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Abstract. In this article, we give a mathematical model for the pattern of post-
vaccination mortality by using the Erlang distribution. This model is an analogue or
generalization of Kiyoshi Itô’s argument which describes radioactive decay.

Introduction

Fukushima et al. present a histogram [4, Figure 2] with the number of days from
COVID-19 vaccination to death on the horizontal axis and the number of deaths on the
vertical axis, based on a report from the Ministry of Health, Labour and Welfare (MHLW).
Furthermore, we can find a similar histogram whose peak appears on the second day
and then decreases in [12, Figure S1]. In the natural sciences, it is important to give
mathematical interpretations to natural phenomena. For example, projectile motion and
wave motion are mathematically described by parabolas and trigonometric functions,
respectively. However, there are no mathematical explanation of the histograms above
until now.

Here we give a mathematical interpretation or model for the histogram [4, Figure
2]. More precisely, this article suggests that the histogram can be approximated by the
modified Erlang distribution. Note that the Erlang distribution of the parameters (n, λ)
is a model in which small changes occur n times with a constant average incidence λ to
cause a failure. When dealing with short-term deaths within 5 days, Stirling’s formula
and numerical computations indicate that the parameter n in the Erlang distribution is
smaller than 5, which suggests sudden death of vaccine recipients.

This paper is structured as follows: Section 1 introduces some probability distributions
based on [8, Chapter 2.5] related to this subject; Section 2 gives a review of Kiyoshi Itô’s
argument in [7, Chapter 3.4] and provides an analogue or generalization of his argument;
Section 3 explains mathematically that the histogram [4, Figure 2] can be approximated
by a modified Erlang distribution; Sections 4 and 5 explain the reason why Erlang distri-
butions with n = 3 are chosen and its medical implications.

1. Associated distributions

An exponential distribution is a distribution in probability theory and statistics that
describes, for example, the time intervals between events according to a Poisson process (a
process in which events occur continuously, independently, and with a constant average
incidence). Because of this property, the exponential distribution is often used as a
model of random failure. The mean, mode, variance, probability density function, and
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cumulative distribution function of the exponential distribution with the parameter λ > 0
are as follows, respectively:

1

λ
, 0,

1

λ2
, λe−λx, 1− e−λx, (x ≥ 0).

It is known that for n random variables X1, . . . , Xn which are independent from each
other and follow the exponential distribution of parameter λ, the sum of these random
variables Sn = X1 + · · ·+Xn follows the Erlang distribution with the parameters (n, λ).
Therefore, the Erlang distribution of the parameters (n, λ) is a model in which small
changes occur n times with a constant average incidence λ to cause a failure. Clearly,
the Erlang distribution of (1, λ) is an exponential distribution with a parameter λ. The
mean, mode, variance, probability density function, and cumulative distribution function
of the Erlang distribution with the parameters (n, λ) are as follows:

n

λ
,

n− 1

λ
,

n

λ2
,

λn

(n− 1)!
xn−1e−λx, 1− e−λx

n−1∑
l=0

(λx)l

l!
, (x ≥ 0).

Since the Erlang distribution considers the failure with respect to a continuous time course,
we consider discrete cases such as the first day, the second day, etc. From the cumulative
distribution function of the Erlang distribution, the probability of small changes n times
by day k, where n and k are natural numbers, is given by

1−G(n, λ, k), G(n, λ, k) := e−λk

n−1∑
l=0

(λk)l

l!
.

Since the probability of small changes n times on day k is obtained by subtracting the
probability of small changes n times by day k − 1 from the probability of small changes
n times by day k, the probability of small changes n times on day k can be expressed as:

G(n, λ, k − 1)−G(n, λ, k).

For k ≤ x < k + 1, let

η(n, λ, x) := G(n, λ, k − 1)−G(n, λ, k), θ(n, λ, x) := 1−G(n, λ, k).

Then, a distribution in which the probability density function is η(n, λ, x), that is, whose
cumulative distribution function is θ(n, λ, x), and both the probability density and the
cumulative distribution functions are 0 when x < 1, is called a modified Erlang distribu-
tion.

