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Abstract This paper demonstrates that it is possible to induce axisymmetric magnetic fields by a poloidal flow to
determine the effect on the magnetic field caused by a certain flow of a conductive fluid. Using a simultaneous
equation expressed by inductances induced from the induction equation expressed by a vector potential and treating
the current as an eigenvalue problem, it is shown that different current modes can exist. While there are many different
expressions of the electromagnetic induction equation, the use of the simultaneous equation expressed by inductances
is novel. Each mode varies according to its eigenvalue, which can be positive under certain conditions, resulting in an
eigenvector that increases over time, thereby maintaining a magnetic field, at least in a poloidal flow. Several case
studies based on the dimensions and plasma properties of a star are reviewed; however, there are no dimensional
restrictions to the provided equations, which are expected to be appropriate for various applications. For example, the
proposed methodology could be applied to enhance the understanding of specific phenomena occurring in celestial

bodies (planets and stars).
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1. INTRODUCTION
Over a century ago, Larmor hypothesized that the Sun’s magnetic field may be a result of

electromagnetic induction caused by the flow of an electrically conductive fluid, which is now
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known as the dynamo effect [1]. The dynamo theory describes the process of magnetic field
generation by self-induction in electrically conducting fluids [2]. The mechanism driving the fluid
flow depends on the system; in the case of planets and stars, convection is prominent, whereas
turbulence or differential rotation plays a role in other systems. The mechanism that equilibrates
the magnetic field is the Lorentz force in the momentum equation, which alters the flow
sufficiently to prevent it from further amplifying the field [3]. Although mainly used in
astrophysics and geophysics, magnetohydrodynamic theories such as the dynamo theory are also
relevant in plasma physics, metallurgy, and liquid sodium [4] experiments used to simulate the

molten core of the Earth.

While dynamo theorems clarify the conditions under which dynamos can exist, there are
many anti-dynamo theorems (ADTs) that specify conditions under which dynamos cannot be
maintained. The first ADT was proposed by Cowling in 1934 [5]; it states that an axisymmetric
magnetic field cannot be maintained by axisymmetric fluid motion [6], and non-axisymmetric
modes are needed to explain the dynamo mechanism. This is known as Cowling's ADT or the
axisymmetric ADT. Axisymmetric magnetic fields are generally decomposed by ohmic losses into
a poloidal field and an azimuthal component. Differential rotation or other mechanisms can stretch
the poloidal field, thereby converting it into an azimuthal field. This process can amplify the
magnetic field when the source is a poloidal field. However, in two-dimensional geometry, the
poloidal field eventually decays because there is no corresponding source. The flow of the
conducting fluid is assumed to advect the poloidal field; however, because of axisymmetry, the

poloidal field cannot be amplified by this mechanism [7].

This ADT has been very difficult to comprehensively prove. It was revisited relatively

recently, and some open questions were answered [8]. This ADT has been considered for



stationary and dynamic systems, non-solenoid flows, variable conductivity, and other specific
cases. This theorem has been well proven for many specific cases; however, the substantial
complexity of magnetohydrodynamic systems implies that there may be some cases wherein the
theorem does not hold. In general, the ADTs all highlight that successful dynamos have a low

degree of symmetry.

In previous studies, it was assumed that axisymmetric magnetic fields do not occur with
simple convection (but require aspects such as turbulence). However, this study assumes a case
where this can be true. Because of the extraordinary complexity of natural and experimental
systems involving conducting fluids, simplifications are made to the mathematics to enable
analysis [2]. One of the most successful methods is kinematic dynamo analysis, where the types
of fluid motion that can sustain a dynamo are generally investigated by solving the magnetic
induction equation, often in the form of 3,B = R,,V X (u X B) + V?B. Here, B is the magnetic
flux density, u is the velocity, and Rm is the magnetic Reynolds number of the conductive fluid,
which quantifies the effectiveness of the fluid motion in amplifying the magnetic field against
decay due to electrical resistance [9]. Many different induction equations have been presented.
These have been modified depending on the specific boundary conditions, geometry, scale, etc.,

of the system of interest.

