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>REL"UZOI ¢ vintage £]qwd°>E $t gb”«wx—sM{
Age-based inventory modelspxzO+.w&al >Y6q 0{OUz° txrs$s{MU Ep

K“zthZe» Ui-t'"£S¢ ow freshnessEw {MUTO$pxsM{
E $sZ€q 0z%=0-¢ deteriorating/perishable inventory £wite, A$bAc [74, 35] U
(X€°re"{thzésAwsal ¢ age£>Y6q 010$t{0 age-based / vintage-basedp A

¢ [8,3] xz FIFO/LIFO srwa;¢c’¢cwiisti¢$0&>)QoVh{ T z\e'x XwOuz
m,$sal=ex 2t b"hSzO-] T>E t"hlo&{ zZ« wxS¢ ow £q-
O+ WS¢ StOCKE>0°TEp% it [~°Ab”":pxv $pK”{
\et0 SZEexzETil (tT) >;Mod°T >10$t{Mz0Oe0++S~Ze0O%S>
we$t U=D6égb”:tyFQUK"{
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‘oe’nZh{\et'“zOewd°l >0tG\b”iZpsXzZes (i>éao00-1 fw«
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3.4. iAgqeR2I

" Ua >{0° $s8Jt0°0&;DOPK"{\W™ pzSZEWTE xz0+dJt>="
h OpK"q%1tz0+8J>0Q”"° $ % Ww!ADGQ>Em{

342 <R2I

SZ€p S hOo«+SPAgxzdoili gt;T) q U : (tT)>,Agb”° $s1E"pK
“ZMXmTwM2ew! AURQ " {

HetzTA”»>;MhUAS‘|T&Y"»* wdJpK"{SZ€pxgael™qUC-"put"
"UAt >"MhUzi¢ew&;tKhloxzOZ«A"»T'd°ui>t $t61Rb” O
ez U : (ET) w* ~% Ow-qUOA(Qgs”"{

HEtzbAcw!AQ 0z :expnd> boez6:E: wWOe* "> %oE¢Ab"«l
cW!AU[ e {\et'“2“qi$s+t O& %E"IT.W 6>G\b"\qUDGSqs"{

H~tzSTE"wW ;c“W!'ApK”{SZ€px0+ g>0Aq hUzO —~eu~Z—wi
SEm3pAUt0 oxz% 7wdiitcgnXG\U&;DOpK"qRQ’«"{«Qyz *"
6z76a z¢ ®LweugnOgMIhiGtSMo<«zdel >10%$t{O\gqpyhsiis?
U™ e"DOQUK”{<lqcz\e'xSBWUEWOApxsXz0O+ gtSZ” ®QwUA
et QhipweR$!IA]Ig 0e"nZ " {

™xz\e'w!AqTASUA>2a0zSTE "W ®QQ&;D6Q> " ti-t oMX\q
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HIl @xzTAD ga&>®0+xSPAcw U="T'®0'$s:giE""+q" ~"d”a pK

“zZAW ;2%t2Zhge$soc©> Rb"«wpK”{
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H4 . TAD gew:1$,Aql 2%

S-pxzH | &@p{lhO*qMOé.$ °T'mez TAD %>"A$sO0z—vs £U«pqg’ o
U=b"{fwMz As!:~ :tmMoZ<w‘'Ot"A=~6r b"e

" G(T) el T tSZ2"ZeT'w O— : ¢o"£

h f(t)'i Lt tSMOo%T® A~e” Z— . CLZE

Tgt;T)«O—T Ul ttSMorw S’ ~/)'oM”T>"b doai

TT) el twzZz—t0'oza"O— T s>rw SA“po”’T>>S8" Ap :

\w6 [t'“zOs+ gt> w; t* dcz TAD >° $s®1 >éahO—qgqZ—w0

>8& b”:gl g 0{0O\qUDOGts"{

41 uM Ut""E PAcgw<Z

E PAcgtszrdol g(t;T) wi C2xiwei¢ M Up re”¢ t>T £:

D= @)  (>T) 1)

¥, UEx o(T;T)=G(T) gb”{\wUx gi;T) wt M2wE wUQtQ"«wpK”{ T M2wv

@gl) UsMUz\ex T xO—wC\i:>Ob&!sdbc¢cpK“z t M2w™t  g(t;T) w¥%

E£0«pU Ob"\qt Rb"{iAb"qz TAD gaeUi%»O— G(T) ddeul g(tT) 82—

f(t) wygcqUsgeewo©q oM”"v*“z T xC\l wdOgpK*“z2?2$sij€UsM¢ly

OXAAELEQMO\qpK”"{\w:Xx TAD ga&té "oM”"+g$sjgg ' 0S*"QoSVvhMU

TApK”{

42 1:imt"10rw«<Z

(4.1) x T >{ "hgvw!:0m pK“zt %> gt;T) pAlo t tmMouilb’q
VA Z Z
1 egT) , _ d _ : _
mvdt— at logg(t; T)dt = (t;T)dt
ZI

logg(t; T) = : (s;T)ds+ C(T)



43. m,pAgqw0 qz%U”¢cu

gs”{¥,UE o(T;T)= G(T) T* C(T)=log G(T) >""wpz

Zt
o(t; T)= G(T) exp (s;T)ds 4.2)
T
Uidrpk={ =1
43 m,pAgqw0 qz%U”¢u
m,PAcpxzZz— f(ty) xO—dow’ ” g(tk;Ti) qAp : (t;Ti) wzvuU"gute»AE

JQWUEWiép Ne”e
X
f(tk) = (te; Ti) 9(tk; Ti)
i=1
thzeO—1: T, tSz"deii¢’ "EwEyx¢l ~ ty >IOb"qf
O(tk+1;Ti) =[1 (4 T) tk]o(t; Ti)

qG\Ae"{

44 Avbuq!: :ew &

fwziEy> “&bgz> wO—I T, tob"doii¢’ "£x
lyl
o(t; Ti) = G(Ti) (T (4:Ti) tj) (4.3)
j=i
gs"{\w U>_eyz7swO— G(T)) T'zC zZz— f(t) tOb"A“po (t;Ti) t'loO
pstdoal g(t;T) Un0 oMX¥ EU«pU°@Zpugs”{
[ tj! OwAvpzuwO:>qey
K1
logg(ty; Ti) =log G(Ti)+  log(1  (;Ti) tj) (4.4)
j=i
b(l
log G(Ti) (t;Ti) t
j=i
Z,
=log G(Ti) (s;Ti)ds
pK“z hUlo z,
o(t; T)= G(T) exp (s;T)ds (4.5)
T
qE PAcwiOrtoeb"{ *2hi*zMazA"&"2 %
x2  x3
log(l1 x)= (x+7+§+...)

*1La{ Aeh Ttoz (GTHGOH:T)2LE, Tm (5T 0>> beyzs8« g(T*;T)=0 >«cmC2M U

@= g+G x°TMw‘q3E r>em{ui g(t;'b): TtG(s;T)exp R} (U;T)du ds UfwiRr>)Q”"{
Zsupgy (4Tt <1Tm o (43Tt <1 sz T, t)! exp( ) teeb”{

36



45. @»qow ¢, w¥% AU«uqle®sl

tSMoz x= (t;;Ti))t; g'oz (44) wex t; ! 0OwAvp logl x)= x+o(x) ‘“ae”Uie
g ox fwow~U/) z log(1 x)t) b"\g>;Mh{

45 @&»q'ow ¢ w¥% EAU«pqlesl

m,PActSMo g x~"a@»q oiR"ziw% A£U«u>Eme

YaLot'"T o g(tk;Ti)=0for Tj >ty ‘“ g-ee»x~ a&»qs”{
"G t'"awdCeyhsO—I Tm+1 UAC7e"qz g-@»t 1 @UAC "y MO—
Ulah® w¥,UEE

“f t*"»w8CeyhszZ—I ths1 tSMoz  Apt'loz g-e»t 1 »UACA" {1
C2tPOAp~noO£

Uosgrqgoz G t"O—wh]t ge»weM2¢NM2EU!Arezfwl ZAWZ—T’

A“poUae~"«"hSzO—pacCnhe” g X¥,AEw qs”"{@M2¢NM2EX Gt'loZ\
$tAC e"iZpaegaew WE xsM\qt«™pb”{ B Mp»M2¢#M2EXZ—wh|t!A
NezZ—"xAp t'lo>1“z’"¢d°Ui£EUIwZ—t-"+"hSz t M2txxo$sl

C2¢n0;I£U ODb"{

E PAgpx\w<~"a&»l xAviiwe¢ ~;Ewl t0 "zulo© gt T) qAp
(tT) wut*“d°UE $tEy~«"{"hUlozm,~E wtPAgxw°$tgrpVzuo
«Agrse{ «<d3JsrAviirsew|A<D6pK"{

(1) s8w gt¢t—+ £ (2) ¥,0— G(Tm+1) t*'* &UAC (3) IWZ— ths1 p »UAC & RO

¥, 0—p\R g(tn;Tm+1)

- @
w i d A=
| 7] —> 2, —> / o
0 ,/ ,/ // %)
| - p Z oS
8 //, ,/' ,’ A
s , , ,
c ’ ’ k4
l—
th¢»—Z—§£
$41 g-@»wRO«0O—t a0®@UA&C ezZ—t ao»UA&C~«"\qp<~"1 UROb”7 >0b
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TAD wd°l q¥%Lo>;Moz@CoiAéD"w “ae><Ob”"{\waiAéD"x

BCgaew3REiaiAébD"tipb"«wpK“zlGgwa—T$aiAéb qw U$ QU

K'\qU™w.pO~re{ [96, 13]

5.1 de°i o(t;T) gq%uLo

Wtpxz0 tSZz"O0O—>¥,UE
o(T;T)= G(T)

g 0)QoVh{\lexzO—I T t\R**hRuUUz 1

fw™ t>T t 10C2b"\q>™ " oM"{
Mpz‘“° txz%°wO—d° Ttb"RUtO 0z™wI
c6pOUa"+"OURQ *"{\W' Ost0 —~tSZ" VZ >

0‘“zeRWO—I1t b"RiUa"w 1t Ob”"\gxs”*esMhSz

t=T tSMode°l «vO z

t>T tSModC$sO—

Gouk (T) g b{%L

Gpuk (ET) 0 (t<T) (5.1)
>Aeb”{ *1
“hUloz g(t;T) wi C2xz¥,UE g(T;T)= G(T) wegpzt0 —= T<t tSMo
T
4D = DT+ Gouc(6T) (T <) 52
p)Q’*"{\\pz Gpuk (T) xz7 wdel Ttb"RUt0 0z 1 t pCQ’e”
Z\$0—>b{
>tz VZ'UO O—w T's"Outx
Gpuk (;T) O (T <t) (5.3)
pK*“zC2M Ux
T
@ET) - (wTygwT) (T<t) (5.4)
@t
t<£b”{
*1070— g(T;T)= G(T) xzules$tx G(T) (t T) wooq o b\qepV"{ T ' S@pxzBy "weit
E%t S

{

SZ"¥,0qWEO-i>t1Z2"hSz0 0 —x¥,UEq 0{Mz30 —=-w VZ'w*>C2M Uw



52. Ap : (tT) wel gf-x S

GgNtSz"Z0«0—xz XwOuz”~;l t\RA«"Rig 00~ T=ttqe"{°M
pzpbgqAzi6a z@C3pAUsrpxza~wd°t b”0At0 oz™wl t T'6°Az
6/E£Q=z4FzpOUa"+"\qUxputl\"{ TAD xz\w'Osd°t,nXZ\$pO>%°
w:gl p{OhSz0¥,0—tCQo0z$0 —~tSZ” VZ° Gpuk (5 T) >+0b"{

52 Ap : (tT) we'l gf-x S

Ap : (tT) xzdol git;T) T'Z— f(t) ewl Kh*wApp>"b :pK“ziUp
[Ao"o
Zt
f(t) = (t;T)o(t; T)dT (5.5)

T1

\\p (ttT) OUR“gjz UGVM,rd°w«... Sx M{f-x Sq oxz

I = (t)£
&al * ¢ = (t TE
O-1* ¢ = (T)£

IGw 0 ~T&AYAee¢«f-

SrUBQ’ «"{
doi ot;T) wi c2xz¥,UE g(T:T)= G(T) weqzt0~ VZ 0 Gouk (ET) > §
0210 == T <t tSMoiw‘Ot° =n"e"s
@@T
%t) = ET)gET)+ Goun (6T) (T <t) (5.6)
\wgVz t T tSZ"rx
Zt Zt Zt
9(t;T) = G(T)exp (s;T)ds +  Gouk (;T)exp (s;T)ds d (5.7)
T T
q "e"{\\p Gouk (T) Urw'Os >q"Tt'lozd°l w\ROé-pUF ~e"{
>tz30” VZ 'UsMOuzbsj Gouk (T) O wOuotxz g(tT) x
Zt
o(t;T) = G(T)exp (s;T)ds (5.8)
T

t<E£b”{

53 TAD aiAéb” S(t)w [ql C2U
531 TAD =iAéD” S(t) w |

TAD gaetSZ"@CriAéD” S(t) >d°usS p(t;T) t,nViUp [b”e
Zt
S(t) = p(t; T)logp(t; T)dT (5.9)
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53. TAD oiAéb” S(t) w [gql C2U

\WWpzd°P°uSw [x

Zy

9tT). Nz gtTYdTO (5.10)

p(t;T) = N@D .

R . ,
pK“z p(t;T) O0Tm Ttlp(t;T)del gs"wpz S(t) x@CgetSZ"3RETaiAéD"t
0 b”<«wqRQ’+"{
ptT) xt T @it|Ib”A@YtsloS“z

“t=c° w..@p~eyzZ—I ttsz” T M2wd°us
" T=°w.@p~eyzO—I T wdouStob” t M2wl no
»bAGqs”{
—t=70
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Tos8
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$51 dopus ptT) wAg v’

5.3.2 g(t;T) wi C2
git;T) wC2M UxzApt"n00q3i0 VZ 0> Solw Ot "e”e

@®T) _
@t

Tt T)+ Gouk (5ET) (T <t) (5.11)
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53. TAD siAéb” S(t) w [gi C2U

\\pX°‘:/\oh VZ\)Y b“héinW Gbulk(LT) X T<t tSZ,,Oa VZ‘WA)_
‘z¥, T=ttSZ"yFvOx g(t;t)= G(t) p b\ggb”{ «2

\wiz pt;T) wi edxuZetw-0UT’

ap . 22N gwm) T
Gl = NTD (5.12)
\WW\p  N(t) wi «iix8 OC,A T
z
dN(t) _ fO®TY o
il COR et dT (5.13)
gs”{\e> (5.12)tEOG z VZ' 0o Gpuk t Rb”/)>tqSoTgb”q
@ —._ 1 @&T) gtT) 1 dN(t)
"N Vo @ N@ONO ,
_ 1 ) ) i ) 1 i fO¢TY o
—W( (Tt T)+ Gouk (1, T)) p(t-T)W g(;t)+ T daT
= @D SED ey b L GTYgETY+ Gou (6T) AT
N (t) 'Z\l(t) T
. t
=TT SR pET) pED T GTORETYE G T AT
_ . _ Gpuk () _ _ e PET) T .
= (t,T)p(t,T)+N7(t) p(t; T)p(t;t) + p(t; T)h i N (O Tlemk(t,TO)dTO
o . _ _ _ Gouk (6T) Gt (1) ..
=pt;T)(hi (tT)) ptt)pt;T)+ N (D N (D p(t;T) (5.14)
Zt
gs"{Mnoz Gouk (ETHdT? = Gy (t) q h{\ex°a VZ wié> b{thzGO

R T1 .
Wi = ; Xp(tT)dT >;Mh{\+x X >d°us  ptT)>;Mo T M2t E="hcwpK”{\

wOuz EApp hi xZ<qs”{

Zt
hi= tTYpt; TYdTO
T1
ZiwUT'® VZ o Gpuk (;T) t Rb"8Co U pwl C2t/)b"\qU"~T"{
533 oiAéb"wli i
[0 zZ,
S(t) = p(t; T)logp(t; T) dT
Ty
>1 «ib”"qzad OC¢A t'“z
d Z @
—S(t)= p(t;t)logp(t;t) — p(t;T)logp(t;T) dT
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Z, @
= p(t;t)logp(t;t) (A +log p(t; T)) @P(t;T)dT (5.15)
Ty

*2 Sgpxz¥, T=ttSZ"yFvOqlae VZ >10$ta "oraeb"{
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53. TAD siAéb” S(t) w [gi C2U

gs"{\wUt (5.14) >EQ 0-% b " {

fcz
Z t
(L+log p(t T ptT)(hi  (5T)) dT
;
Z t Z t
= pit;T)(hi  (tT)) dT p(t; T)(hi  (tT))logp(t; T)dT
T1 T1
= h i+ hi h ihlogpi + h logpi
=Cov( ; logp)
qs”{itz
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m Z t Z t
=p(tt)  pt;T)dT + p(t;t)  p(t;T)logp(t; T)dT
T1 T
= p(tt) 1 S(t)
>IN
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(1+log p(t; T)) =~ Gpuk (;T)dT
T, . N (1) 5
t t
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G (t)Tl 1 2t "
_ tot . .
= N®  NO 1 Gouk (t T)logp(t; T) dT
YT ™7
z
gty SO ey ar
T . N (t)
_ G () ™" Gt (t) ~ ' . )
= W . p(t; T)dT + W . p(t; T)logp(t; T)dT
_ Gt (1)
o 1 S(t)
>T{ZIT (5.15) xz
= PDlogp(st) +Cov( ; logp)+ pi1) 1 S() + T 1 s(
Giot () 1 Z
ND  ND T Gouk (t; T)logp(t; T) dT
= Cov( ; logp) p(tt)logp(t:t)+ p(t:t)  p(tit)+ G,\‘;"(t()t) S(t)
Z,
N, Gk (6T)logp(tT)aT
bs“jz TAD siAéb”wl C2Ux
z
as(t), .. Grot (1) o /vy _ . . . ‘
Tt +p(t;t) (S(t) 1)+ N () S(t) =Cov( ; logp) p(t;t)logp(t;t) W .

