sepa-
rated due to higher structural complexity.

* Local unification regions. Localized configurations with small d;;(z) may appear under
extreme conditions.

* Coupling to gravity. Spatial variations of sector separation contribute to spacetime cur-
vature.

8.4 Outlook

The present work suggests that interaction structure is fundamentally geometric. Future work
includes:

* derivation of the distance-field Lagrangian from underlying dynamics,
* investigation of quantum corrections,

* application to cosmology and strong-gravity regimes.
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