To the best of the author’s knowledge, most theoretical treatments express the
electromagnetic induction formula in terms of B (or the magnetic field strength, /). However, the
novelty of this study is that the induction formula is expressed in terms of the inductance. Thus,
the current and vector potential can be expressed as toroidal coils, making it easier to observe the
behavior of the current mode (as eigenvectors). Furthermore, the vector potential can be replaced

by the inductance, enabling calculations using a common expression for the inductance. The



presented theory is expected to be useful for studying magnetic field generation in systems with
various sizes and flow velocities. However, case studies assuming the dimensions and plasma
conductivity of the Sun are used as examples. Other relevant topics could include planetary

systems, plasma furnaces, and liquid sodium experiments.

2. MECHANISM

2.1 Description of the problem
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Fig. 1. Schematic of the toroidal geometry.



(a) velocity of flow (b} Position of coils
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Fig. 2. Schematics of the (a) velocity of the fluid flow and (b) defined coils in the cross-section of

convection (Y—Z plane in Fig. 1).

To determine whether a magnetic field can fluctuate in the poloidal stream of a conductive
fluid, a certain poloidal flow is set, and the induction equation (as a simultaneous equation
expressed by inductances) is expressed in terms of toroidal vector potentials to calculate the current
as an eigenvalue problem. The poloidal flow of a fluid occurs in a torus shape, as shown in Fig. 1,
where U is the poloidal velocity, Ro is the radius of the poloidal flow, and ri is the radius of an
example point on the torus from the Z axis. A representative cross-section of the torus (Y-Z plane
in Fig. 1) is shown in Fig. 2(a). The stream is divided into toroidal segments for calculation as
coils (Fig. 2(b)). In this figure, Z is the center axis, and Ra is the radial axis of the cylindrical
coordinates (equivalent to the Y axis in Fig. 1), where the circle indicates the cross-section of the
torus. P is the center of the flow, where 7o and zo are the elements of Pc in the Ra and Z directions,

respectively. Note that zo is at the coordinates (0,0) and P. is at (r0,0). In Fig. 2(a), P is a



representative position at which flow velocity vector U is calculated; ur and u: are elements of U
in the Ra and Z directions, respectively; ¢ is an angle between the Ra axis and point P; and r is the
element of P in the Ra direction. Fig. 2(b) shows the definition of the coils used to define the flow
torus. Sixteen coils are considered, where n refers to the coil number. The dotted lines indicate the
coaxial coils (i.e., the region occupied by the fluid), which are separated by thickness 7. There are
multiple coils that wind only once around the Z axis, and the coils move in the direction of U with
radius Ro. Electric current runs separately in each coil in the 6 direction. Although the coils can

move, the later calculation of the eigenvalues assumes the state of the coils in a brief moment, Az.
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Fig. 3. Relationship between the electric current (/) and vector potential (4) for a set of any two
coils shown in Fig. 2: (a) top view and (b) side view of the torus, and (c) 3D view of the coaxial

coils.

Figs. 3(a) and (b) show the top and side views, respectively, of a set of any two of the coaxial
coils shown in Fig. 2 to explain the relationship between the electric current (/) and vector potential

(4). In addition, Fig. 3(c) shows a 3D image of the coils to clarify their relationship with each



other. Each coil is arrayed coaxially with the Z axis, and they are parallel to each other. X, Y, and
Z are the axes of the rectangular Cartesian coordinate system shown in Fig. 3. Cj is coil j, which
has current /;, and Ci is coil i, which obtains vector potential 4; induced by current /; running in
coil C;. 0 is the angle of rotation around the Z axis, starting from the Y axis. Here, 7; and 7; are the
radii of Ci and Cj, respectively. Furthermore, ds: and ds; are minute lengths of Ci and C; for
integration, respectively, where ds; is placed on the X axis (0 = 0), and dss; is placed at 6 with
distance / between them to define the range of the integral. /ds; is the contribution to the current
over dsj, where Ads; is the vector potential induced by Ids;. dA4; is the element of Ads; in the X

direction, and it is integrated with respect to 0 to give 4;. @; is the total flux linking C:.