42

(5.16)

(5.17)

(5.18)
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sMzbs™j (t;T)= (t)>> b"qz
Zt Zt
f(t)= (tT) (5T)otT)dT = (1) (Tt T)dT = (O (1)
T1 T1
astwpz d Z4 f (1)
aN(t): G(t) + . Gouik (t;T)dT o) L(t) (6.27)
07¥,0—w"¢ g(T;T)= G(T);Gpuk (;T) O0Efs’
d : f (1)
aN(t)— G(t) o) L(t) (6.28)
w'Ot4dY"rehqg-AsUUR“gm{pusU’z () UlpKeyz (6.23)t| (6.24) ti"{

UT * “sMOuxz f)gf() U (1) >p ’oUEMsU"hSz4Yrehq-AsUURQb
"qr pV7{
6.4 TAD zeéew ;AA¢COoYiA”" ®Lg¢ RO3z8u t :£
6.41 JdYiA" ®L

TAD %UO0 ¥,0—w"¢ g(T;T)= G(T);Gpux (;T) O£pK’q z¥,0—UEU

g(T;T)=G(M) =11 (T Ty
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pK” gb”{\exK”I T pul «YWO—UKIhOutipb"{\wiz\wigpO—t
Ob”Z— f(t) UrOs”"TRQ"{\\px owhSz uUlgb{
Zt Zt
f(t)= f(;T)dT = (t; T)g(t; T)dT
ZTtl T z.
= (t; Tl (T Ti)exp (u;T)+ (u;T) du dT
T z. T
=17 (t;Ty1) exp (u;Te)+ (u;Ty) du
Ty
\wqVz %> tt b"eliq o0
Zt
foqt)= 11 exp (UT)+ (T du AET)  (GTf KT+ (5T (6.29)
T1
qs"wpz o
(t ;T1)
fqt)=0=) ————== (t;T)+ (t;T
(t)=0=) —=g5 = T+ (T
gs” t=t pf(t) xAog'{\\p u0qgb’qz

At ;T)= (t;T)?yyTmyy fRt)<0 Qt;T) 2 (t;T)’<0

pKeyz f(t) xt=1t pAtAGwq“z f(t) w YX t=t >O:qb”s gs”{
«Qyz (tT)= (Tt T); uOwqVxz (T;)>0q’'o

A ;T = (t;T)? =) (T)= (Tt Ty)?

z
1
t = p——+T,
(Ta)
gs"{\wqVz
1
MWim) 2 ©T?=0 2 TP= 2 (MWp==)"= 2 (T2 <0
1
swpz-Tt t=t pAtAGqgs"{\wiwzZ— f(t) x
)
T1
ft)=1
(t)=1 —
qs”{
y\exl T, tSZ7pl «O—Uz4&,¢ t Ti£>0v’tmeo ®VMiU!"“z0 b”
f(t) Ugjiuloar\T¢ t=t £p7Gts afw™ . % Ce ts"E£\g>™ b {\wliz
ewO:ixul «0—1 T, T Pﬁ iZmehe"tK“zewd"x P (Ty) tz«b” U
1
OM,rDUxtXs“zeUyM,rDUx¢ Xs”E
yotuli «O—Ii T, >!1"~d"\q>RQ"qz T, T'w&al ¢ t TiEU%apKlocz T
wet ao  f(t) wewO:we"<67r<!"O0"\g>™ b "{pl «O—T'w&al t T,
gx tzpl «O—1: T, w ¥fwewt f(t) uer>1z"\q>0& 0S“z\w'OsAA

X° t®IYIA" ®L qzyez Xwilup ~eoM”"AApK~"{
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m— T1=0.0
0.6 T1=1.0
m— T =2.0
0.5 4
0.4 4
S-—703
0.2 4
0.14
0.0 4
0 2 4 é 8 10
$62 pl «O—I T: WEMt"Z— f(t) we 1=¢8YiA" ®LE
6.42 ¢ RO3
TAD %UO0 ¥, 0—w ¢ g(T;T)= G(T);Gpuk (;T) O£pK”q z~'t owhSz ulz
t] xj x¢l AEIE
tT)= (t T) tT)= (t T)
pK"gb”"{\\pzn0® St T)o»
VA
St T) uexp (W+ (u) du
0
g [b"{\exzO—UI &aqgqq«t®—>a@loMXSu>0bl )" w :pK"{\wliz
Zy 1
gt T) = G(T)exp U+ (u) du =G(T)S(t T)
0
gs”"{\wqVz (6.22) ‘“z
Zt Zt
f(t)+ L(t) = GT)+ (T) gt; T)dT = t T+ (t T)GT)S(t T)dT
T1 T1
Zi 1
\\pz tIlilm (W+ (u) du<1 ¢Yw v<Ets"gb"{mt“z
: 0
Z,
S, = tlggn St T)=exp (W+ (u) du 2(0;2) (6.30)
: 0
Wp@=-"u S; =1 >tX{gb”"qz6] O, tt b"sliq o0
Zy 1
st T)= t T+ (t T) exp (u+ (u) du = (t )+ (¢t T) St T) (6.31)
0
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b”qz (L—':I x TAD wq-AsU (6.24)t| (6.31)>0t;Moz
dN Z4
Y =G fM+ LM =6 (t T+ (t T)GMSt T)dT
T
Z’[ Z’[ T1
=G+ SYt T)G(T)dT = G(t)+ AS@ 5 a)da
T 0 da
Zt T,
= G(H)+ S(@G(t a), S(a)%da
Zt T1
= G(t)+ S(t T1)G(T1) S(0)G(1) S(a)Wda
0
Zt T1
=St T1)G(T1) s) 963 4, (6.32)
0 da
qs”{
y\\pz G x"0E p G(t)! G1L)¢t!1l £Tm % U ,p limy degt) =0 q 'z
R
TlleO(u)jdu< 1 ¢9!" veoD ' Uel:€Usr XwO—pxus> £qb”{
z t Ty
~ dG(t a)
J(t) = . S(a)Tda

tmMo°Ab"{U™w "> 01t0 zK” A>0>"“ a As’ jS(@ S;j "qgb’{ JMt)w
uida > O<A<t Tiqgs” A p2Rq™RtuUAb”{2Rx

z A z t z t
S(a) mda = S(t u)GYu)du k Sk; jGYu)jdu! 0
0 da t A t A m
™ R X
ZIT1 dG(t a) ZIA Z'[A ZIA
S(a) ———da-= St WGYwdu= S GYu) du (S(t u) S;)GYu)du
A da T, N 1
qgs”"{\\pH 20w 0<¢x
z t A z t A
j (S(t u) S )GYu)duj j(S(t u) S;)jjGAw)jdu
T T
z t A z 1
" iG(u)jdu="  jGYu)jdu(A >{ "o tl1 )
T1 Ta

pK“z A1l p"! 0‘*zH 20x,éqs"{H 10x

S1[G(t A) G(TY]! S [G(1) G(TY](t!1l )

qs’"wpz
Zyq, d
() = S@ Gt ada! S G(1) G(Ty) (t!11 )
0 da
Z1'“z74%t
i O:TT =lim St T)G(T1) JI(M]= S G(T)+ St G(1) G(T1) =S G(1) (6.33)
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U™ e"{\\pz G x"0E p GYt) x ,z limy GYt)=0 g> “h{
yHIo N()= S; G(1) t+ Const+ o(1)i'"¢° kpA¢«Ext ROb"{\exz Cw
Ry

:>v dczG-$Qi (u+ (u) du<1 >]bizpi’"Ul tt0'o¢ tyG

0
b”¢Tmzfw VU S;Gw74<«wuts”EqMO> b,VALpK"{éxwn0%pxi’'"x
vet) b"wUxpiUz> wUE<pC,pxsX¢t ROUQqe":p>Y$pK"qtQ"{
\w'OsAA>>t®¢ RO3wCq qzes’'yz Xwilip "~«oM”AApK”{
¢ RO3xzd°wy MRiUqyMRUgp@Zw b "U%wWS$tYs“zALq 0f."Ul
t0°0,...¢ tyC o_Q"Y6pK"{\wqgVOAswx®al pyht\RA"«"RGU
X9tYyQoM” "ZpxsXB®YyMd°RIUU%WeetOX:y> Z" :1tK"{
Uc‘>$txzy‘X\R"-%dl°Rszt$éX@Z~n0b”°MszUtstIthRUp
Xz@Zw8guU vt (a+ (a) da<l £swpz’® Z"=p¢\ =pEUYw<v>cm
hSz%w"aet-u"--b)%s”{fwALzyTWdoRUw t®yaE U M--"q®:yU
§ $s—-"U R"ezd°i [t3YWRO--Uqg«"{
\w3w%&pxzoel Kh“tyCb”i"UY p,..° qs”hSzf.q ox!:ROp
xsXz¢ ROtUM+ U ~+"{"hUlo¢ RO3xzROq :wo $sYB6qMO**
<zd° $s@Zl U~r“Zb"$seua q ogrb”wUxpupK”{

6.43 ilguO—t0Ob”"8u tqgdel

S..pxz TAD %t0b” il¢cu$sO—Uz+Rt"hlorw SWEUZ—>\%T>RBQ"{
\w”>8u t :q'o0 ["zd°+SS‘| TAD oiAéb"qw >Tghb"{

TAD tSMozO—~+hd°Riixzl qq<tApzxpu«,z’ wMceTel ~¢”{ h
UlozK”] tCQ’«hoeO—Uzfw™rw SZ—q 0s)"e"Txz TAD %tzeb”
,S$sT "pK"{\ex> GGt{ w'aepxsXzO—T'*R§uZ—ewogpgq ozU™
wTAD %t0° o [pV"{

Su t :w [
\\pxz TAD C2M UtSMoz0 ¥,0—w"

g(T;T) = G(T); Gpuk (tT) O

>> zl Tot ilgu$saco— G U)Q «"YHRQ"{bs~jz&C$s¥,0

G(M= G (T To)

q by
\wgqVzaCO—t0b"aCZ— f (t) wi uii>;Moz8u t :»
Zl
f (t)dt
M eum = “76 (6.34)
q [b"{\exzi To tCQ’+h®O— G UzsRt"hloz— f (t) 1)Q"8u$sace
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L>zO—"pAlhzppK”{

S8u t :w«Z
xUcwUAq oz
tT)=; (tT)= o (tT)= o
> q> b"{Z<px
= o+ 0>0

qS X{
\wgqVzaCO—t'“\R"«"d°R g(t;T) xz

@ .\ _ ST — ST

@g(t-T)— (ot ootT)= g(tT), (t>T To) (6.35)

sahb{ hUloz¥,0—
G(M)= G (T To)

w<gpzrx
gtT)= G (T Toe © T (¢ T To) (6.36)
as”{
‘lozaCZ—x
Zt
f(t)= og(t; )d
z'
= o G( Toe ¢ d
1
= o Ge T (6.37)
pK”™{
"hUloz8u t :x
1 41
Mem = — f (t)dt
GZT°
1 41
= = Ge ( Togt
G 1, °
1 0
= - = 6.38
0= — (6.38)
qs”{
\wUxz ilguO—t0b”"*R8UZ—UzZ—1W6% : zZ—ewApp 0zS'|i«
@&p o+ o t'lo>i"\g>O0 oM"{>tz
0
ot o

xzO—"rehd°RiUUzxpu«,pxsXZ—%RE¢>&aos)”**"Alu> b{ hUloz§
Ut :xzO0—"ehd°RUU*Rrw SZ—q 0s)*«"T>b TAD %w,3$si ”

66



6.4. TAD zew ;AA¢dYiIA"" ®Lg¢ RO3z8u t :£

pK"{

AvwOu
tcz 9g=0zbs"jxp«,U O sMOU>RQ"{\wqV = o pK'T’z

Moun = — =
gs"{\exzO—"ehd°RiUxp«, t‘loa™«"\qsXz74%$th,0Z—%REC>
eaos)”e"\g>™ "b"{

itz o!1 zbs™j I1"ApwAv>RQ"{\wOuz

_ 0
Mcum - I
ot o

URgb"{\exzApU ltae "+ "Avpxzxp«,U”;b"l UATi«eae zALQg o
xp«,U O sMOUQg% agu tU " «"\g>™ b"{\w™ pz IT"Apxzxp«
JWO®LUV@ hAvqg ogrpV”{

d°+SS‘|aiAéb"qw

xUctSMozd°Riwi«eapx

= ot o

pK"{\wqgVz xd°iix!: qs“zfw E&,zbs~jd°+£Sx

P)Q’«"{fhz\w}: d°uit0 b~ TAD =iAéb”> S q{Xqz

S=1+log D

pK”{"hUloz

UR“gm{
\e>U (6.38) tEODb"qz

Mem = oD= o€ ! (6.39)
>

\wUxz8u t :Uiw~mwAEwuqg or pV'\g>O oM"{H°tzZ—Iw°A
S> bd% : pK’{HEtzd°RUUZ—+A“po0’+”"8S> bApp o PK"{H~
tzd°RUU E$treizOX%ot’"T> b E#E D pK”{

>tOAswxz\w E#E D Uzd°+Sq 0 ["*"q%oltz

D=¢1
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gMO >eaozdlUiwniAéD” S t'lo>AnZ’+":pK”"{bs”jz8u txz
0tO—wGV~rs $sAppt'lo>t”"wpxsXzdoiiweU“zbs™jd® 7Qt«
“ oM™ {
\w xz TAD miAéb Uos”liw,'y*> " bla2tqrt’'cz iflcud—tob”
*R8uU tq<A|mX\g>O oM”"{ xUcw : :PAgpxz%a S o W«qpz
deaiAéD” S UGVM,rz E#E D xGVXs“z8u t : Mem <GV Xs”{
"hUloz TAD tSMoxzd® 7QwGV~xzota“d°U 7t O"oM”"\g>™"b
"iZpxsM{fexzO—UsRt"hloZ—+/)" Z"6—2zbs~j%wW8U t—qc«
b"{\w:pz8u t :zd°+Sz TAD oiAéD"xzMce<%oado©wl T T'<Te
"i“t E'hO'$QipK”{