2. Itô’s argument

In this section, we summarize and generalize Itô’s argument appeared in [7, Chapter
3.4]. Let N(t) the number of radioactive atoms at time t. Then, the radioactive decay or
exponential decay is described by the following differential equation

d

dt
N(t) = −αN(t), N(0) = N,

where α is a disintegration constant (or exponential decay constant). As Kiyoshi Itô
pointed out, the number N(t) is always an integer, namely, N(t) is a discontinuous
function. However, it is well-know that any discontinuous function is non-differentiable.
Hence, this argument is not mathematically rigorous.
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To avoid this non-differentiability, Itô discussed as follows. Let p(t) the probability that
each atom survives (does not decay) until time t. Then we have

d

dt
p(t) = −αp(t), p(0) = 1.

By solving the differential equation, we have

p(t) = e−αt.

Assign number to each atom and let Xn(t) = 1 or 0 based on whether the atom n survives
or not by time t. Then the total number of surviving atoms N(t) by time t is the stochastic
process expressed as

N(t) :=
N∑

n=1

Xn(t).

By taking the means of both sides of the equation, we obtain

E
(
N(t)

)
=

N∑
n=1

E
(
Xn(t)

)
=

N∑
n=1

p(t) = Np(t) = Ne−αt.

Let N be sufficiently large. Then, the numbers N(t) and E(N(t)) are very close to each
other according to the law of large numbers [1, Section 22] if we ignore the extremely
small probability. Kiyoshi Itô (known as the founder of so-called Itô calculus) said that

In the former argument, we forcibly applied theory of ordinary differential equations.
However, we can consider naturally the latter argument in theory of probability.

Moreover, the later argument is much closer to the truth in the position on the scientific
understanding of radioactive decay.

Next, we consider an analogue or generalization of his argument. Recall that p(t) is the
probability that each atom does not decay until time t. We define q(t) by the probability
that each atom decays until time t. Then, clearly we have

q(t) = 1− p(t) = 1− e−αt.

It should be noted that the right hand side of the formula above coincides with the
cumulative distribution function of the exponential distribution with the parameter α.
Let Ym(t) = 1 or 0 based on whether the atom m decays or not by time t. Then the total
number of decayed atoms M(t) by time t is the stochastic process given by

M(t) :=
M∑

m=1

Ym(t).

Taking the means of both sides of the equation above, we obtain

E
(
M(t)

)
=

M∑
m=1

E
(
Ym(t)

)
=

M∑
m=1

q(t) = Mq(t) = M
(
1− e−αt

)
.

Therefore, the exponential distribution is a mathematical model of the radioactive decay.
Now we consider the case 500 atoms has an exponential decay constant α and 200

atoms has an exponential decay constant β. Let Ym(t) = 1 or 0 based on whether the
atom m with the disintegration constant α decays or not by time t and let Zn(t) = 1 or 0
based on whether the atom n with the disintegration constant β decays or not by time t.
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Then the radioactive decay of these 700 atoms are described by the following stochastic
process given as

500∑
m=1

Ym(t) +
200∑
l=1

Zl(t).

By taking the means of the stochastic process above, we have

500∑
m=1

E
(
Ym(t)

)
+

200∑
l=1

E
(
Zl(t)

)
= 500

(
1− e−αt

)
+ 200

(
1− e−βt

)
.

Therefore, we can handle the case when two types of atoms are mixed by modifying Itô’s
argument. Obviously, there is no need to limit the types of mixed atoms to two types,
namely, there is no problem with any number of types.

3. Mathematical model for patterns of post-vaccination mortality

Recall that the Erlang distribution of the parameters (n, λ) is a model in which small
changes occur n times with a constant average incidence λ to cause a failure and the
Erlang distribution of (1, λ) is an exponential distribution with a parameter λ. Consider
a model in which a small change occurs in the body after vaccination, and death occurs
after n instances of the change. Then the probability p(t) that each vaccine recipient will
die by time t can be considered to follow the Erlang distribution as discussed in Section
1, and is derived as follows:

p(t) = 1− e−λt

n−1∑
l=0

(λt)l

l!
.