2.2 Calculation of the magnetic properties

To determine the fluctuation in the magnetic field in the coils described in the previous section,

the current is calculated using a presentation of Ohm’s law that includes the electric field [10].
J=0(E+uXxB) (1)

Here, J is the current density; o is the electric conductivity; u is the velocity of the conductive
fluid; and B is the magnetic field, which can be found using Eq. (2); u X B is the motion of the

electric field; and E is the electric field potential, which can be found using Eq. (3).

B=VxA ()
0A ’
E=-—"+V¢ (3)

Here, ¢’ is a scalar potential, 4 is a vector potential, and 7 is time.



To derive an induction equation expressed in vector potentials from Ohm's law, these equations

are combined as follows.

0A _ ,_l
Z—ux(VxA)=Vy' -2 (4)

To apply this induction equation for coils, the factor 2nr (» = coil radius) is multiplied as an integral
around the coil on both sides of the equation because the current is the same around Cj. Assuming
J =1/, where I is the toroidal current and S is the cross-sectional area of the coil, then Eq. (4) is

rewritten as follows.

2nri 1
o S

% (2nrA) —u x (V x 21r,A) = (5)

Here, ¢’ is ignored because it is assumed that the conductivity of the fluid is high. Furthermore,
Eq. (6) shows the relationship between 4 and the inductance (L) [11]. Here, the total magnetic flux
linking the coil, @, is used in place of L, where @ = LI. The subscripts i and j refer to the coil

numbers defined in Fig. 2, enabling the development of simultaneous equations.
(pi = éci Adei (6)

Here, @i is the flux of coil Ci, and ds; is a minute part of coil C..

In this arrangement of coils, all the coils are arrayed coaxially with the Z axis and parallel to each
other. Thus, 4; is the same around C:. Therefore, @; = 2nriA; when @; = L;;l;. Then, the relationship
between L;; and 4; is as follows. Lj; is a matrix meaning inductance, but only the diagonal element
is self-inductance, and the other elements are mutual inductance, so it is hereafter referred to as

M;;.



By substituting Eq. (7) into Eq. (5), the following equation is obtained.

2T

2 (Myl;) —u; x (V x 2mn4;) = =25, (8)

Here, o is the conductance of the fluid, and r; is the radius from the Z axis. However, the second
term on the left-hand side of Eq. (8) is complicated. Thus, it must be dealt with separately. It is

considered by decomposing the term as follows.

1 ( 6Aj9) 04jg
Uir T Loz Uir 0z;
u; x (VxA4;)=[0[x 0 =[0|x 0 =
wal | 1(otie) | el |1y ) o
Tri aTl' Ti ]9 + aTl'
0
0A; 1 0A;
—ui =1 (2 A + 18
Uiz z; ulr(TiAje + or; (9)
0

Here, rotd4; is decomposed into cylindrical coordinates, and subscripts 7, 8, and z indicate the
component directions in cylindrical coordinates, namely, the radius from the Z axis, angular
around the Z axis, and Z direction, respectively. 4; has a component only in the € direction. Thus,
the other components of A4; are omitted. Eq. (10) is obtained by multiplying Eq. (9) by 2mri,

substituting Eq. (7) and including only the § component.

d0A io 1 0A io aMijIjg 1 aMijIjg
i iz az; ir T jO + or; iz 9z; ir T ijtjo + or;
aMijIjG aMijIjg 1
= W, T Uip o Ui T_l_MijIjB (10)

This is replaced by the second term on the left-hand side of Eq. (8) to obtain Eq. (11).



aMijIjg aMijIjg 1 _ 27'[rl
at(Ml]IJB) Ujr or; — Uiz 9z; _uirr_iMijIjQ)_ 1]9 (11)

aMijIjg
aZi

27"1

s Je (12)

0 6Mij1j9
= (Mijljg) + wir —tug

1
" + e = Mijle = -

Since the first three terms on the left-hand side of Eq. (12) are equivalent to a total differential,
they can be replaced as follows:

d 27Ty
2 (Mijlie) + i - Mulj =05 be
dM;; 2mr;
P Ig + Ml] d + ulr MUI] __O'S Ijg
dljg