T $r
Zi*“z TAD %tSZ"8u t :xz

Meum = oD

g oTgpV ' {\exzO—UZ—«18"e"§SzZ—1w°A Szf od°w E#EUzS§
U t>Z%p> b"\g>™ b"{

fhz

Mcum = 0eS !

q{Z"\qT’z8u tx xdoliiwoniAéD"q«<UEA|MX{\WwW™ pz il¢cud—
tOb”"*R8UZ—xz TAD %wd°l >Sé h t"pK*“z> tut{ widpxsXzd
% m $%° tqe"0'$sl "pK”{
*hUloz TAD wWiE"tSMoz8u t :xz0—zZ—2z' zxp«,>Asl $slaq
‘oe"nZ’s"{\exz DC MyUo+O—t0b”i twiv>)Q"wt0 z8u t :U
TMtreiZwZ—U<*Rt"hlos)?«"T> ""pK”"zqMO tK"{bs"jz DC M

yx8u twl $iv>)Qz8u t :xfwivwegpig”hs” ® t> b{

6.5 x!:©Oew €qd°® E«ap

S..pxz TAD %tSMoz x!:©Urw'Otqe"Tzthfw x « "al8wde°l
> TW' OtG\pV"T>Bob”{

TAD wOAs>Axzl T t\RfhxO—~"e«hRuUUz 1 ttSMorw S’ “oM”
Tr>zdoul g;T) g olO$t-Eb”:tK"{\whSz TAD px xY6wiliZpsXz
xY6e "al$sdo@& <% °WIE p{O\qUpV"{

'A TAD tSMozZ—+wApp (tT) gxp«,p (tT) »fgShiceep>

(tT):= (ET)+ (tT) (6.40)
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g [b"{07¥,0—w"¢ o(T;T)= G(T);Gpuk (t;T) O0£>> b gzdeiiwC2M Ux
@ .\ _ : T ST =
q{Z"{\\pz g(T;T)=G(T) xI t=T tSZ"0 ¥, UEpK"{
\wgVz T<t w—=pw®°'rx
Zt
git;T) = G(T)exp (s;T)ds (6.42)
T
p)Q’ "{
\\pz xAvtSZ”,j«ep> ¢>0q ziceep>fwio$e” "(tT) t'lo
tT)= «"(tT); "(tT)>0 (6.43)
g b{ "(tT) xz x,jp s t0 0zl T t\R*shRUOU I t tSMoreiZ Xz
fthx—X«e ' oM"T> bi0$é " pK”{
Ntz T t\RA*hRUUI t tpt!Zzhio$é " wde° E>
1 4
"tT)= —= "(s;T)ds (6.44)
t T 5
g [b"{\wqVz%aRuUI t ftpt!Zzhd° E«aepx
1 4
(t;T):= (s;T)ds= &"(t;T) (6.45)
t T+
pK”{
"hUloz (6.42) x
ogt; T)= G(T)expf (tT)(t T)g (6.46)
g{zZ"{\w gpxz (tT) xzl T t\RA«hRUOU I t Tpt&g ' h E$s«aep
> b{bs~jz (tT) x> $s«appxsXzdoa [T;t] t loulirsh«aea > E°
hi®ppK”{
>tz
(tT)= o+ ( 6T) (6.47)
a{zyz
gt T)= G(T)e = De (DD (6.48)
gs"{H 1% x x]:©> "zH 2% x x1:©T'wd°é"> b{"hUloz (tT)
Xzl T t\RA«hRUU,j xptz,0aOt_'shTzK"Mx'“ebTIhT> bd°
E$sé"OpK”{
YF=deul» T,=1 q'o
tT
p(t;T) = Ztg(—) (6.49)
g(t; TYdT
1
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p [b"qz (6.46) ‘“

G(T)expf (tT)(t T)g

p(t;T)= Z5 (6.50)
G(TYexpf (;TY(t TYgdT®
1
gs”{
Wp«™b,V\gxz (T) UOIT Avp :=b”iZpxzxtYF=d°ilUoms!:i
its"gxv'sMzgMO:pK”{ xAviSMo
T« (6.51)
Ut;T t* "sM :q oRgq 0«zO— G(T) wd°* QU’'loM”Outxz
GT st(t T)
p(tT) = Z (T)e (6.52)
G(T%e «(t TIdTO
1
gs”{\exzo°w!:ulpxsXzO—d° G(T) t'1o0O"CZ"eh!:©pK"{
*Mz¥,0—«< x="2
G(T) = Gg (6.53)
g sd”"Outxz
Pst(t; T) = sexpf «(t T)g (6.54)
>""{bs”jz xY6tSMozicapU := zTmO—«¢ x=b"7- TAD %pxzYF
=dotix|:ult/E re{
\wqVz¥,uSx
Pst(tit) = st (6.55)
pK“z TAD ©iAép” z,
S(t) = p(t; T)logp(t; T)dT (6.56)
1
W X <X
Z h i
SSt: st€ st (t T)log st€ st(t T) dT
1
=1 log ¢
=1 logps(t;t) (6.57)
as’{
\WALxzaiAéD”"C2M Uw :T'«grpV”{i«eaep = + Ude°l Tt
*sMOuzaiAéb"Cc2Utqe"20,0
Cov(; logp) (6.58)
x«Q"{ hUloz xY6px¥,usS pst(t;t) t'lomiAéD"U>1t"z
Sst =1 logpsi(t;t) (6.59)
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1
X I

:©ew €qd° E«ap

U™ e"{\exz TAD M Uw xrgq o™ «"!:llwaiAéD”

(6.57) q°+b"{

°Mz (;T) thx G(T) wd°* QU xY6tSMo<'"OuzYF=douix° to°w

iaftxs'sM{\wOuz
G(T) wtMtir oG\b"{
Z<pxz\w°'I >ObhSzAAS$s :«>e["{

«le ¥ et"lillew)

tczO—U x="0S"“z

G(T) = Gst

q°sd”Ou>RBQ"{thzi«caepU I
‘oz
(tLT)= « 1+ e

TAD x x!':0iT’w3d>zd° E«eep

(tT) gO6—d°

(6.60)

t wt® “zO1 Avp x<s &b”«q

t

>

1

>

0 (6.61)

>RQ"{\wbPAcpxzal8txTowd°RiUtZe 04C$s«epdYUTT "Uzfw4ayY

xI gget«Q”{
\wqVz
Zt
(s;T)yds= gt
T
pK"{"hUloz
gt T)= Gsrexp it
qs”{

\exz x]:0©
e

t0"oz ¥ ét Rb"al$sdCé v

exp st

U»T"\g>0 oM”{ *8

> 0wqVzs8tx,j'“«sepUdXzd°RixaOt_ '+"{
t1l

““«apUyXzd°Riux “sbM{McewOuc<z
pKeyYF=doiix!:ul (6.54) « eb"{
«2+8," $ss8«xU'"0U

itziceepUa, a=t Tt b"0u>RQ"{«Qyz

T)+

T)

st(t T)

tT)= « 1+e 7

st

e T

P X

e! (6.62)
e ! (6.63)
(6.64)
(6.65)
< 0wgVzs8tx,]j
(tT)! s gs“z0—U x

*8 \WhbAcxz9Szs0 ¥zMSz gY62z¢OV6srwZae ¥Uzal8tx xY6T'ceoM

tt =~oMXOuto b"{
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q"X{\wbAcpxzO—U™tx,j<gxY¥s"«aep>EmUzaRix&,>0Ov”tmeo0,

jcpe eb"{
\wqVz
Zt
(s;T)ds= (t T)+ 2 1 e T
T
pK"{"hUloz
gtT)= G(Mexp «(t T) —— 1 e D
qs”{
\WOUzed°RUXGlUYXs"q,j«eep st tHO{"T zy MRUxxt0"

'vOb"hSzO—U™wa, ' $sé°x xY6tSMo«™ .. . re Z"{fwhSz x0O—
G(T)= Gg >> “o«zYF=doiix° tm.s!:ultxs ' sM{

\exz' $tx,j«ape éb”;IipKlo«z&,' QU x$t6\""e"Olitxz
xiitt!:$sé" U "\g>O0 oM"{ *9

« 3¢l >-m> sal &
7™tzal8tSMoc<YF=douiuU!:0l woatyt”> s«>Ob{ xO—
G(T) = Gg
> “z1 ¢t @A (t)>05><Ob"{f oz

GT)y= O+ _(O T)

q”"X{\wqVz g
(;T)= (s)+ _(s)(s T)=dfsf(s T) (s)g
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¢ tgaew“A
¢ tgaexz ¢Y6tK"%te—sZOUC"IhgqVziw%w t>°TUACC £pG\

b’gepK”"{ sOAxug~w-—9fpK“z ?2pzO=pzzéaz!, :srz Xwig”"w

t>westtib”{ [57, 12]
tw [
Z0 G(T) UntiCrehqVz f(t) wi=xiUp nere
Zt
f(t)= Rt (t T)G(T)dT
T1

WWp Rkt (t T) x t :pK“z¢ tgaepx¥lo Rrr(t T)=0for T>t U2 gs



81. ¢ tge-wt

"{ [57, 58, 27]

TAD gaeqw€ ewit

TAD getSMo«i.Z— f(t) xdeuluqg-o
Z,
f(t)= (ET)ot;T)dT
T1
p "ez¢ tgewl g AoM”{S-px~a> t=b"hSzu-"¢!d tT)uou1l
¢ p-"¢>{ "h®" -RCo+%w{ #4Yd (tT) uo0¢,5>aA h7-pPAcEq
b"g¢ tgew-J{$<Zx [57]1£

812 TAD t :w«Z

doi wr

TAD wo ¥,0—wC2M U-

OED - wDewT: o= oM
fwrx
Zt
g(t;T)= G(T) exp (s;T)ds
T
as”{
t 1w %o

TAD wZ—U-

Zt Zt
f(t)= (t; T)G(T) exp (s;T)ds dT
T T
‘““z TAD tSZ” t :x°'t
Zt
Rrap (ET)= (6T)exp (s;T)ds (8.2)
T
gMO ts"{
¢ tgaeqw’e
¢cUcwUAq oz (tT) Ul ) a=t T w'w :¢«e :fthxomnO£pK”gb”
gzu=s T w!:16'“z
Za
Rrap (5T)= (&) exp (u)du (8.3)
0
gs'wpz\w Rrap (t;T) xa=t Tw'w: Rrap(d) gs“zhP” "OUa,w W :q
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81. ¢ tge-wt

‘o d"¢l O0T£qVz TAD woOUC¢ tw©qg% qs”{
\wgVzd°Riw & :» h Z.

S(a) :=exp , ()d

q [b"gz t :Xx
Rrao () = K(a)= (a) S(a)

p)Q’+"{\wqVz g
K@= +S@
UR“Qgjz t :x & :wl slig 0 "+"{\ex¢ tgetSZ"pA¢sO tq
ifcu tw2j$ g°eb”{
“hUlozU™w & : S(a) U)Q'eeyz

@= Liogs(a)

da
t'lo0 b”Ap : Ue™t $“z TAD x7 w & ¢ Debye z KWW srf£>UAs
“t6gb"TE">)Q"\qUUT"{ -
813 ¢ tge~\1rs~ TAD wi 0
¢ tgeepxze tOb” tx'y'y & :t'loG\"*«"{\\pxz TAD w T
e tw™H6er b {
1 097>> b"qzd°4&, a=t T wpG\pvV’hSz2..p”&e h'Ot & :
S(a) qAp : (a) w x
d Za
(a) = E‘IogS(a); S(a) = exp (u)du (8.4)
0
p)Q’+"{

\wUxz & :U0s”&g$ :pxsXzd°Urw'Osé&," tHlok!*«"T>U
€70M"\g>™ b"{bs"jz () x®&, a wd°RiUUo*l Kh“t-R"«"AU>

‘'z S(a) xfw8uALg ow’ p> b{'hUloz & :xd°k!w8u$ qq or

pV’{\w Uxz6TQ»fe\ 1 rstSz”"\ : S(a) qE2"A : (@A w q
% Wl >Em{bs~jz TAD wd°k! (@) x\ rstSZ"E2"A :t0 "z e :
xd°w\ ~pgor pV'{\w™ pz TAD WiE"x\ 1 rsw,ST >xputA °
oM"{
¢ tgez\ 1l rsz TAD xz° _b"qVYs”iilGt b"gaepK"Uz:{$txu€s
0 SEm{¢ tgepxz%w tx & : S(@) t'loG\*«"{°Mz\ 1 rsp

R -
*1 g°l:¢ Debyef£e KWW ¢stretched exponential £w[9x TAD wK = exp( ) p6gpVv"{ [53,110] S-...p
x owh$ 0 g oM"{° tx K= exp (+ ) pK™{
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81. ¢ tge-wt

X%a :U\ :q oqezfwO:el

(a) = % logS(a)

XxXE2"A :q or ~e{ TAD px\w (@) Ud°k! ¢Ap :£q oqezd°usS
gi;T) »éaoZ—Na&ag«uU> ~e"{hUloz & :z\ :zd°k! x%o°w:TI
wYs” gqq sb\qgUpV”{

\w0  »>“a@$tTg h«wU$ 8.1pK"{
) \irs
¢ tgee 1 %o ° | (
. s(a) > \ o S(a)
e : a
J L E2"A (a)
d°k!q or (a) = gIogS(a)
da
TAD
dops g(tT)
Ap : (a)
$81 ¢ tge~\1rs~ TAD woO

E $Fhx&g$t;M’«” & :
T81xzGgfp'XE'+oM"E"$s & :qz&g$t'X;M'soM” & :>3qS
h«wpK”"{oapx

@= < logs(a

w URQq 0S“z € :w8Mxd°k! wMqg o°™tr pV"{
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81 ¢

tgaesw€

¢ .  S(a Ap :¢kl!pE @ | r
d
exp( a=) 1= (a) = E‘IogS(a) >-% b”qg°
qs“za,t' "sMaivUk!
t0 b”{
a 1
exp (a=) - = O:e0t‘“a,‘ wklpu~’
+zd°a,t aok!8SU!=b
"SU &> b{
1 1 O:«lUt‘“k!pxa tn
. ® H <
1+a= a+ pxa.qaq .
—zyMdO, rk!h"etXMO#
= . E éqgs”{
P a Wi e & e .
iwie & = 0:-0t'"O"CV Ewk!pU
pwié ' N
TlezO6:wl p-"¢cweuq’
or pVv”"{
1 O:eUt'“k!'pxobn—"2z0
(1+a=) a+ X
#EdOUSX'"[é&” e>
b{
1
exp( a= )1+ a) - 17a O:°Ut‘“s8pxk!U Xza
,wyCqqg<«tk!U8Xs"a »
by
p — 1 ; o
exp = P O:elit'“—A"M&,pExtGV

“81 7TES'|&gSt;M " &

\e’'xHRz&g$ &€ :q o{"*"\qU TlhUz

g 0.%%$tgrpVv”’{

't$s e :

otzd°k!

t''y "M e !

(@ »E&t> b"qz

S(a) = exp

b"\qUpV"{
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TAD w :T’'xd°k!