Note that the right hand side of the formula above is the cumulative distribution func-
tion of the Erlang distribution with the parameters (n, λ). Clearly, the above equation
describes the situation in continuous time, while Figure 2 in [4] shows the discrete time
in days on the horizontal axis. Therefore, it is necessary to use a modified Erlang distri-
bution. In summary:

The percentage of people who die after vaccination causes a change at the rate λ and
the number of changes reaches n by day k can be approximated by the cumulative

distribution function of the modified Erlang distribution with the parameters (n, λ).

This statement is equivalent to the following:

The percentage of people who die after vaccination causes a change at the rate λ and
the number of changes reaches n on day k can be approximated by the probability
density function of the modified Erlang distribution with the parameters (n, λ).

This leads us to believe that the histogram [4, Figure 2] is approximated by the modi-
fied Erlang distribution. This can be validated by the following numerical computation.
First, we divide [4, Figure 2] into short-term mortality (within 5 days), medium-term
mortality (6 to 15 days), and long-term mortality (16 to 30 days), and assume that each
of these follows the modified Erlang distribution with parameters (3, 1.6), (3, 0.44), and
(3, 0.14). Then their probability density functions are as follows. The blue circles, orange
squares, and green rhombus correspond to the modified Erlang distribution (MED) with
the parameters (3, 1.6), (3, 0.44), and (3, 0.14), respectively (Figure 1).
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Fig. 1. MED with parameters (3, 1.6), (3, 0.44), and (3, 0.14), 1 ≤ k ≤ 30

As this graph shows, death within 5 days is also associated with intermediate or long-
term mortality. For this reason, although the numbers of short-term, medium-term, and
long-term deaths in [4, Figure 2] are 457, 220, and 66, respectively, we assume that
303 people follow MED(3, 1.6), 320 people follow MED(3, 0.44), and 90 people follow
MED(3, 0.14), where MED(n, λ) is the modified Erlang distribution with the parameter
(n, λ). Namely, we consider the stochastic process

303∑
j=1

Xj(t) +
320∑
l=1

Yl(t) +
90∑

m=1

Zm(t), (♭)

where Xj(t) = 1 or 0 based on whether a person j, which follows MED(3, 1.6), is dead or
not by time t, Yl(t) = 1 or 0 based on whether a person l following MED(3, 0.44) is dead
or not, and let Zm(t) = 1 or 0 based on whether a person m following MED(3, 0.14) is
dead or not by time t. By taking the means of the stochastic process above, we have

303∑
j=1

E
(
Xj(t)

)
+

320∑
l=1

E
(
Yl(t)

)
+

90∑
m=1

E
(
Zm(t)

)
= 303θ(3, 1.6, t) + 320θ(3, 0.44, t) + 90θ(3, 0.14, t),

(♯)

where θ(n, λ, t) is the cumulative distribution function of MED(n, λ) defined in Section
1. Note that (♭) and (♯) are close to each other by the law of large numbers if we ignore
the extremely small probability (see Section 2). Furthermore, since the attributes of
vaccinated people differ depending on their age and the presence or absence of underlying
diseases, it is natural that the duration of death differs. In other words, when the same
medicine is administered to uniform experimental animals, it is not necessary to choose
three disintegration constants as above, and it is sufficient to specify one disintegration
constant. The reason for setting n = 3 will be explained in the next section. The orange
line below represents the line from [4, Figure 2], and the blue line represents the line from