. -1 _dMij . l 2TL'TL
e =My (= lie = wir = Mijlie — == ja)

—1 dM;; _ —
Aljg = —M;; 1d—t’1j9—MU 1uw -Mijlj — My 'RijLig (13)

Here, A indicates the eigenvalues. These simultaneous equations are used here to obtain the A
values. Rj is a matrix of resistance, and a function of the coil’s circumference and cross-sectional
area S, where S is calculated from the thickness 7" and the section of the flow course as S =
(2nRoT)/16. Then, Ri = 2nri/(6S)=(167:)/(cRo T). Rij is a diagonal matrix because the voltage drop

exists only for i =.

In the coil description shown in Fig. 2, the coil’s cross-sectional area and shape are disregarded
in the calculation of the inductance because these geometrical factors introduce a large degree of
complexity. Therefore, the coil is treated as a thin line as an approximation in Fig. 3(a) and (b).

Subsequently, 4; is calculated as follows [10]:

i gyt S = b Lpg 0y
Aj—EgﬁCj;dV—EgﬁCdesj—4 gﬁc lcos@ds] I]gﬁcj —ds;, (14)

10



where [ is the distance between ds: and ds;, ¢ is the magnetic permeability, dV is the minute
volume, S is the cross-sectional area of the current (i.e., the coil), /; = JS is the current, and the

directional element for dsi of Jj is I; cos 6. When Eq. (7) is substituted for 4; in Eq. (14). Eq. (15)

1s obtained.

2nri U cos @ u cos @
M. = el | ¢Cj Tdsj = 2nri—45cj Tde (15)

U7 an 41
When y is set to 4m x 10”7 H/m (vacuum conditions), Eq. (16) is obtained.

cos @
l

M;; 1s calculated by summation, where C; is divided into £ = 100 equal parts, 4s;, as follows.

100 €OSOkAs;j

Mij = ZTL'T'i k=1T x 1077 (17)

e = /(1,008 0, — 1)% + (1, 5in 0))% + (2, — Z1)? (18)

The angle of a specific coil, n, is given by ¢, = 2nn/16, as shown in Fig. 2, where r» = ro + Rocospn
and z» = Rosingx. Here, n’ 1s another coil number. Earlier, i and j were used in the mutual inductance

calculations to distinguish between coils that received electromotive force and coils that had a

o . Tl d
current flow. However, in this case, n and n’ are any two of the coils. Here, () is the same as o

below. M; j 1s calculated as the difference in M;; induced by the flow velocity over a period of a

minute, divided by Az (1.0x10°¢ s). The velocity U shown in Fig. 2 depends on the ¢. of each coil

and is calculated as follows:

|U| = wRy,u, = —|U|sin @, u, = |U|cos @, (19)

11



where o is the angular velocity of the flow. Furthermore, Mij-l is the inverse matrix of Mj;.

3.  RESULTS AND DISCUSSION

Here, several eigenvalue case studies are described based on Eq. (13), as presented in the
previous section. Four different cases are defined, as shown in Table 1. Table 2 lists the
eigenvalues (A1—Aic). Positive values contribute to the eigenvector increasing over time, while
negative values make it decrease over time. The positive values are highlighted in bold in the table.
The general conditions assumed in the calculations of the eigenvalues were ¢ = 1.0 x 10* S/m

(based on typical plasma conductivity [12]) and 7=0.1Ro.

In the case of condition 1, Aie is the A value with the largest positive value, which implies
that the eigenvector increases in magnitude over time. The number of positive eigenvalues depends
on the size of the system and the flow velocity. Therefore, in the case of condition 2 (with a higher
o than condition 1 but the same system dimensions), five of the A values are positive. Therefore,
increasing the flow velocity causes the eigenvector magnitude to increase over time. In the case of
condition 3, with a lower @ but the same dimensions as condition 1, all the A values are negative.
Therefore, the eigenvector would only decrease, and the magnetic field would not be sustained
over time. In the case of condition 4, the dimensions are a magnitude larger than those for condition
1. Because w is an angular velocity, it scales proportionally. Thus, @ was decreased accordingly
by an order of magnitude to make it comparable with condition 1. In this case, five of the A values
are positive. Therefore, it is easier to increase the eigenvector over time (i.e., maintain a magnetic

field) for larger systems.