(s)ds
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8.2. I17"Apc¢ifJDoa £w+"

Ap :¢klpE (a) e - S(a) r

_’]_+(;: l+a=) ° k!'p>utib’gyMd®,r T
tk!Uy<b”"%q o0<«Te"{

oF 18 exp( oa 18%=2) | ¢ tyCb k!p>uib’q-¢
M 1:n0gs“za, qq«tk!
UC b”%> by

0 1= - _

1+(a=)? exp o tan “(a=) | klp>uib qu€“ ‘Uqez
g &, pk!U %d°i ><m%
qs”{

82 dok! T A

¢ tgeqws8§M

e :

S(a) x g

ZiwTgT'z TAD gHRw¢ tgew8MUI-ts"{¢ tgepx & :
"0&g$Sthxub«Agiurt'lo)Q «”{°Mz TAD px
@= iogs(a)
da
gMO t‘“z & :>»d°wk! g or b"\qgUpV"{bs™jz¢ tgeU t
‘wl Y>G\b"gepK "wt0 z TAD xfw ™tK"doiaiw " fqgk! >10$t)

Q'gepK’{\w™ pz TAD x¢ tgee>dei w :T’6r “zfw ™MtK""1$;

I>I-=b”"TE"q+"CZ’«"{thbPA¢gw q—q oxz¢ tgetSZ” Rrr (t T)

x{ $pzO—qgqZ—w Uomb” “uiip "e"Uz TAD px Ryap (T) wi UT *© ~

do' p!="0"hSzf-IHpft¢ NY"Al¢g«~do§=~ " t>bPAc=D6qs"{

82 IY"Apc¢ifDoa £we"
821 d°usS ptT) w :=

TAD % U 191"Appe " oM”qVx7y0—Ufw’ t"«..."*+oM”"Y6pK”"{\w

. 1 ~
Y 6 x =—-q oz I +0 wAv>glhqVz gU ©qgq'oud0\gqgq%<«<pK”"{
\wizdous p(t;T) xz
z
gt T) t
tT)= ; N (t) = t;T)dT
PET) = o = otT)
q ["ez Z,
p(t;T)=0(T >t); p(t; T)dT =1
T1

gMOY%Lot|YF=w<pzU™wWE : '

MEUR“gm{

t0C0Z<w'Os IQ¢fw> wO—"T®Ts

Z,
(TP T)dT =" (1)

T1
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\wiziiw [** p(t; T)= (t T)gs’"{\w‘'Os p(;T) g o« Qyz

pET)= Te

>RQ7qz pt;T)=Ilim | ,op (T) t0 0

Z, z,
. T . 0 LTt LS
Tlp(t,T)dT— I!|r‘r]r0 Tlp(t,T)dT— I]|m+0 e T, = I!|m+0 1 e =1
UR"“qgjz
Zt Zt Zt 1
"(T)pt; T)dT = lim "(T)p (£ T)dT = lim '(T)=e —dT
T1 U o g
VAR SY Z,
= lim "(t u)eVdu="(t) e Ydu="(t)
I 40 0 0
qs’wpz 1
. . o T
p(t;T) = I|!m+op (tT)= |I!m+0 —e = (t T (8.6)
gs"{ *?
822 pt;T)= (t T) tSZ"niAéD"!=
H5 -p [ThaiAéb"x (5.9) ““z
Zt
S(t) = p(t; T) log p(t; T) dT (8.7)
T1
q [*e"] [13]\W\pz p(tT)= (t T) x:BowiipK"hSzYy =© p(tET) »<O 0~r
&> S
1t T Z1
p(tT)=~- —— (T ) (uydu=1 (8.8)
0

\\p > 0 xtulwi>"b-TAY"»pK"{\wqVz
“TY !
pET)L, T

qsn{ *3 x4

T -
2 Moul-%tSMoxz =uw!:!é>712"h{thzS..{ tllo ) gwRqg>> "hg¢ )
g [91] qUAAs©¢ approximate identity £w?2jiR  [91, 100] tE”" £

Bp (T):= 1 (Q) (T t) gSXqzU™wE , : to"
Z, 2t )= 21
(Mp (T)dT = (W (t u)du'! () Odu= (1)
T 0 YA g
“lo p(ET)) (t T)cuiw™ E£pK”{
4 giwAv> "MwDuUUQ~§ ) w{Mx [91, 100, 94, 28] >€°w\q{

102



8.2. I17"Apc¢ifJDoa £w+"

116 u=(t T)= t*

Z, Z1y

1 1
S (t)= p (t;T)logp (t;T)dT = — (uWlog = (u) du (8.9)
T 0
Zﬁ Z 1y
= (Wlog (u)du log (u)du (8.10)
0
‘loz
Z, Z,
S(t)= lim S ()= (Wlog (u)du + lim log (u) du (8.11)
' +0 0 t+0 0
Z
= (Wlog (u)du + Iim log (8.12)
o I +0
E%xtt dcz hUlo
ds(t)
= 1
gt 0 (8.13)
< . R .
gs"{\wqVoiAéb"wx.x S(t) =lim |, 4 log log =1 tC,b"Uzfwl
elixxt 0 pK"{\exzdouSUI gq<t >!Qct0 ¢i> & "b"izpK“z
cU“¢@Cw UEUVasMhSpK”{ S(t) xE niAéD"whSzAg»Avp 1 tC,b
"wx2j$qtQ"UzS@pw «xKXtpDoQw'!aqg o z—fttK"MxiOnTAéD"b
_":tK"hSzoniAéb” S(t) wex.xSi$pxsM:it«™b”{tqS"qz IT"Apw
Ouxdous ptT)x :="o ptT)= (t T)gs"{\wqVzeiAép” S(t) wi I'=
X %S(t)=0 gs“zifDoa gqs”"{fhz\\pw*apx tOb"MyxsM\qt«™b”{

8.23 f(t) qG(t) w

0" VZ'w TAD wC2M U

T
O - [+ @DIgET:  omD=6M ¢ 1)
Zt
f ()= (tT) (ET)ot;T)dT
T1
tSMozApg oZ<>> b"{
(tT)= }> 0
\wiz TAD w° rx
Z, Z,
g(t; T) = G(T)exp (s;T)+ (s;T) ds = G(T)exp exp (s;T)ds
T T
qs’{b"q%wd%Z— f xziU>;Mo
Z Z 1 o Z
f ()= (tT) (t THol;T)dT = (t; T)G(T)=e exp (s;T)ds dT (8.14)
ilt Z'|t'1 T
! (tT)G(T) (t T)exp (s;T)ds dT = (;;t)G(t) ( ! +0) (8.15)
Ty T
\\pz (8.14)tSz” X%UO—tS ¢Z—E£b"fpw— p-"¢> oM "\qUGT"{
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8.2. I17"Apc¢ifJDoa £w+"

I +0 wAvpxz— p-"¢gU, éz%ItAp 11 >™ ph{\ex 17"Apmt“iq
Doa tipb”{~'t\wlz,? (tT) w®LUa soM”"\qUUIT"{\sx,3;TU
vwil Twegp®L>C4b"\qT’'zU0S$tcgrpV"<ApK”{ TAD %UnO;I >0

O~rdoMhqg o< I1"Ap¢ifDoa doliwiU,é£w«gpxfw®LUV@ 0S
“z/EDoQUsib"qg¢doiit vwiUZ"qEnO®LUsTb”qgMOTr UpV”"{

824 p-"¢6% : tt) wi * Q
11”Ap¢ifDoAvEtSMoz (tt) x° txl t* gs”Uz\ex<qeqwp-"
G8% : (LT)wtT © Qt'loGVXe"U!""{
" (T)Ut thx T tEt b”0u e\ex TAD %T’'_hZeae ¥wqO¢ tf£ea"¢ TE
wY6tlo TAD % T'wZ—t0b”0!QU!"b"Outipb”{ALS$t 11"Ap
¢CiTDOAVEWO Brt‘" TxT! ttVv@ z0 p-"¢!d :x (tt)y= (1) q
s“ tt b"{
T T)Ut Ted,Ewtt b0 e\ex TAD % T’ _hZeae ¥wi%»$sY6!=
weélx!Zcz TAD %tOb"O—Ii Tgz—i twi) t Tw't b"Outip
b"{AL$t I17"Ap¢ifDoAvVEWO Bat‘" TUV@ z0 u-"¢!d :x

t t)= (©0)¢ :£gs”{

825 Cca’AiM Uqw Us$o0

(T) t00j xY6>> b"qz tT)= (t T)e¢ead,' £qgs’{\wiz (tt) wt
Qx«ee’'o t ! (@ t)= (0) gs“ :gs"{bs7j f ()= (0)G(t) gs”"{\wlz
0 b” TAD %w¥,>i:wa " fx S¢ S£>-Eb">YE”"Aq 0 [b"{bs™j°=
Y6> S V() t'"*E r"dz¥,>#~"0— G(t) »Z— F(t) q% b"{°MzZ—Na¢«p

f (t) xO—U SEy%RBREG*C Sq 0A“po’+"qRQz

fo(t) v(t)= a(t) (8.16)

gi%qz a(t)= (Q)F(t) >~"{ca”Aiwa"M U [32, 60]
F(t) = ma(t)
qz+tb"qz 1
0) = - (8.17)

U~ «"{Hloz TAD x 11"Ap¢ifDoAvEtSMoy/—fqw U$s0 UK”
qRQ’ " {\wWAL"'"“z (0) x TAD wboa tSZ"0— G(t)*Z— F(t) »z— f (t)eC S
a(t) t'ob"Mwoe!dt|u-"¢!d>rloM”qr b"\qUpV"{ [32]\ex TAD %w
caqla> U(MpM”"\g>™ " 0S*“z Ueg$t<GVs™ HEIoM"\g>O0& oM
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,,{*5

8.26 ¥,iAvqg 1Apw3p

H6 -w¥, ,w-gtSMoz TAD

%xZeqa “*«h¥ >cm—-q 0 [**"{\w—=p

X\RAeh"U°i$t:y zfw™tZ—NAa¢«pgq 0ZaeLZMe"{

Wpz\w¥,—-wi> aqg z¥,°2tSZ” ®s;0 SK”"Mx6 U S»>

\wqVz¥,°2ewE™ &l x

qg_u<"\qUpV”"{ hUloz

gs”Avqg ogrpV”{

tc7<omsOuqgqoz¥,—~wi>

gb”Av>RBRQ"{\wAvpxz¥,tSZ”
$t

qs”"°Mpz¥,—--°weu” g X

*qV@b"{
T sU'z¥, T'Zee+wN&¢«p

a
relax

TAD tSZ” i11"Apxz\wE™ &l U

relax 10

al! 0
'yl x«ee z¥,-~T'Zaew- px U

'

x vo-m{ hUlo\wAvpxz\RAeh”"x¥,—-t1i$t:yb”"\qsXz\RI

tSMoUjtZaesq Ure"{
\W™ pz¥, —=i>Av-tVS"Avx

Z\R"U 1tZ—<+A“po’+” 11"Apwg

Y=qTub”"3p>)Q"{\exz2..pO hi:%wDo—9N¢Ca”"AiM UEqw US$O0

q<Tu oM"{
°MzU (8.18) T'uT”'Otz I1"A

pqTub”AvxzZc «2?21$t¥, i>Av—t

b"Outv’ esM{¥,i a U vpKlo«z¥,%°ew;0 SK"Mx6 0 SU

qgY="re"s’yz

v!il

a
I !
relax v

*5 \exi”> TAD T'<Z hqMO‘“z 11"ApAvpzO—>72—28%Z—>C Sqij%qzu-"¢!6 :

(0) Uoi"wpA>rogMO ™ pK”{
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8.3. rs—fqw U$0

qs“z*x“1®%$s I1"ApURqgb”"{\exzgY="+«hE .Avq 0if6.cfyV
Qifv.t"z$t0 nZz"\qUpV"{hizKXtp°ae6 GUI®$t 1q s «"A
v3pg opK"\qt«™b"{ hUloz TAD tSZ"DoAvxz

relax | 0 (8.26)
gMOUEw<«qpz

(i) ¥,i>Av—-tb”Av a! 0]
(i) vi¥,wtioe;0 S>AvGqgb”gYAv vil

wMceTqg oTq”e"qTgpV"{
otz vi>em¥,—-U O zTm°%a&;0U vi >Ab"Outxz° "t vw:yU’
"hSz 11"ApT'wceUqe"{\W\qxz TAD %tSMod°uiU vi>-jz/EDo
$sti”d8MU\aO"hSwxpusl $UE>O oM"{ hUloz¥,iAvK"Mx°%a 0l
«eAvU 11"ApqTub”wt0 zgiw vi~ v;01 ><m¥,—axz°t v

wiy>e zd° $TmMADOS$SUI"aAM>)Q"{ "o

83 rs—Tqw U$0

S..pxz I1"Ap¢ifDoAVEtSMo f ()= (tt)G({t) UMYCVIOjgT = e\
q>0 zfw{UUrs—Tw U¢ Euler{Lagrange M U£t0 b”\qg>\,"{Zfz0 iw
H-"C0% :> (t):= (tt) a{X{

831 zZ—w° qgAsur

p-"glé™wz— f (t) t|pu-"¢!d2wzZ— f(t) x
Z, Z,
f(t)= (tLT) (ET)ot;T)dT;  f(t):= (tT)o(t;T)dT
T T
pP)Q’'«"{0 « (t):= (tt) >;M”qAsS$t
Z,
f ()= (gf (ti + (tT) (t) (&T)o(t;T)dT (8.27)
|—_ - T I
0°AD | ::R:7(t) }

gs”{\\p R (t) x')¢:0 /)EpK"{\wqVz I1"Ap¢ifDoAvEpxz

Mo T)! G(T) (t T)

swpz
R(t)! (tt)  (t) G(t)=0
6 \\p\,hEmwAvXxMce<gY=pK"{ vi¥,wit%ae;0 S>AvGqgb”"Avxzi0ae$¥ Low :
T'Gg$i0qg ox>“tXM{ Mz¥,i>Av-tb”"Avcz” ®tSZ"AO0O=wMvez”r't” O —$s
7-0"wD6Q>RQ"qziug$iOq oxxipxsM{"hUloz\\pw 11"Apxzqi%gMO" “xD

0Av>TbgYipqgiogrher{
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qs’'wpz
f )= @F@E)+R (t) ! (t) f (1) (8.28)

gs”{mz“z 11"Ap¢iTDoAvVEpX
Z
f(t)= t (tT) (ET)g(t;T)dT ! () (8.29)

T1

w'ot f () x (t) gf() wutAsirpVv”{

832 rs—fqw U$0

MyCV!djg
WpZAp-"¢0% s WESuUZ—"
Zt
q(t) = t f()d ) alt)="f()= G()
»<Ob"{\wA&E q(t) = G(t) >&-4i aD: (t) p]l h~;” L (g:q;t) »*7
L (g;q;t) = (t) a(t) (1) at) G(t) (8.30)
q"X{ qx"0E z ;G xAtDui¢GusY Qfqb”{
WpZ£E UE¢ qt)= G)EmVpzZ— (t)gt) wi uti¢8uzZ—£Ew yo{S"1idd>
BQ"{ t b"tia¢ yUEET’ *8
)l
— =0 =G
@ ) at) (t)
CAE WHIEU ™ «"{
y/ Euler{LagrangeM Uqgw U$0
°Mz (8.30) tOb” q(t) t b"tu¢ yUEE""
QQ
— =0 t t)=0 8.31
@ ) (t) (t) (8.31)
U~ e"{\\pz
Zt
qit):= §uz—" = f()d; qt)y:= 07 z—v” = f(t)= G(t) (8.32)
to
>fege° =22~ Sq~shqz (8.31) ‘“z
d @ @ _d _
& @ e a ©® ©=0 &3

T rs—QIpMO®~;" q°«b"li>cmgxv'sMUzfet" b"Gg"qRQey M{
“8 £ UE>&-471 4D :p<Ob”2j weZx [30] >€°w\q{
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8.4. pu-"¢l!od weg$™ qyhsCE_

gs“zrs—Tw  Euler{Lagrange M U>-hb\qUuT"{\+x& UE¢ glt)= G(t)EmVwZ
— ()qglt) wi ui¢t8uZ—Ew yo{S"1idlgz° =22~ Swf (8.32) weqp
y/ Euler{Lagrange M U (8.33) >rx\qt U$s0 UK"\g>O0 oM"{ *9

E”»"¢ NoetherEw gq- ”

(8.31) xzqUe 23pK”"\qg¢ L uUgt® "sMENQT '«<Te" qtzps°®° =4"" p(t)
U- "e"\qEM «"E"»" ¢ Noetherfw g£t U$t0 "oM”{ [78, 32, 79]6 |{V <
bq