303η(3, 1.6, t) + 320η(3, 0.44, t) + 90η(3, 0.14, t), (⋆)

where η(n, λ, t) is the probability density function of MED(n, λ) (Figure 2).
Note that the mean squared error between the blue line and the orange line is 22.6673...,

the average absolute error is 3.2499..., the coefficient of determination is 0.978995..., the
adjusted coefficient of determination (see [3, Chapter 7]) is 0.971356.... When the day
of vaccination and the second day are excluded, the mean squared error is 9.10379...,
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Fig. 2. Comparison of (⋆) with [4, Figure 2], 1 ≤ k ≤ 30

the mean absolute error is 2.45218..., the coefficient of determination is 0.982812..., the
adjusted coefficient of determination is 0.975937....
In [4, Figure 2] (see Reference data 1), it can be seen that similar graphs are obtained

when only the data reported on May 26, June 9, June 23, July 7 and July 21 are used, in
which the peak appears on the second or third day and then decreases. It is reasonable
to suspect that λ = 1.6, the rate at which vaccine-induced changes occur, is too high.
However, this is because the histogram [4, Figure 2] was originally provided based on
the ”Summary of Events Reported as Death after COVID-19 Vaccination” published by
MHLW, and it is inevitable that the population had a high rate of small changes caused by
the vaccination. In [4, Figure 2], there is a possibility that some recipients were recorded
as ”dead on the second day after vaccination if death was confirmed the morning after the
day of vaccination”. Furthermore, if the vaccine was administered in the evening and the
recipient died the next morning, less than 24 hours had passed since vaccination. Hence,
there is a large difference between deaths recorded on the first day and the second day.

We can find a similar histogram whose peak appears on the second day and then
decreases in [12, Figure S1] (see Reference data 2). In addition, similar graphs are obtained
when only the data caused by BNT162b2 Vaccine and mRNA-1273 vaccine. Furthermore,
we can find a similar shape in [2, Figure 1] with the number of days from COVID-
19 vaccination to symptom on the horizontal axis and the number of patients of with
myocarditis in Korea on the vertical axis. Therefore, this phenomenon is not unique to
post-vaccination mortality in Japan, but is expected to occur in many side effects from
COVID vaccine all over the world (see also [12, Figure and Figure S2]).

4. Reasons and medical implications for Erlang distributions with n = 3

The Weibull distribution, rather than the Erlang distribution, is frequently used in
survival time analysis. The basis for using the Weibull distribution as a failure model is
the “weakest link model”, but judging from papers [4] and [5], it seems that this does not
apply to deaths after vaccination. In the first place, the weakest link model [15] applies
to the phenomenon that “a chain breaks when one of its rings breaks”. But if there were
an organism with such a mechanism, that organism would be unable to survive due to
its weakness, and it will become extinct immediately. Namely, the principles of survival
of living organisms and industrial products are fundamentally different. Life forms that
follow the Erlang distribution such that “even if there is a single change, they can carry
out life activities, but die due to the combination of several changes” are more prosperous
than those that follow the Weibull distribution, such that “a single failure causes the entire
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function to stop”. It should be noted that the above idea of “accumulation of changes”
has long been known as the Knudson hypothesis [9] in cancer research. The probability
density function of the Erlang distribution may be very similar to that of the Weibull
distribution. However, the Erlang distribution is better suited for analyzing deaths after
vaccination due to the above-mentioned “principle of life.”

Next, we explain that when n is large, short-term mortality within 5 days is quite
different in shape from [4, Figure 2]. To do this, we first consider the mode ρ of the
Erlang distribution. Based on [4, Figure 2], the ρ should satisfy:

1 < ρ :=
n− 1

λ
< 3.

If n ≥ 2 the variance of the Erlang distribution is

n

λ2
= n

ρ2

(n− 1)2
<

9n

(n− 1)2
.

This implies that when n is large enough, the variance of the Erlang distribution is
very small. The modified Erlang distribution is thought to be similar. However, [4,
Figure 2] cannot be approximated unless the distribution has a relatively large variance.
This argument is more effective when ρ is close to 1 because the variance of the Erlang
distribution is small. Conversely, if ρ is close to 3, we discuss as follows: when ρ satisfies
the above condition, the number of deaths up to day ρ/3 is bounded by∫ ρ/3

0

λn

(n− 1)!
xn−1e−λxdx ≤

∫ ρ/3

0

λnxn−1

(n− 1)!
dx =

1

n!