Note that Eq. (13) implies that the —Mij_lMl'jIjg term may become positive (i.e., Ml-j

becomes negative) because M; ; depends on the velocity of the fluid. Therefore, the eigenvalue (A)

12



is also dependent on the velocity, and some of the eigenvalues may be positive, i.e., eigenvectors

. . - 1 -
that grow over time. The inductance has no effect on the —M;; Yug, :Ml- jljp term because M;; 1
l

and M;; almost cancel each other out. However, the velocity of the radius vector of coil i (uir), i.€.,
the speed of convection, depends on the coil position. Therefore, this term is positive if the velocity
is negative. However, according to the calculations, the effect is negligible. In addition, the
—M; j_lRi jlig term is always negative and implies the attenuation of the eigenvalue. The
inductance Mij in Eq. (15) is proportional to Ro and ro because ri, /, and ds originate from Ro and
ro. Furthermore, Rj is inversely proportional to Ro and ro because in the equation R;; =
(161;)/(oR,yT), Ro, T, and r; originate from and are inversely proportional to Ro and ro. Then, these
terms are included in the —M; j_lRi iljp term. Larger systems imply that the eigenvectors are less
likely to attenuate. This is clearly indicated by the results for the four presented conditions. When
the inductance of coils changes by the flow velocity, the eigenvalues determined from the
simultaneous equations (13) enable the interaction between changes in coil inductance, and

resistance to be shown as a fluctuation in the toroidal current, which means a fluctuating magnetic

field.

Some eigenvalues become positive under certain conditions, indicating that their
eigenvector would increase over time. A positive eigenvalue increases its eigenvector (current
mode that means each current of coils but note that the current is not determined by its absolute
value and polarity because of the character of their eigenvector) exponentially. In contrast, a
negative eigenvalue decreases its eigenvector exponentially. A decrease only occurs if there is a
current mode corresponding to the existing negative eigenvalue, regardless of the magnitude of

the negative eigenvalue. Of course, this is only true in a case where each eigenvector is orthogonal.

13



This calculation does not show perfect orthogonality; if the matrix on the right-hand side of Eq.
(13) is separated into symmetric and alternating components, and the latter is not zero, indicating
imperfect orthogonality. However, this is attributable to the coarse calculation. As a potential
future work, numerical calculations are necessary to increase the order of the matrix and set the
convection current over a wide area to evaluate the orthogonality of this system. However, this
was beyond the scope of this theoretical contribution. Notably, even if the orthogonality is not
perfect, the positive eigenvalues are expected to have some influence on the generated magnetic
field. In the case of the large number of positive eigenvalues calculated in this study, it is expected
that they would be dominant and increase the current eigenvector. The eigenvector of a negative
eigenvalue is only influential if there is a current generated by the eigenvector of a positive
eigenvalue. This can suppress the eigenvector with the positive eigenvalue but cannot reduce it to
zero. Therefore, it is expected that the increasing trend in the eigenvector would be sustained by

the positive eigenvalues, and the extent of this would depend on the specific conditions.

It is assumed that the balance between the first (current-induced inductance change) and
third (loss-induced ohmic losses) terms on the right side is included in Eq. (13). The changes in
the inductance and current terms are separated, and the inductance terms end up on the right-hand
side of the equation, which is one of the reasons why the right-hand side of this equation and
eigenvalues can be positive. Other theories do not have this viewpoint. Farrell and Ioannou also
used an eigenvalue description of an electromagnetic induction equation (expressed in terms of B);
however, only negative eigenvalues were observed [13]. The theoretical analysis provided here
proposes that a poloidal axisymmetric magnetic field is generated by the poloidal flow of a fluid.
As another important difference, many previous studies assumed that the magnetic field was

generated as a result of turbulence [14], while I show here that this condition is not necessary. To

14



the best of the author’s knowledge, this is a novel idea, and there have been no other studies that
calculated specific eigenvalues and showed how the magnetic field generation changed with the

velocity of the fluid and the size of the system.