- @ . _ _0- _
p(t) := M= ()=0; p(t)=0 (8.34)
@
pK"{bs~j u-"¢!o q SPCA%t"°AE waR,O p Ui >éao° ¢, é
- £EpK"\g> "oM"{ +10
\exU0S$tx 11"Ap¢iTDoAVELSZ” TAD w-—1qU

y®Qqt8uZ—"£w & "07Q-8u8CiAw, é:w “Mt‘'sM\q_

L . _
=®—¢0.Z— gKh“w”;"£Ul t0 o0& !pK”\q

@
>1b\q¢0TQU- ">\%\g£> "oM"{ i
84 u-"¢!'d weg$™ qyhsE_

S...pxz0Agqs”ug%*M3%UH -p<Z ' h§uzZ—7G=>&% :q o@&""+0M”
> w<qzu-"¢!o : (tT) tmMoRQ"{ (tT) x TAD %weqZ>(Yu-"¢!d>"
bUzfweg$s™ gqyhsE_tmMoRBob"{

841 11"Ap¢ifDoAvELSZ” f ()= (tt)G(t) weq
2..p<Zz°h f ()= (tt)G(t) xz2-w8UZ—7G=My<tSZ” f (t) wg-AsU (7.43)
Zt dV Zt
f ()= (LG + (tT) Gour (KT) T~ V(t) = (tT)o(t; T)dT
T1 T1
T'U€«Zb"\qUpV"{
tcz0 ¥, 0—w U> "eoM”Wpz Gpuk (ET) 0T’
dv 21
f ()= (tt)G(1) ot V(1) := (t;T)o(t; T)dT (8.35)
T1
*9 Ab"tAE CV7&=>&-47 aP:p{Xqz UU EL tA’gMO\gqpK”{
105 px g> qs®ME g o{Mz yUE Qa =@=0 T’ (t) ()=0 >0t "¢bs~j p(t) :=
Of\w«Ztx4zUEXZEApPpK”"{°Mzy/$ Euler{Lagrange wqO¢q >!:q o!U£px
4@ =@ @ =@ p=0 ‘* p=const $pU°  pK*zxp¥,tx 4z£>> b"q¥,d Ipali} =
T p OU>$"{t x p Ot<Eb":pTU$pK”{
11 5. .w™s to® L(J) Us807><mqg &"" p = @ U- "e"wq% 7pK"{igO U®e«:w “Mt*

"SMTOTQ><m\gxAEEZItEMMyE¢fwE g ow- w O£qgs”«Op<K"{
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gs”{2..9% 7t

(t;T): }> 0
> > b"qz Zt
o(t; T) = G(T)exp exp (s;T)ds
T
swpz
Z, Z, CoT Z,
V=i tT)ot;T)dT)=j (tT)G(T)exp —— exp (s;T)ds dTj
T T T
l Zt Tl 1 Rt .
sup | (tT)G(T)j e ¥ e ta (St Adgy
T2[T1;t] 0
Zt T t Tq
M e® da=M (1 e ) ! 0; M= sup | (t;T)G(T)j
0 b +0 T2[T1t]
““z 19"Ap¢iTDoAVEpPX
Z
! dv
V(t) = (tT)o(t; T)dT ! 0; — | 0
T, dt
gs"{‘loz (8.35) T’
f ()= (tt)G(t)
qs”{bs”jzifDoAvtSMoz TAD w!i7&UET « f ()= (tt)G(t) UD~eh{
V(t) x®d° T Jqwd°ii¢d°O-£ gt;T) UzeRt\%Vv,Z—wA%Uu-"wfd°t™h
"iéswpz 11"Ap¢ifDoEwWAVUE "oM” xz
" 0—>1"Z—tKo"wpzAp UeRt\%V,Z—  V(t) sw/)xsM{
" O0—> $tZ—tKo"wpznoO UsRt\%Vv,Z—  V(t) ew/)xsM{

gMO\GQT «xpupTUQWK”"<ApK”"{thz 11”Ap¢ifDoEwAvtSMox
d ~ -
aV(t):O iZpsXzAvg o V(#)! O0gsloM”"\qUU TApK"{

f ()= (5t)G() ><X mwcg”A

Ziz_oVh'Ot f ()= (;t)G(t) x8uZ—7G=UET «Z"«"'0t_Q"Uz (8.15) w
‘Ot8UZ—7G=UE>& dcqc<Z”re"{\ex 11"Ap¢ifDoAVEtSMox§u
Z—7G=UEUTiI$tV@ oM"hSqRQ’'«"{U0%tx 11"AppxO—U» Ud-s
X1"Z—ts"wpz8uZ—wxpusivaRb”¢ hUlo7G=qTu$pK”E\qT «g
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842 11"Apc¢ifDoAvVE>> “sM f ()= (tt)G(t) wéq
§uZ—7G=>¢%$ :q hOuwAsU (8.35)>6 b"qz
d Z4
f ()= (tt)G(1) aV(t); V() = (tT)o(t; T)dT (8.36)
T1

pK"{thz2...q% 7t

A
= (t);, f@O):= t (tT)o(t;T)dT (8.37)
T1
q [b7{ 'tz (8.27) **
= _(%w?m (1) (8.38)
Zt 0 °A
R (t) = (t;T) ) (T)Hot;T)dT (8.39)
Ta
UAsStR*qm{ (8.36)t| (8.38) “z
%V(t): M) G f(t) R () (8.40)
U™ e"{\exe$ :*8uZ—7G=T'«<T+"/EDoa '[SZ"ASUC]IQ"(WDK"{
(8.40) tSMoz V(t) o : 60=) %V(t):o Uigre"iz  (8.36) '*

f M= @OG6H= )G

UR“gm{\wiz

R ()= (1) Gt) f(t) (8.41)
gs”{ f(t) xp-"¢!62wZ—> " 0oM"hSziUxO<ACdOAE V() Ut,ép xt
S”IX0 pwp-"¢!d™MwOZ—w) (t) G(t) f({) gz—wzF07/) R (t) Ulaip®
oM”IpK*“z\wi f ()= @Gt = (Gt)GH) UR“gm\g>™ b {\exmt“z I
1"Apc¢iTDoAvVE>> dcq« f ()= @OGMHt)= (Kt)G(E) UR“gj™"\gq> b{>
t (ET) Uj xwOux f ()= (E1)GH)= (0)G(t) qs*zO0— G(t) tob*z— f (1) Ut
tb”\qg> b{ *2\ex V(t) > xt-jmmz (tT) >OfXf-pVeyzO— G(t) t0b”Z

—f (1) >¢ tMEpV "\g>™ " 0S“zME»IGVsSDOQ>Em\g>0& oM"{

85 agftsz” TAD wH°,SjgqHE,Sjg

§$..pxz0~VZ O—>> "hOutRqgb” TAD w,S$sEmwjg>Tg z\e >
gT1$ °tSZ"H°,SjgS'|HE,Sjgqg o+"nZ"{\\p\,”AsUxMcec>
WPAG-R+7&=8Jt" dcz TAD wEl | (tT) t,nXO'$s<ApK”"{thz\e.
xa—TwO gxVYs“z TAD WEIT T T'<Te"T $AsUs> " b:t«™b"{

“12. §  px§uZ—7G=w!u7&UE‘“<Z'oM"hSz (tET) Ul tt “sMm: (0) gs"Ouxz u0gq
s“z,3;TUsM\qUAe " {
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851 H°,Sjge0” VZ'tSZ"q-AsU

o(T;T)= G(T);Gpuk (1;T) O0£>> "hOuw TAD wqg-AsU (7.40) x

4
%N(IFG(I) f() LM LM= t(t;T)Q(t;T)dT

T1

0¥, 0—w"¢

gs”{\\p f(t) xT.Z—pK"{\wUxzO —"ehx.:zAE:srUzZ—q o0& *sM
V- Ae"\g> bcwpK“z TAD GgtSMo7¢,S%$sx:ae wq-AsUpK"{OA

swxz\w UnoO : (tT) «Ap : (tT) wé.$ t* dcz0~ VZ ' gMOT $

> w't,nMoRgb”":pK”"{
*hUloz\wAsUx TAD tSZ"H°,Sjgtx:ee AsUE£q o0e"'nZ'e«zO—z-

UzZZ—qMO~AET 's"K’+"d°" %t0 00'$tRqb”{

852 HE,Sjge"AAsUq ow”$- 1 « L ®"
H -p<Z hes$ : Ltb"HE,Sjgw AAsU (7.42) xz0 ¥,0—w"¢ g(T;T)=
G(T);Gpuk (ET) 0£>> b"Oux
“ 0@ a7 - 0 60 d “ (tT)gt;T)dT (8.42)
129, 13 TR S
=M (1) = W(t)
gs”"{\\p M(t) x0e$0”pw ®v,b~z W(t) x®doA<pAs « pK"{\ex0A-
U>t“zfe'wOz L t'loz!$tR“gm{

—we$ : L >aeqzfet0 b”

e

W(t) g t77 I»7i

(8.42) t,nXgqzU™wes$ : L t]0 b~ t0"o
"W({t) 0xO0—qg ®v,b"w°eA"Uxt°e 0S*“z%xifta“0lh- T >cm{

thzd°l U O'sMiTDo%t0 "z M(t)= (t)G(t) xTo0 Ba h 11"A

pwAVpPK"{\wOj Ul & "“/E!tj xEpKey tt)= (0) gs“zz«

M()= (0)G(t) URgb"{ ***
TW({) C80 x x$td°A«¢°® w!N-¢AE>-Eb”&ADo0o%¢0 qf0 UI&i

LW hYBE£>"b{\wqV %WZO w<p M(t)= (tt)G(t) URqg z"'t Uj xs
"M@= (0)G(t) gs"{ ¥
X R d .
T W(t) Ul t* b"Oue¢ aW@OEz xT'Zeh° w} ca gs“z M (t) = (0)G(t)

cM(@)=  (5t)G(t) <Rq sM{

gs”"\quuaT"{

M(t)= f(t) gs“zCa”AiM Uc¢ifDoEt U$t0 b”{
M(t)= f(t) gs“z!"UwO ¢ADoiU x£t U$t0 b"{
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> ="l tGT)UT £ wou
5P :uUd°!: Tt dcz
tT)= (1)
q{Z"0uwRQ"{\w> w<pxzd®AcpAg «x
Zt Z'[
W(t) = . (tET)o(tT)dT = (1) Tlg(t;T)dT: (N (1)

q yre"{
\\p %W(t) 0>> b"qz

C
W(t) = N (t )= ——
(= ON®O C60 0 (= o
U e"{\wgqVzHE,Sjg'* ®v,b"
C G(t)
M (t) = 1)G(t) =
M= (60 = s
as”{
\WALxzo*O—Kh*“w ®sb~Ui” N(t) tob”O0— G(t) ztz«b”"\qzthx0—
G(t) x.UyG 0<z%teurshi” N(t) UGVM,rzosO—Kh*“w ®sb "UHMA"s"

\g>™ T oM"{ TAD Ggw °pxz\lexl z vzz ¢ow®Lt0 “z° wA<uA,
«w<px SUyQ”"\qt‘"v,®Lwy<qg or pVv"{

OAswxz (T)= (t) gMO> Uz°Al t b"8§MMypK”":pK”{° t (tT) xz
I ttSMod°RiU T >cme—Y6 g(t;T) tC5b”eWA"K"MxZpO~> b{feU T
t* "sMqMO\gqxz%Ud°w® >a dcz%Il t Ob"Ri>°7t°A oM”\q>
™ hr{

\w> w<pxzSRxdeul gt;) gMOAvIiiwY6”>2Agb”°AUZI”" N(t) gM
O°liwB-"tVy~re"{ hUloz (tT)= (1) x®*R°AUd°$Y $pK” K"Mx

®d°a.t "04ae$pK” gMO™ pz°Al UU¢ N$t aoM”Y t0 b”{

hizZ\WpwU¢ NQx"TM UwQigMO‘“<z°A :wli t b"«wpK”:t«
™MUZAPK"{d°WAIU°AtSéresMT ' \fz W(t)= (t)N(t) gMOoms- T URQq
“zfw<Aq o M(t)/ 1=N(t) gMOO'$syn Uqg+"{

\W™™pz  (ET)= (t) xXEMMypK "q%oitz TAD HE,Sjgw<p veréqMlhgqg
AwSi>"Zb”hSwE $sAvqg o+"nZ"\qUpV"{

853 HE,Sjge8uzZz—7G=>-0cciOuwéAAsU

es$ o L= g ¢8uz—£t>=b"q

Z Z
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== M (1= —dT = dT =f (t
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qs“z7&Q*" U™ e’wpz
d Z
[4) = @O G - EDeET)dT
=" gdT I {z }

=V (t)

qs"{\*xz8uZ—7G=qM0Oé$ :>> "hOutzZ—UO—qrw'OtA|mXT>0
béA$sAsUpK“z TAD GgtSZ”&” q or ~e"{

854 HE,Sjge7-i00iAép"Y =>-ciOuwéAAsU

éAAsUw Uqfwr
e$ >7-i100iAéD"Y =
h

Ty = . a(t;T) : o
L(th)_ g(t!T)IOg gO(t,T) g(th)+ go(th)a > O
t>=b"qz0 ¥, 0—w"¢ o(T;T)= G(T);Gpuk (t;T) O0£>> "hOuwéAAsUx
Zt . Zt
. atT) - du — : :
. g(t;T)log BT T) dT = (t;t) G(t) gt U(t): . (tT)ot; T)dT
p)Q’="{

(8.43)

(8.44)

R
U(8.44) xz€°uS g T'wO: m log(g=g) > g pO"CZ h@C$ ) glog(g=g) UzO

R R . R
—0 G qdo°uA¢« g wl !'=w)gq oqg-$ti“u0O\q>0b{
\\p

@: |ogg
@g Jo
xzd°UiUE°UIT mhgqVt\a”At$s@C$ pAw™ > b{H -prae he
“z (tT) x®i ttd® gt;T)> 1iZys hqVzeR s>t t™e"v,b" %
R R
g¥%= t'"\ =p exp( ts( + ) pA“¥%Mhie gqr pV'wpze$ :U7-i0n
iAép"Y =wOUX®5P!: (tT) xz\wAt$ uA~ UsRt " hlorw Seéist
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. bT>zn0v e (*) t'loA“%MoBY h" g or ~Ae"{
HlozSf tSz” XZ—"e®;fwcwpxsXz€°UiT'w mti¥%b”"«R$ A
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\wqVvVz@Cs$ ) z
D(t) = t g (tT)log JET) gr
T Oo(t;T)
X
D()! O
gs”"{"Mtz*sR°A A z,
U(t) = (t; T)g(t; T)dT
T1
tmMoc«z
u@)! o
UHO({'loz (8.44) *
0= (tt)G(t)

>""{Hlo G(t)> 0 wil px
(t;t)=0

URqgb"{
\exz 11"ApwAvpx€° mtl¥%b”«R$&1UcuNecz5P!:¢ ét@=Db"
hSz@C$ )tcgnX°A;TUTI$tA®=re"\gq>™ b"{

du)y owluawr

*R°A HA  U@M) U :zbs”| du) 0 wolutx
ZI
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D(t) := t;T)lo dT = (;t)G(t) ——U(t

M= gTg JizrdT= 060  Guw
X

D)= (tt)G(1)

qs“z@C$ )xO—t0 oUE€ th"{ Uj xwOux

tH= (0 =) DMO= (0)G()

qs“z@C$ )xO—t0 0¢ t th"{

G(t) OwOuwr
itz G@) OwOutx

2
b= Jum:  Sow= Suw

gs’wpz ah%tSMoxz@C$ )wl I=x+R°A uAwAptlo§ "e"{
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8.6. uguutsSz"dYiA"" ®Lgq¢ RO3

sR°A A  U(t) xz€°UiT'w mtiYab”At$ pA~ @=@g log(g=g) U-*R
t"hlot..bé1H>By h"pK”{ gt—zzU(t)> 0 xz\weélwEyUI gqq<«tC ~oM”\
g>™ b"{\w'OsA@pxz€°UiT'W mx*R PAt0 0‘“§XSére"{fWA
Lz%aUEw<«gp U wC $!=>7gb”hStxz mw As/)opK” log(g=g) >V-b
"M2ew6 "U—19$t bgs”{bs”jz é’t—zzU(t)> OwA@pxz€°uiT'w mU-Rt
)Q"e1UJire"hSz@CS$ ) D(t) >ynAd"M2.w°O$z Ula"{

°Mz &U(t)=0 xz+R°ATpA  U(t) U° S¢ S é< %Ep!="0M"Y6t0 b
"\wqVz€° mtl¥ib”«R uAwW°AT x| $t6$R"*0S’'czfwynxos”