(λρ)n

3n

from e−x ≤ 1 for x ≥ 0 and the probability density function of the Erlang distribution.
Let F (n) be the right-hand side of the above equation, namely, we put

F (n) :=
1

n!

(λρ)n

3n
=

1

n!

(n− 1)n

3n
.

Then we have the following:

F (20) = 0.004431209751..., F (19) = 0.005009324157...,
F (18) = 0.005669659528.., F (17) = 0.006425543377...,
F (16) = 0.007292903644..., F (15) = 0.008290908138...,
F (14) = 0.009442804844..., F (13) = 0.01077704189...,
F (12) = 0.01232878279..., F (11) = 0.01414198851... .

Next, we consider the cases n ≥ 21. Applying Stirling’s formula, which is given by

n! =
√
2πn

(n
e

)n
(
1 +

1

12n
+

1

288n2
− 139

51840n3
− 571

2488320n4
+O

(
n−5

))
(see [16, Chapter 12.33]), to n!, we have

F (n) =
(n− 1)n

n3n
1√

2π(n− 1)

( e

n− 1

)n−1(
1 +O(n−1)

)
=

1

e
√
2π

√
n− 1

n

(e
3

)n(
1 +O(n−1)

)
.
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Thus, when n ≥ 21, the above value is very small by

1

e
√
2π

= 0.1467626632...,
(e
3

)21

= 0.1260775529... .

Therefore, it is not necessary to consider when n ≥ 11 because the number of deaths by day
ρ/3 is too small if 1 < ρ < 3. By gradually decreasing n from n = 10, it can be understood
by numerical computation that n = 3 is optimal. In fact, for n = 10, 9, 8, 7, 6, 5, we
obtain the following graphs (Figures 3, 4, 5, 6, 7, and 8). The blue circles, orange
squares, green rhombus, red triangle, purple triangle, and brown circle correspond to
ρ = 1, 1.2, 1.4, 1.6, 1.8, 2, respectively.
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Fig. 3. n = 10
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Fig. 4. n = 9
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Fig. 5. n = 8
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Fig. 6. n = 7
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Fig. 7. n = 6
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Fig. 8. n = 5

Considering the balance of the height differences on the first, second, third, fourth, and
fifth days, it seems that [4, Figure 2] cannot be approximated by these figures. Therefore,
n = 2, 3, 4 are candidates, but here, n = 3 is taken as the median value. Actually, when
n = 2, 3, 4, we have the following graphs (Figures 9, 10, and 11).
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Fig. 9. n = 4
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Fig. 10. n = 3
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Fig. 11. n = 2

In the preceding discussion, it has been assumed that death occurs after a change
occurring n times, but the above discussion has shown that the optimal value of n is
3. That is, when dealing with short-term deaths within 5 days, it would be expected
that n may be greater than 3, but not greater than 10. This has significant implications:
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death from three changes means a dramatic worsening of the condition, which suggests
sudden death. In fact, the 28-year-old man described in [5] died suddenly of myocardial
rhabdomyolysis 5 days after the second vaccination. Furthermore, it is reported in [11]
that a 14-year-old girl died suddenly of fatal multi-organ inflammation 2 days after the
third dose of the BNT1262b2 mRNA COVID-19 vaccine (see also [6, Table 1 and Figure
4]). Therefore, this mathematical model is highly rational.

5. Zeta function universality and Akaike information criterion

The universality of the Riemann zeta function ζ(s) is the remarkable property of ζ(s)
to approximate arbitrary non-vanishing holomorphic functions arbitrarily well. A math-
ematically precise statement of universality for ζ(s)) is as follows. Let K be a compact
subset of the vertical strip D := {s ∈ C : 1/2 < ℜ(s) < 1} such that the complement of
K is connected. Let f(s) be a continuous function on K which is analytic on the interior
of K and does not have any zeros in K. Then for any ε > 0,