Downflow -]

Fig. 4. Examples of poloidal axisymmetric convection in a celestial body. The solid arrows

indicate the fluid flow, while the dashed lines indicate the induced magnetic field.

The methodology presented here is relevant for conditions where a poloidal axisymmetric
magnetic field is generated. In the conductive fluid of a celestial body, poloidal convection may
occur as a result of downflow due to a radial temperature gradient or chemical effects, as shown
in Fig. 4. The Sun and Earth have poloidal axisymmetric magnetic fields. However, mainly the
generation mechanism is different from that assumed here. While this mechanism probably
includes that described here by the presented theory, for the moment, it is probably
indistinguishable because it is mixed. In the liquid sodium experiments used to model the Earth’s

core [4], it is difficult to obtain a smooth flow velocity, which is one of the assumptions made here.

15



In other words, because convection is generated by a propeller in this system now, the flow is
disturbed, and the magnetic field generation described here is unlikely to occur.

In another example, in a plasma reactor, if such convection is generated, a magnetic field
is added in addition to the external magnetic field. Because a strong magnetic field is applied
externally, the magnetic field generated by the fluid flow is also probably indistinguishable, and
depending on the conditions, it may not occur. Moreover, this reactor is also too small, which is
disadvantageous for this mechanism. Because it has been assumed that these magnetic fields are
not generated in such systems, researchers may not have specifically looked for them for the
moment.

This paper shows calculations for a specific fluid flow (a thin layer of fluid under poloidal
flow). The convection used in this paper is intended to provide a calculation example. If you know
realistic convection, you can calculate it with that convection. Since the flow velocity can be set
at any position, it is not necessary to be convection in a thin region such as the convection shown
here. In other words, in the case of axisymmetric poloidal convection, it is possible to calculate by
setting the convection distributed in an arbitrary region. Furthermore, it may not be circulating

convection.

To apply this theory to real systems, it is necessary to consider the dynamics with respect to
the Lorentz force and other factors [15]. To demonstrate the possibility and magnitude of magnetic
field generation as a function of the size and flow velocity of the system, the scale of the Sun and

its corresponding plasma conductivity were assumed here as a representative example.

However, the mathematics presented in this paper will be useful in the Sun, Earth and other

celestial bodies, plasma furnaces, and sodium experiments in the future.
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TABLES

Table 1. Definitions of the case conditions

Condition Ry (m) ro(m) Q (rad/s)
1 1x10° 1.1x10° | 2m(16x10%)
) 1x103 1.1x10° 2n(16x10)
3 Ix10° L1x10° | 2m(8x10%)
4 1x10* L.1x10* | 2m(16x10)
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Table 2. Eigenvalues of the four conditions shown in Table 1.

Eigenvalue Condition 1 Condition 2 Condition 3 Condition 4
A -2.081x10 -4.893x1072 -2.081x107 -4.893x10™
Az -1.589x107 -4.017x107 -1.587x107 -4.017x10™
As -1.270x10? -2.888x107 -1.264x10 -2.888x10™
A4 -1.052x10 -2.184x107 -1.037x107 -2.184x10*
As -9.129x107? -2.114x107 -8.729x107 -2.114x10*
As -9.030x107 -1.821x107 -7.562x107 -1.821x10*
A7 -8.410x107 -1.526x107 -6.953x107 -1.526x10™
As -7.465x107 -1.155x10 -6.656x107 -1.155x10™
Ao -6.284x107 -7.354x107 -5.903x107? -7.354x107
Ao -5.043x107 -4.669x107 -4.974x107 -4.669x107
An -4.669x107 -2.654x107 -4.669x107 -2.654x107
A -3.812x107 2.815x107 -4.036x107? 2.815x10°8

A -2.624x107 9.702x1073 -3.189x107 9.702x10°°

Aus -1.473x107 1.908x10°2 -2.556x107 1.908x10*

Ais -4.744x10™ 3.120x107 -2.013x107? 3.120x10*

Ats 5.746x10™ 4.011x107 -8.293x10™ 4.011x10™*
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