@ “tgrtloM”{Hlozd°liiw6 "> bae"—xC\dcz@C$ )>V-K"Mx
IGb"y—<«\asM{fwALqg oz %D(t)zo URQg 'z D(t) x- ne"{

8.6 GguUutSZ"dYiA” ®Lq¢ RO3

S...pxAlsUAx&s"sMUzH -p0'$Qiq o “iI[hdYiA”"®Lq¢ RO3
xzUgliltSMo« Oz TAD WiE"pTu$ttiDOpK”"qY ~«"{E $sqAq’

0 X
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g{z"{U (8.54) wrx
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1
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D(t)= 2+ =T gt T)(t T)dT (8.58)
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Go=k k ( )
a{+"{
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€ '0S“z EA.w T'Uré”A>* b"\qUgae$tYp="re"{ [89]
874 urN&g«p wxS¢ EA £
»il«i»”il”I"w7-PAgpxziré”AU° « (ET) ok pK“ziarreh»ii
«i">fwit3pAUwzZ—q sb¢bs™ju-"¢ : 1 gSXH\wqVzl ttsz
"UrNay¢ f (1) x
L« (t) Zt

f(t) = (tT)ot; T)dT
1

P)Q ' «"{0*+SPACq% 7tzUrN&,«p wS¢ E& £>
Zt
(tET)otT)(t T)dT
Dou (t) = —-2Z (8.62)
(tT)o(t;T)dT

p [b"{\wqVz

Z'[ Zt
k gt T)(t T)dT og(t; T)(t T)dT
Dout (1) = : Z5 =1 Z5 =D(1)
k o(t; T)dT g(t; T)dT
1 1

‘“zurN&¢«p wxS¢ EA&,£q’ »il«i wS¢ E& E£xxts Xs"T'z

xY6tSMo«z L
Doy =D = (8.63)
UR“gm{
bs“jz xY6tSMoxzIT°t Ob”"»il«iw EA&, D qzirN&¢«pgq' oZ
JALZAe"»il«iw E&, Dost UMcec 1=k t°eb”{\exz!|:UI$SHE>EmM%
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pxzuAs«qNé"wOMw®+S Uo°wli : 1=k t‘lo> ~e”\q>™ b"{ *16

875 &, ,iiwoiAéb gl 07Q

U(8.55) weqpuRN&¢«pUI ° G(t) Gp pK“z%UGuUOI &ao xY6ta’
hg> b”{\wqVzYF="¢h&, il p(t;T) »
. gt T)
ptT)= 27— (8.64)
g(t; TYdT®
1

p [b"{Ui<>-%b"q

Zt Zl G
o(t; TYdTO= Goe ¥ da= -2
1 0
pK“za, a=t T t‘lo
p(t;T) = ke Kt T) = p(a) (8.65)
g{Z"{bs"jz p(t;T) x 1 t wit° b"wpxsXza, a=t T w'w :gslo
M"{\exz pUI t0 0&E!
pit+ ;T + )= pt;T) (8.66)
pK”\gqzbs~jl O0TQ>Em\g>™ b"{
\wqVz4a,iilw@CoiAéD"¢CE niAéD"£>
Zt
S(t) = p(t; T) logp(t; T)dT (8.67)
1
g [b"qzU (8.65) t|!:!6 a=t T t'lo
Z1
S(t) = p(a) log p(a) da
Zol Zl
= ke @ log ke ¥ da= ke ¥ (logk ka)da
=log ke *@]3 + k’ae “®“da= logk k (e *®)%da
0 7 0
1
= logk k [ae ¥]} e ®®da = logk [e @]}
0
1
=1+log K (8.68)
U~'ez  S(t) xi t* "sM°® «pK"\qUiT"{ "
bs”jzURN&¢«uqure”AUl $t° pz&, iUl O0YQ>EmqVz TAD t

‘lo U=re"d°T w@CoiAéb"xl C2t0 0/&!"qs"{\exzt ¢ xY6
tSMo<«z&,1 qMO :px®aiAébD"U- ~«"\q>0"0S“zl 071Qgq-
"w0 ¢CE"»” w £Uz\Gag$»"il"1"w7-«tSMo<é.$tRgb”"\q>

“16 %, 7w2 UEWO++SPACGtSZ"O¢+S~Ze+Sw°eqift ®b”ALgs"{
*T'H .p ["heiAéb"w Uq«Tub"{
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876 pA;OYWOR!DtOb”a, iiq E&,wal t

»il«i»”i1"1"W7-bPAcpxziurée”As>° «
19 zuRN&¢ «p G(t) wi 1PU&,ult)
WpxzURN&,«pUPA;OYti=b"Ou>«tz

*UM Upx Q'esMT >)Q"\q>0b{

f *URNA&¢«pwpAe O
I t=0 tSMouRN&¢«uU

8
<

G(T) =,
" Gy,

Go;

quAcO$tI=b"qb"{ TAD w,Sr

gt T)= G(T)e ¥

(t;T)=kznoO Ozu-"¢

Qretls gt;T) >éaoU€rspVv”{

TAD t‘"°=iRwrsU°iS x

T<O
T O
©m. ¢ 7

>;M7qz  t>0tSz"del x
8
2Goe Kt T T<0 (uAsOzw yOide )
o T)= (8.69)
“Gre Kt T 0 T ot (pAgO™w y jdo )
qi—-t[]m"'"{
i" P@Q)ey/x+iM Uwrqwes
R
" P()= , o(T)dT x (8.69) >utib”\gp
ZO Zt
P(t)=  Goe Xt NdT+  Gye Kt DgrT (8.70)
l 0
Go_k, &1 kt
_Gogk, G 71
e . e (8.71)
gs”{\*x°isS pPAg
®-oem ko
dt
wrqifteeb”{
YF=&,ui ptT)syOqy wiRzwi °
YF=reh&, iix p(t;T) = g(t; T)=P(t) ‘"z
8 k(t T)
EL; T<O
tT)= P
p(t; )_gGlek(t T) T
P t
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q{z"{ G1>Go wOuzt>0pxy dow/)Ul qq«tx tyG z& uix°i$t

&« "{ *By/$s°isS xeiM Upxi” P(t) "T{QsMhSz\w'Os®yO vsy
weelRzwall=x Q'esM{
E&, D(t) wal te°i$ &*“j
E& ¢O-+SEX z,
t;T)(t T)dT
e AT T
P(t) P(t)
p [~e"{U N(t) »yO¢ T<O0&y ¢ T O0£tuz’q
Zy Z
N (t) = Goe Kt Tt T)dT+ Gie Kt Tt T)dT (8.72)
1 0
Z, Z
= Gy ae ©¥da+ G, ae *da (8.73)
t 0
Moza=t T q!:!8 h{H 1oxyOw/)zH 20xy w/)> b{b"qz
Z, Z,
ka ka
o) - N() Go t ae ““da+ G; . ae ““da
COP() Go_ k, G1 kt
—e "+ —1 e
k k
l1.e G
(Go Gl)(t+E)T+k721
= e K G, (8.74)
G G + —
G0 G-+
q-%pV'{\wqVz D(t) w-&Rw" xZ<weé“pK"{ Go=1;G1=2;k=1 g h§
Mean age D(t) for step input GO=1-G1=2, k=1
1.00
0.95
090}
a
0.85
0.80
0 2 4 6 8 10
t
$82 E&, D) w &“qA
- . 1 N
\w-4aR>_"quT"e“z EA, D(t) x D(0) = | T'°I$ty<c &"£ zfw™ t11
B p;T) wUtsz® e kK T) wirwatk” t T>0xt>0UGVXs"tmeoz T<OowbOuwMUO T t

WOU‘“GVXS”\q[«TMbn{
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p6|] D(1)= tim\quaT”{

x|

re TAD t'"°z] wD1=

WA, 00 —t00i” P(t) w!=xy/$xs0M U p6qpV”"Uz TAD x7'tZ2<>10
$tG\pV"e
HAgO2™i\RAehdO T<0gT Owli-sa

a,ul pt;T) tsz"°i$s &
E&, D() w® &“~ | 6 éwa

bs"jz gtT) t'lopAs«” P(t) tCQo°&ewHEIR~+Swi C2tp%Iit{O\qU
pVzy/$°iS PAgpx Q'esMif ¢$s°$% AU«p>we$tG\pV”{

8.7.7 \R~UrAClt‘”x~iE »"'I-:ni,,

\efpwrspxzURNA&¢ «p G(t) >Z\$t)Qh{ T IMwIT°pxzir awéb
;o< ~Ur%w DMSt‘“z\Ra qira xi“tAu oM”"{ [59, 43]
Wpxzfw7-gY=q oziwx~NY"Al¢g« ><Ob”e

G(t)= Go+ f (1), Go O 0 (8.75)

hi> f(t) xtirN&¢«pupK”{

\w xzirw eeUgso™ ..« 0RO—>!I"I["®L>z¢ UAt‘loBy h«cwpK“z
Go xZ®&2?2l"thx,AE %T'w°e O—>""z f (t) xzi€b” TAD aC¢A >& "o
iloxX” ®NY”"Al¢«O—>"b{ hUloz x6b;pzAU8SzthxNY Al «®
p> b ®TAY"»pK"{

mi“z\.ow°mw;60¢> TAD AC¢.Aq oEl="zfwaC¢AUZaT'® O—>!
Z'qq<tzi€h” TAD AC:.A gw EO$si“N;>éa0zx WLZNA «ptz«’
hNY"Ale«O—>1Z"00>RQ"{

/ (®)
T O Go [ oATAD ac.A | f(t) [i€ TAD aG.A
AO— Gy | 1 awTiPo 1 eb;~i"1s
$83 i“Au TAD aGC:.,Aw EOPAG{0AAC;AxZaeT'> O— Go >!Z7qqc«
tzx wZ—NA&g¢«p f(t) Uj€ TAD aGC¢A tLZ ezfw e U f(t) goo6O0—~
*{

X~NY"A]¢«<pW x|
xY6tSMo
G(t) G; f() f
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ab"qz)$§
G=f
UR“gm{
*hUlozx~NY"Al¢«UET’
G=Go+ G (8.76)
qs“z G
G=f=1°; (< 1) (8.77)
>
°Mz x0Oe"X
G Go
P = - = - 878
k (1 )k (8.78)
p)Q’""{
"hUlozAU8S UGVM,rz\RS'|UrwN&¢«puxyG zd»"i!"1"Y6UT
ghre"g G=ft] P wkp«Zx™\w4 —...>€°£
ON&¢«pg& Qow
SPAGtSMoz xYB6WO+"S'|N&¢«ux
Go GO
P =—; G=f = 8.79
@ Hk 1 (8.79)
pP)Q’'«"{ hUlozO-«" P >° tUX-mUEw<«qpxz
(2 )k =const: (8.80)
s’ Otzx~NY"Als«8S qure”A Kk>0z«$tDThey M{
\w xzNY"Al¢«AOUSM, r\R~iUrwN&;«pUyGbhb”°MpzOe«">M3b”
hStxir Sc<%1tyGrd”2AUK"\q>O oM”"{bs~jzSPAcpx
O+">aStyCrd”"\qsXz\Rqirws8:w">8S"
gMOa;uUD6qgs”{
“$ T _"qzx~NY"Al¢g«> %7-PAcw &1 x
1
= — 8.81
pP)Q ' «"{ hUlozN&¢«pUGVM, X="Xs“zZ w!=tOb” txd =N

"{\exzZ\R~UrN&¢«pwyGUzos " Gi"wyCpxsXz%w t3-iw!At0 °
oM”\g>™ b {
TAD wd° qt,nZyzuré”A k wyGxd°iwyVto “za"w\Rd°UqOwY6
t)yQ eél> S"{fwALz%xa"w ¥UEtAE "~e"\qsXzyhsZeO—t ta5
pVv"{
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\WUEw<«qpxz xz { P x!="sMUz xN&¢«p f xyGb”{bs~jz\.;0
0exzi">° t-jsU' %@ RUWO*8"“>8 =pV"{\exz»il«iO"¢zE ©
LZIT°TRAEsSrt0"o®"WAXxQ q®d°Ey SH>uUm oMSpV”\g>™ b"{

\wr tHQyz\.tSZ"AxQqxoti” P(t) > t-m\gpxsXzdeil g(t;T) >
&~tEy > Z"\qp<«<K"{%ai”>EmaC¢ApKloczyMRUUDOX:y ' oM”"Y6qz
OMNA&, «upRUUEY s ZOM”"YBQgpxz ¥l=ew tQe;0jE6—xGVXVYs"{

*hUlozSPAcgxz\.;1>®% >-jsU’'d°Ey > Z"i“Al TAD AaC¢ A%~
g0 Q"hSw7-pPAcpK"{>tzNY"Al¢s«AUES wyGqir S k wyGU&-~
tu*000uzaC A+ I>1 t-lhffz»"i}”1” Sq ¥& 6—>06S"\qUp
V' {\w:tzSPAcw\lulugT$™[UK"{ 19

Zi“z\0ag$»"i!"1"tSZ"®T+MozTelirb” K"Mx®Teiir ozT

cfloX" T qMOU"EMxXxzX.:20">¥YxtyCrd"\qsXz& Q6>6S"hSw"
$M3“tq ogrpV'{dNa&c«pul xzd°Ey S>6S"\qpzt xs ¥<tSZ”
Tmt s& >D6t oM”"{ [43, 59]

878 4+ G=ft] P wkp<z

x~iE »”'|':”‘|"'[SZ" TAD C2M Ux0 ¥,0—w"¢ o(T:T) = G(T); Goux (t;T)
O£>> "o
@(I'TF kg(tT); (T 1)
@9 1 [l ]
qs"{inA¢«"S |IN&¢ «p>
Z, Z,
N (t) := o(t; T)dT; f(t) = kg(t; T)dT = KN (t)
1 1

q[zO0O—xx~NY"Al¢«
G(t)= Go+ f (1)

tHOqgb"{

19 \\p\,"x~jE »"i!"1"xzlur~rgN&¢«pUbb;e4..56a00— ti"YwNY"AI L« W
7-PAgpK“z"; CqtSZ"Uwx~M3qgxa ~«"{hi 'z TAD wiE pxzO— G(t) >Z\"pxs
Xzi” Zt

P(t)= g(t;T)dT
1
+Z—Nay
(A3 Z,
f(t)= (tT)o(t;T)dT
1
W :q o
G(t)= ( P(t);f ()
qSX\gpzYwx~iE NY"Als;«qUwx~M3>%°w UpG\pV"{«Qyzx~jiE »"i! "1 x
G(t)= Go+ f (t) q{Z"°Mz"; CqwlOwx~M35x G(t)= G(P(t), GAP)< 0 g d"{ :urpwOut
Xt xMce<i® :>1=7d"¢ PAge<£b"Uz (ET) Uude* Q>EmOutxzZz—Nas«p' M

§qY6”' M3ExYs"™ HEmM{
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;'»TI«i»”T:”I”

gtT) w O

fwC2M Uwrx T

gs”{it N (t) x

s=hb{\\t

JEOb’q

>""{\ex°Sxe(iM UpK“zs8¢

Go K Go Go
N({)= ——— 1 @ty . _(t11 )=) P = ——
O=%@ ' ®© k@ )¢ ) =) k(1
as’ G G G
= = 0 k(1 )t 0 | - — 0
FO)= kN = 7 1 e Lot ) 9 f= g
pK"{"hUlo
— GO k(1 )t GO | — — GO
G(H) = 1 1 (i) =) = 1
>""{thz
6= 21 e ke o
tzog(tT) x
GET)= 1 e K Te M T (T oy
a Uw p)Q’«"{
YF=pS p(t;T)
YF=pS>
g(t;T)
tT):=
q [b"q
k1 e k@ )T gkt T)
as”{
xY6wa, il
a,>» a=t T qSXq
k1 e k@@ )t a) g ka
p(t,t a)_ 1 ek(l )t

tto°

(o]

gt;T)= G(T)e K¢ T
dNt—Gt KN (t
gt (t)= G(1) (t)