lim inf
T→∞

1

T
µ

({
τ ∈ [0, T ] : max

s∈K

∣∣ζ(s+ iτ)− f(s)
∣∣ < ε

})
> 0,

where µ denotes the Lebesgue measure on the real numbers (e.g. [14, Thereom 1.9]). As a
corollary of the universality theorem above, we have the following (see [13, Theorem 2]).
Put Z1(s) := ℜζ(s) and Z2(s) := ℑζ(s), where ℜz and ℑz are the real and imaginary
parts of a complex number z, resectively. Let K be a compact subset of the strip D
without interior and with connected complements. Let g1(s) and g2(s) be continuous
functions on K. Then for any ε > 0,

lim inf
T→∞

1

T
µ

({
τ ∈ [0, T ] : max

j=1,2
max
s∈K

∣∣Zj(s+ iτ)− gj(s)
∣∣ < ε

})
> 0.

The inequality above implies that any continuous function on a closed interval can be
approximated by ζ(s+ iτ), ℜζ(s+ iτ) or ℑζ(s+ iτ) arbitrarily well if we chose only one
suitable parameter τ ∈ R.

Akaike Information Criterion (AIC) is an index for evaluating the quality of statistical
models. AIC is used to “balance the complexity of the model with its goodness of fit to
the data.” For example, consider creating a model that statistically explains certain data.
In this case, the more the number of parameters are increased, the better the fit with the
data can be. However, on the other hand, it is forced to adjust to accidental fluctuations
such as noise, so it does not match the same type of data. To avoid this problem, it is
necessary to limit the number of modeling parameters, but it is difficult to determine how
many parameters. AIC provides one solution to this problem. Specifically, it is said that
in many cases, a good model can be selected by selecting the model with the minimum
AIC. A precise definition of AIC is as follows (see [10, Chapter 6.4.1]). Let n be the
number of data points in the data set, k be the number of parameters fitted plus one, and
SSE be the least-squares error. Then the AIC value of the model is defined as

AIC = 2k + n log
SSE

n
.

In Section 3, we approximate the data [4, Figure 2] (the orange line) by the function (⋆)
(the blue line). Now we approximate the data [4, Figure 2] by the Riemann zeta function
ζ(s + iτ), ℜζ(s + iτ) or ℑζ(s + iτ). Then, for any ε > 0, there exits τ ∈ R such that
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SSE < ε according to the universality theorem above. Hence, for any R > 0, there exits
τ ∈ R such that

AIC < −R.

It should be emphasized that one has k = 2 for any data if we approximate the data
by ζ(s + iτ) from the universality theorem. In addition, for AICC defined by [10, (6.5)],
we have k = 2 and can find τ ∈ R such that AICC < −R. Therefore, if we judge a model
based only on the shape of the graph and the number of parameters, approximation
using the Riemann zeta function is optimal for any data. However, the approximation by
ζ(s+ iτ) does not provide any medical interpretation of cases such as sudden death after
vaccination discussed in Section 4. Hence, the shape of the graph itself is not important,
but the background in which the graph was constructed is essential. Therefore, in this
paper, we adopted the Erlang distribution based on the principle of life mentioned in the
first half of Section 4.

Conclusion

The modified Erlang distribution of the parameters (n, λ) is a model in which small
changes occur n times with a constant average incidence λ to cause a failure. This
article suggests that the histogram [4, Figure 2], can be approximated using the modified
Erlang distribution by appropriately dividing it into short-term mortality, medium-term
mortality, and long-term mortality. Especially, for the short-term deaths within 5 days,
the optimal value of n is 3, which suggests a dramatic worsening of the condition. Actually,
some papers [5], [6], and [11] have reported sudden death after vaccination.
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Reference data 1: Histogram in [4, Figure 2]. The vertical axis is the number of deaths,
and the horizontal axis is the number of days after vaccination (day 1 refers to the day
of vaccination).

Reference data 2: Histogram in [12, Figure S1]. Number of reports of death per
day following vaccination, by manufacturer, to Vaccine Adverse Event Reporting Sys-
tem (VAERS)-December 14, 2020–June 14, 2021 (day 0 refers to the day of vaccination).
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