G(t): Go+ f (t): Ggo + kN (t)

d

GNM=Go k@ IN()

N(@©)=0 gb”qgrx
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pK"{
t!l1 qgb"q e k@ Ity g«

; . — ka
tIlllm p(t;t a)= ke
UU™Mw{ a O0t0oRgb"{ hUlo x&, ulx

P (a) = ke *@

pK"{

xY6w=S

d°+S DN(t)X Zt Zt

Dn () := t TDp;T)dT = ap(t;t a)da
1 0

q [rer{ <Ay z, 1
Dn(1)= ake da= =
0 k
qs”"{°MzZ—¢N&;«puEYF=puSx
oy KAGT)
pK'"T’z2Z—¢N&¢«uE+S D¢ () x
1
Df¢(1)=Dn(1)= K
qs”{
xY6woiAép”
«iniAéD"> z,
S(t) = p(t; T)logp(t; T)dT
1
p [b”{ xAvpx Z,
S(1)= ke @ log(ke *?)da
0
S(1)=1 logk
>
r
T x~NY"Al¢g«  G(t)= Go+ f (t) xzi” N(t) t0"0o¢ wx~vO>)Q"{ALqg 0

N(t) x°I ODE t az k(1 )w ® épp!l:$t xco) b"{
XUA ¢ «X s

N = 70

k@ )
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pK*“z XHA G «w+j> 1=(1 ) tyib"{

°Mpza,iiw x xY6px

P (a) = ke @

gs“z t' "sM{\exz xtO"q®x.WwHEIT "x«ap k wp>t“z6—
WYixXi"wp-"¢ctiZ®X\q>™ b"{
+Sx E&4 ts X

1

Dy (1)= Di(1)=

qs”"{ k UGVM,rs8U Xz E& U-~Xs"{
aiAéD”

S(1)=1 logk
x':iiwelniAéD"pK“zs8U M,riiiUsXsloaiAéD"Un"zqMO
Tu hr »)Q"{

8.7.9 <R2I«!"ANe "qITOo%i gew!A

S..pxz»il«i»”i}”1"> TAD t'“G\ zy/$s°iS bAcguUdoil g(t;T)
wiuéq o6qre"\q>O0 h{thz TAD wiE t'“zITot’ b"»il«iw
E&,.zUrN&¢«p w E&, gMIhzi"bAgpxiOretXMdelas [pV”\q
>~ Y h{

\W_Mxz»il«i»”i!"I"WA'tEtK”ITOYi g;TzgXt!"ANe"”
¢ autophagy £ w!ADG6Q>O&b"{I”ANe+" "xzIT°RU>0tlirb”a pxsXzyX
slhRiUz £ hRiUz%B hRiUzK"Mx;0&£ Mt Ih!¢"E&sr>-R$t ' m zi
r'zéco=b"a g ogrpV’{\w :T’_"qz!”ANe+""xzIT°RUwdul
t0b”6"$sAp~t"~60—a q o U=pV'DEQUK"{

7-$txzIT°RUwdOUI>

ot;T)
q z!"ANe""EQ> %T®$sirp>
auto (4, T)
g 0<Ob"\qpz0 ¥,0—w"¢ o(T;T)= G(T);Gpuk (, T) O0E£>> "o
QI = 1 eT)* o (ETIGYET)
W'Os'APAcU~"+"{\\pz base(; T) xéxwiir~1 ~E s8> 'z auto (6 T) X

AR "t A R$T > b{«Qyz
auo (GT) = A(t) (t T)
qSZyz A(t) xLnzpAeuzéFY6z3-/¢,;aY6srt' b”ITT.w!"ANe "
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Q> "z (t T) xd°&,t* "h=R > b{\wOuzyMRi,rt " *eebMgqMO4&
0 wWITARe "pAgU™ e

‘T z!"AN«""wSixzotyMRu>t"b"\qtqri’sM{\a%pxz $z!Qz
%BzaY¥Y=z mza!t"UlUrz6¢,0=qMlh vxw;6$Y65&0zIT°RUUrg"s
"{"hUloz%iY6>E !:q 0{0'“<z vXWE"AT's"E¢Aé&"«q 0o U=
b"MUxpupK”{

f\pzIT°RUWY6> VE"ABU

p " zeE"Atdeoul

>A“po”\g>RQ"{«QyzE"Ax
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w'OslITo%i ga t0 ~d"\qUpV"{
\wqVzE"A j T'wiz—N&g¢ «p>

i(ET)g (ET)

q [b"{\\pz i (6T) xE”A j t b"d°RiUUzosl Kh“tp"E”AT’'Z—"e"
App> b{\wZ—N&¢s«uwOjzE"A i e6 Ure”AU>

Ajj (t;T)
gb”{\wqgVzE"A i T'E"A i ew- N&¢«ux

Aj (ET) j(ET)g(ET)
P)Q =" {\\pz Aj (tT) xzE"A j T'Z—"<hRiweVE> S"- i :pK“z
0 Aj(tT) 1

sohbcwgb”"{thzE;A&"«°WE"A+w6 GUTZ—w°a@pK"\g>*bhSz

X
A (bT) 1
i=1
gb"{\wgVz'“w
X
1 Aij (t;T)
i=1

Xz2%ZewAEDOSUrzif«...z,3zK"Mx10O$tbAc="sMZae O "¢cewvZ> b{

Ziw [t “zaE”"A i wdeualiwcCc2M Uxz0 ¥, 0—w"¢ g (T;T)
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Gi(T);Gpuk (ET) O£w> weqz

6T x
G = @DET)+ A T) (TG ET)
j=1
q ~e"{\\pzH°0xE"A i T'"WiZ—N&¢«puzHEOXx E"AT E"A i w6
N&¢«pu> b{sSzx~- >i0%$tRQsMOutx Ai (;T)=0 gbey*'M{°MzE"A
i T'Z—"*hRiw°@U%°E"At6d0O"«"a > "hMOuUtxz Ai (T) >eb\g<p
v{
O«Ag Gr;Meyz
0 1 0 1
a(tT) Ga(t)
R(tT) Ga(t)
g(t:T)=% . ;GO = .
On (6 T) Gm (t)
g'0z0 ¥,0—x
g(T;T)= G(T)

g ~ezHIoC2M Ux

AED = M@ET)HSET)+ AGTIM (ET)a(ET)
q{Z"{\\pz
M(tT)=diag( 1(tT); 2(T)::5 m(ET))

pK“z A(;T) xRU Aj(tT) >Em- tGe»pK"{"hUloz

@(tT) _ . : :
o =fAET) 1gM(T)o(tT)

qtqS’"{

\w U=tSMoOAswxzO—I T xKXtpdedOgpK*“z T M2txN&g¢ «u>Eh
SM:pK"{°Mpz%iY6erg "S> bE"AM2txz $z8Y¥=z"mziirz6b;t0

b"N&¢«pU Ob”{bs~jz!"ANe""> % IT°Yi gxz

d°&dd¢ T >-E'h VYBEsAé& " «iw TAD

g ogrpVv’{
\WiE t‘“zeE"Awi”
Z,
Ni(t) = . g(tT)dT
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(t T)g(tT)dT
Di(t) = 12+
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TR IOk i(GT) ) ki (BT) ki (D) (8.150)
>> b"{bs~jzaAt TAD aC¢AwLZpS‘|nOpzu-"¢l!épxdel tx* °
sMUzE"A ik tx* “""<wqgb”{
\wqVz
fi() = i(Oni(t) (8.151)
Z,
o (tT) k(GT)o(ET)AT = i (1) k(t)ni(t) (8.152)
Z;
i(GET)g(tT)dT = i(t)ni(t) (8.153)
T1
pK“z”*'tz Z,
Bi(t) := GPUK (t: T)dT (8.154)
T1
gSXqzU (8.148) x
X
ni(t)= Gi(t)+ Bi(t) iMniM)+  Pii i (1) w®ne(t) fit) (8.155)

k

a{z"{
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fici (1) = i (D) = i (1) k()ni(t) (8.156)

g [b"{ ki(t) xzE”A Kk T'E"A i *wAU8SzK"MxLZNé "wOji 6 t/)
b” ® :pK”"{\wqVz

X X
fi(t) = _ Pij i (1) i(Oni(t) = A Pij fij (1)

i i
gs"{\wGO>;M"qzi"M Ux
X X
ni(t) = Gi(t)+ Bi(t) i(Mni(t)+  Puifii(t) Pij fiz (1) (8.157)
k i
a{z"{
8.10.1 ~°li7U€AuU
°fi” IwE"A i >BQ"{E"A i T'w ®LZNé"U7TUEE"A i 1ts-pp6 U
Ne"q> b"{bs"jz 1
Pii 1= P+« = > (8.158)
qb”{
\wqVzE"A i .wvOxzi€E"A i 1S i+1 T'w ®Né"t‘lo)Q’+"{b
sTjz
1
Pi 1i = Pis;i = > (8.159)
pK"{
“hUloze°li7UEAOwW® g oi"M U (8.157) x
1 1 1 1
ni(t) = Gi(t) + Bi(t) i(t)ni(t) + Efi i (t) + Efi+1 i (1) Efi;i 1(t) Efi;i +1 () (8.160)
gs"{\\pz°iisMbpAc¢cqg o0zE"A j T'(Ei€E"A«2TOi AU :UaeVEL"
"sMqg> b"{bs"jz
o)==t (8.161)
gb"{\wqVzE"A j T'(E+6 U7re” ®LZNE">
F):= jfit= ;) jtn() (8.162)
a{z"{
"hUloz
fi ni(t)=Fi 1(t); fisr;i () = Fisa (1) (8.163)
S
fii 2() = Fi(t); fii+1 (1) = Fi(t) (8.164)
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pK”{\e>U (8.160) tEOb"qz

B0= GO+ BB  (ONO+ SR O+ FFa® RO R
= Gi(t)+ Bi(t) i(t)ni(t)+ %fFHl (t) 2F(t)+ F 1(t)g: (8.165)

"hUloz°li7TUEsSMAUw«gpxzm,a04as3zi

Fiar (1) 2Fi()+ Fi (1) (8.166)
Uxptge”{\\pz&80O4&s3ziUu~;"oM”wxuSs ni fwcwpxsXz
Fi(t)=i(t) i(t)ni(t) (8.167)
p [re" ®LZNE"pK”{
Gi(t)+ Bi(t)
1R 1) 1Fia(t)
FFi(D) $Fi(h)
i1 [ i+1
$84 TAD aC;Aw° li7TUEAU{U!x® 1 pAsOwei ¢ tEow;0q U£> b
8.102 E .Av
" X q'z X=i X qSX{fthz
ni(t) " n(xt); i(t) " (xt); i) (xt); i) (), (8.168)
Gi(t)" G(xt); Bi(t) " B(x;t) (8.169)
q Gb"{
U (8.165) >1 ~ t pAlh pRQz twti€E"A.w ®Né” Fiw;0g aU 1s

I\"qu-"a&ei-b"qz

ni(t+ 1 nit)

1R () 2R+ Fi 4(t)

=GO+ Bi() OO+ 5 . (8.170)
pK"{
SR ,
_ ( x)
D= 2t (8.171)
><«Ob”"qz
1Fia 2R+ F 1 ( X)2 Fivi 2FR+F 1
2 t T2t ( x)2
@ ..
! D@F(x,t) (8.172)
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gs”"{\\p
F(x;t) = (xt) (x;t)n(x;t) (8.173)
pK"{
“hUlozE .Avpx
@n(X't): Dgf xt) (xxtn(xt)g  (xxt)n(xt)+ G(x;t) + B(x;t) (8.174)
@t @z ’ ’ ' ’ ’ ' ’ '
>
U (8.174) xz°lisM TAD AUT'"’«"zi"0 n(x;t) t0b”°"$sS { um UpK
"A\wUpxzi 0o0oxpuS n waOdaszipxsXz ®@Né”
F(x;t) = (xt) (xt)n(x;t) (8.175)

wa0a32iq oqe"{ " hUlozi $s!=>8 b"wxzuSiifwcwpxsXzi

Au : zAtLZp zS'|uS nwut‘lo £ ®Né"w2?2pK”{
\\pz ®N ¢~ F(x;t) >;Mozi Na¢«p>
1Y = (C N @, . : :
J(x;t) = D@XF(X,I)— D@xf (x;t) (x;t)n(x;t)g (8.176)
q [b"qz
D@F(X't): —@J(X't) (8.177)
@z @x '
pK*"T'z
—@n(X't)+ @J(X't): ;on(x;t)+ G(x;t) + B(x;t) (8.178)
@t @x ' ’ ’ ' '
q{z"{>t 0;G 0O;B 0¢n0s zZ\O—s £s'z

@ . @, .=
@tn(x,t)+ @)g(x,t)—o

gs"wpz nx- ¢E wUEtHO- "q or pV”"{

8.10.3 n04°¢ G= n £My<tSZ” n(xt) we"

S..pxgY$sAvqg oz

" lg« VZ s e B(x;t) O
" AtLZpx :e (x;t) 0
" AtnOpx :e (x;t) 0

s e (xt) 1

gb”"gz (8.174) x
@ @

@tn(x;t)= D oan(x;t) on(x;t) + G(x;t) (8.179)
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NMtzn04”
G(x;t) = on(x;t) (8.180)
>> b"qz "2 AtS oxithez
@@p(x;t): D og;n(x;t) (8.181)
>""{bs”jS> w«qpxz n(x;t) wi I=xzAt$snop 0o pXsXzLZp o t'l
0§ "e7{
\\p (8.180) xz ¢> 0 w«qp
ity = oY (8.182)
g% <pK"{"hUloz (8.181) x
@ 0o @
—n(x;t) = D———=G(x;t 8.183
on(at) = D=2 2G(xt) (8.183)
aq{z"{
Hlozn04 "UEw<«qpxz n(x;t) wi 1=x0"0— G(x;t) wi 2?2z>tfwESe.
CApEtilo>t"{>tzl t>{ “hgvwi Y G(x;t) t aoziw*Os” =U""
*"{
Type 1: i- ¢uSi ElzveA £
G(x;t) = C(t) (8.184)
bs~jo"O—Ui °7pK”Ouz
@iy~ . @
@XG(X,I)—O, @G(x,t)—o

pK"{
\wqVzN&ag¢«p

@

@ 0
J(x;t)= D o—=n(xt)= D——=0G(x;t)=0 8.185
(1) 0@ ) R (8.185)
pK“zih (8.183) ‘*
—@n(X't):O
@t
pK"{"hUlozuSxl E£!pK“zTmvex O sM{
Type 2: xv>ebiyV ¢uSI Elzvex® £
G(x;t) = a(t)x + b(t); a(t) 60 (8.186)

*22 G(x;t) U%wnO> it¢ji$tE4A"b"{ oipwidM>b"qRQey M{
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wOu>RQ " {\wqV

g;G(x;t)-O
pK”"T'z (8.183) ‘* o
@P(x;t):o
UHO({
°Mz
@@XG(x;t): a(t)
xi $t° pK”{n04"UE n=G=g>;M"qz
n(xt) = G(x;t)
pK"T'zN&¢ «ux
J(x;t) = D—ga(t) (8.187)

~n

gs“zi °7s xvgq o O ""{bs”jzuSxl A!pK"Uzvex, 6 éqxv’' sM{
Type 3: uS!'=>PO°" ¢! ~ UL
G(x;t) Ut psMOuUtxz° t
@

@rC(i1 80

pK”"{*hUlo (8.183) t“z
@ .
@P(x,t)eo

gs’{\wOuzuSxl C2zi $s! thx aU\a"{l C2wAt$synxz Gw
ApwOgqGVAtilo>t"{

Zi**zn04" (8.180) wegpxz G(x;t) wi 22Uz n(x;t) wi l=w Aq7U>i"b
"> Ya qs{
»1%$r q ;D6Q

[Gw”™ =xzn04""ehi TAD %tSMoz0 O— G(x;t) wi 2?2>f-b"\qpz
usSul n(xt) gqRN&¢«p J(Xt) >M3pV'\ig>O oM”{\\p G(x;t)= on(x;t) xzos
"Z\O —pxsXzAt$sn0>4" " sU'tIwpSO>iEb"hSwMEO—q or pV"{

stz G(X;t) Ul °7pKeyzpuS™ «N&¢«pclacz%xi-Y6>-m{°Mz G(x;t)
t¢ ~>)Q"qzuSxl !="sMftzi °7s xv>\RpV"{\exz%wi”i
[>I ~d”\qsXz° M2w QiZ>iEb"M&Et0 b”"{"'tz G(x;t) Ute si

Y>EmOutxzfwApt aopSwAt$synU\a’hSziiwBuz!,z 0zK”"M
xAt$s! >f-pVv”{

\w :T’_"qzSbAg¢gxzos”!,M Uw6r tqrt’czi tl>«m3uAUt0
b"M3jgq ow™ HEm{hqQyz=9S Oza~0i 0zO«~UVE A& "«z +~
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coUlz@CrgtSZ"AQiisrtSMozAt$sn0e«...>4" sU ztlwveeuS
Ui>igb”f-8Jg or pVvV”{
st Type 2 we¢ O —xzuSs>i Elt-jsU’ xvs>\% :pOApK”"{\exzv.—1
tSZ"tyVs$s xvez?2>sitSZ"° 2+ t'” x2vt A hi sEm{ TAD
w °pxz\\pwae " —x—e?2efwcwpxsXzn04"2+h0 O— G(x;t) wi — g
0 *"{"hUlozZ\O—wi ">f-b"\qpzuS>-lhttve>\Rb"qgMOMS3
$r UDOts"{
thz Type3 wi¢ O—xzi tul>™$$t! ~d”"hSwM3t0 b”{ G(x;t) wApuUY
W—=pxpSUYC zUwW—=-pxpSUn—Db”"hSzO0— Ywf-t'“zBu—-=z1,--2
U—=>2“0Z"\qUpV"{\w'OsQixzS Owi»”"i Rz¢o UzG4vE: "z
BCrg%tSZ"«™M~EQwi MEsrew :D6Q>0&b"{
Zi**zn04"UE<w°iisMpPAcxz0O— G(x;t) wi 2?>&ao0z
i-Y6wiEz
HS>!'QsM xvw\Rz

uSuiwAt$s! « 0z

>w°$tG\b”"7-bPAcqg sd"{\exz TAD t*”i 'AUz!,qAwG\iZpsXzd
SEmMiUiOwMS~f-gae«!A""\g>0 oM {

\w'Otzn04"UE<pxz G(x;t) x0s"\RopxsXzuSOqNa¢s«ud>%IitMsb
"f-1:q 0;0b"{>tz G wexAtuS>z G weletix xN&8¢«pu>z G wET.u
XuS!=>F b"{\w~UT xzi TAD %tSZ"0—f-w,S5jg>)Q"«wpK*“z

™z U~0v~¢0 U~@BCrgsrw ;—=t2%pV"'DOQUK"{

8.104 Roeéx!, w TAD $r qYx!,ew!A

S..wcZxzeéx! > TAD w> -"pg 06r b"t:>)Q"{°lisMAUwWE .A

vpxzi”O n(x;t) x°-t

@ .- @ Y (ye : rly- : .
@P(X’t)_ D@f (x;t) (xt)n(x;t)g  (xt)n(xt) + G(x;t) + B(x;t) (8.188)
tHO{\\pzi Uu>rOwxpus n(x;t) fw«wpxsXz
F(x;t) = (xt) (xt)n(x;t) (8.189)
p™e” ®Né”"pK"{bs~jz TAD wi !ApxzuS™ pxsXz ®Né"wi Ap

UpS!=>a b"{
éxw!, M Uxz\w°> wOjzs ipAtLZpUi $t°7sOuq 0"'«"{bs
“iz
xt) L (xt) o (8.190)
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g z™'t =0zG=0zB =0 gbeyz

@ @

—n(x;t)= D g—=n(x;t

gnD =D ogan(at)
gs”"{ " hUloz

De :D 0

>T®!, :qSZyz\exHRwex! M U

@ @

—n(x;t) = De —n(x;t

gl = De gan(xt)
t°eb”{
\wirxzHR°mw :q o{"soVh!, :weal >10b"{\\pz D x~
UASt Rb"El=p-"¢z o XAt TAD AC¢AT'RUULZ *"ASpK“z E:y

> $"{bs”jzHRw!, :xzi $s6 Gpu-"¢zAt$s:yl p-"¢>0"dhE
t="q ogrpV”{

\w3ppxzai :x0s"2?271$+"pxsXzAt$s TAD aC¢Aq or ~e"{oa
C¢AtOIhRiixz° wLZp o PZ+*Z"{ hUlozd°4&,
a=t T

>;M7qz0 b"LZuS¢YF=d°uS£Ex
p(a) = oexp( oa)

pK”{\ex!: w:yl GiipK“zLZa UYba@eéupK”"\g>™ b"{

“hUlozéx!, xzAt TAD aC¢A°ow:yl GiU!: pK“zTms ipk"Outz
i"O n(x;t) w'p ahM Uqg o™’ «"{tM6Qeyzeéx!,xd°l >EhsMa sw
pxsXzdel U!: wYbaeeépotV@ oM”hSzi"M Ug o ao_Q”"> -"q
pK"{

°Mzqgiw UqgAtxzéx! pxGutG\pVsMYx! U¢gX 'e"{hqQyz i
ow9i UzA&:O> % fow{ !,z &uYUiedl aw ezITow v ¥t

SZ” Usrpxz{ *RUUAt—=tOX1«rezi $seU“Uex! ‘“«—Xs"\q

UK"{\w'OsgApxzAt TAD aC¢AT'wLZa UYbeaeeéupK’gxv'sM{
TAD w :T'_"qzeéx!,qYx! w8MxzAtaCs;AtSZ"LZp wdoa,"
g'o Q"\qUpV"{ex|,pxzLZpxd°a, a=t T t"dcz
@= o
pK”{\whSzAt:yl uix!: qs“zi”0 nix;t) w'p ah!,M UOU~"+"{
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"nZ'soVh{>tt ¢w-—ftSMoxz{ "soEc¢2"uSsrwi $x St b”
—pliiw,'y“q ooiAéb”U [rezfwl C2U & s0M"{

°MzSea& p<O’h Time Allocation Dynamics ¢ TAD £pxz VY 6x

a(t;T)

gqMOzqOl ttSz”a"d° T ewiiig o g {\wqVxputcOre"aiAébD”
xzi $ulpxsXza~d°M2t lhiiwy ' mV> ""qs”{

S...pxz\w TAD t,nXoiAéb"“&>z7 wiugtSZ"oiAéb""eq0z mmz
t Ui“t€ D6s'A tK"qMO>t> Ob"{

8.11.1 | $ciAéD"ql doniAéD”
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148



8.11. TAD tSZ"uiAéD""a&q7 GgTqw t b">t$Ro

> "=b"2pK”"qr pV"{
\st0 0 TAD tSMoxzY6X®MmM\RA«hT qMOd® T tlolr~e"{"hUl
0 TAD t,nXoiAéD"xzqOwY6Ure,r 7sa"d°w Ut‘'lolR"«oM”"T>
“hbrpK“zl doM2wiiw,’y“> "lag or pV”{
\w'OtzHRwoiAéD Ui $ulwy'mV>"gb”wt0 z TAD oiAéb”xl
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b { z,
N()= Goexp -2 e® T 1 dT (9.20)
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0 b TAD bAgwf »

ST = Oe(tT)
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- SB] T]_:O
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Zt
g(t; T) = Goexp 0e 8 Nds =Ggexp 2 et T 1
T
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Zt Zt
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gs”{ "zM=n SYa)= (a)S(a) >;Mh{thz E&,U vséxwt %>RQz aou q°
oz¥,UE aS(a)! 0, S(a)! 0!l ) >> “h{
thz\ zw E&, ain xz!:186
x= Ze?; a:EIog x
0
>ees0O\qt'“z
Z
Loex X
Z, Z, —Ilog — dx
_ a 0 _a 1 ,= X 0
ain = ap(a)da= exp — e 1 da= — (9.32)
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1 0=
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Figure 2: TAD internal state and output

—e— TAD output §(t) —- 1.0
Internal stock n(t)
44 G(t)
0.8
3]
0.6
0.4
14 r0.2
] r\\‘\\\ "
ll) E") 1‘0 1‘5 Zb 2‘5
Day
$113 O—G(T) g TAD * Z— Y(t)z%@pAc« At) wOV{V{
1154 ALwRo
Sf pxzH 4?2U G(T)=0 pK"hSz' °Aa w Ix q oH 3?2fpwO—w'®¢—
OLEL “> ne”{ Adstock xo0°!:§”Ec¢ 11.26£t'“® 17G~0Dn0 w ts>>
b"hSz— D"«>PO Y> q tXM{°M TAD x8"E¢ Y>JEt* pVz— b~
«eyM ®>A"»T % pV’hSz -™w i* > “xut6qpV”{
hi>zS..wadRA”»xb twl I wUAt :>p0o0S“zA"1"z0e~ezelz
50Qz10©sWZ\A%>GA oM"{HI0zTA"»&;tSMoXxZ\A%wO¢O"pa i
Ri*Z!"WACEez rolling *At*?$HQUAU ™w]Jgs”{
11.6 TAD bPA¢Oz ¢> ~U0~7 gaeqw0z~ *QEf
o _z° 2 >¢ ; ; ;G (ET)E@B) Uosg ¢y (4) 7 geeqwo0z (5) TAD w «Q
£
TAD ¢ ®Lw 07¥,0—w" Z@>%° A« MMM —Adstock x | d° g(t;T) >U€ED?
°> ¢Ngp ¢g(T;T) = ="|"ke¢ £gx |> ©~ :w> =PMmMwZ@U®M
O¢«E G(T); Gouk (tT) OF unoe¢ £50m - hTST $tarD
90 (T 6
ZETNg f ()=
t
(tT) (T)o(tT)dT
j x> gb" tT)= ()] &al w pno LTI zApA¢«© h( )=
~© tT)= ()l ustrigeti we'= R() ( )exp
tT)= ()l =t T o+ )
f=h Gt<£
404aupq74 F(s)= H(s)G(s) | P~ “xpi p HRxs<t‘"Za Awi T°08 ROI
<¢ ROILTV £ |f(1)=lim g« osF(s)¢t |ut!s|O8®L t >rs$t°AD6
UE<E xAl p>
¢l « XE

224



11.6. TAD pPAg0z ¢> ~U0~7 geeqw0z~ *QEf

aQ _z ) > (3) Uosg @) 0z (5) TAD w +Q
aj Adstock w () ol () | ° &"Ap k-~ 1 Adstock PAg 0C kEQ ¢xun
6q¢!:OF 1] G(T) Go n0b"7-pAg >KU6q 0£>im% D6
WVEZApA, (a) = o l¢ > 14 —:we®LUOSt l:opx q Es f(1)=Go»>iE'm
«Céi-A” 0] 1 " b O0G1®eL m|O80OA&TA®L>
cE xut q
dYTIA" ®L K@ =_(a)S(a)| yMz@,r/)U s<pAgpxd°U HE /)>ur’|
¢do/)wire f(t)= K(a)G(t a)da nNo |D”«s" Byne” ORIO”IWYR~2

<HE" x=>D1l=
¢ RO3¢| G(t)= | O8pxyuu® &gS$t Nev¢ Jlim %: S@1) >
xT £ Nt)=G f L| t) ROwtiU E <Z'|IRO” >gee

S(1)>0 >
¢ ®Lw§u ¢ do RlGlf ot . dOwe.RS8uU Adstock spxn0o® |MIK = 0+0 - =
t Mk = To - ®L> " Lx{oU|d°+ oS 1z e
S~oiAéD"qw ®Ls>doi T
L x1O"etXM weStr
6: .wi“n f(t)= - m mOmdT+ | . wyi~eU MMM w})oxd®° dowifn;
TC3ET T — x £ " >10$tum i >EhsM sUm* "% 0
0E mn mn Omn dT WAS>2]
mén 7
A «te N(t)= g(tT)dT = dOU°gxetsu” HRPAgpx £ ®.uaCq wEUI
"k®LEwD? X G(t a)S(a) o] Tgqg<t” 6s®e0VY6 >10="]— ®L
= a ¥ kAe” »U€ D6
§"Ec* ¢t lr(nirz)/\ vy Gt | © YA »T Adstock x!: tM  PT«~yE~6vV
i&YAa«£ a)K(;) 2, a( 2 y2 JEt%o y Y>A"»T'6q
D6

225




226

H12 - &Agaeew ;

12.1 TAD t'"¢S " fwe =q Solow PAcwA

S ...pxz TAD ¢ Time Allocation Dynamics £EwiE">;Moz¢ SeubA¢>6 U="z2j$

s Solow PAcUfw> sOuq oxput +"\qzS*| TAD t‘losSoG\D6qgs”
i $1A>10b"{
1211 | Sf
I T tcOnreh¢SdoUzI t tSMo-Eb"A«>
ot T)

q [b"{¢SxZ<w>A¥t'lol=b"q> b”e

—CTHEt"ANEC kB tT)
XUnad~ax=e tT)

" yFdewO vOe o(T;T)= G(T)

- )’IFd(;WiO_V(")' Gpuk (t;T)

\wgVz TAD w,SM Ux

2aET) = (ETAET)  ETIGET)* G (5T) (121)
PO+
\WWpOAswxz “Zt/)b"—;¢ ExzA«wn—q 0z2cq-$tSéNe"¢ " kNe"E
qgMO:pK"{
1212 “zZw [

¢Sw—;t'lo\a”£"TuNé”>
f(ET)= (tT)atT)

q [b"{*"tzMS~U[+j~A".%sr>3qSh!d : (;T) »<O z ne""Z
> Ti= 1 ¢Gil w&a h xY6>U€{0hSz T,= 1 >>:£q 0z



12.1. TAD t'"¢ 8" fw° =q SOLOW pAcwA

Zt
f(t)= (tT) (ET)otT)dT (12.2)
1
g [b"{\w [t'“z
TY6!lie g(tT)
To-ie (8T)
~ ACAe  (ET)
Ul-timnre{
1213 i¢SgByM U
T¢S"> z,

K(t) = o(t; T)dT
1

q [b"{b"q&d OC¢A '~

Zi Z, Z,
K(t) = g(t;t) + @g(t;T)dT: G(t) + Gpuk (tT)dT ( + )ET)ot;T)dT (12.3)
1 1
>""{\wUx TAD wq-AsUqgsApK {\\pid¢>
Zt

(1) = G(t) + Gpulk (;T)dT
1
gS X{
12.1.4 Solow PAcwA

Solow PA¢t0 b"Z<w>

€T+ 7= (:) (12.4)
(t;T): (125)

»"Xqz (12.3) x
Zt
K(t) = G(t) + I (1) gt;T)dT = G(t) + I(t) K (t)
1
gs“z Solow ¢SsuM Ux TAD w> sOuq o«Te"{
12.15 xd¢<tSZrdol

Z<pxz TAD USolow>0Qo0)Q"@C>i0b"hSz0™ xd¢<tSZ"d°i >RQ"{

227



12.1. TAD t'"¢ 8" fw° =q SOLOW pAcwA

>
G(T)= I (12.6)
Gpuk (tT) O (12.7)
T+ (tT)= (12.8)
(tT)= (a); a=t T (12.9)
(t; T) = (1210)
\exz¢Sdowinap (tT)+ (ET)= UMS$~U[$tt)pK”’g> "mmzfw?®
g oz Zt8="e"—:p (tT)= (a) wad ,M2w GUD!pK”"Y »>Y "oM"{«Q

yzZ<w'OsY pK”{

f<WOUgSH#HECAx=E£x%aiUzTt% ew2W —™_W zTtpwd, 6 OéNe. ¢cU
YSH

%oanAp«z —-10A\%n"“M g —"ectae”*"n"“M wzp>!Q”
\wqVz (a) w!=xzTF» Ui-*a;i w§M> " zi#Ex.x!="sM{
der
\e’w> weqzU (12.1) tsz” gt T) we'rx
gt T)=lee ¢ T

gs”"{Hloz a=t T wl:lot'“zZ<U " «"{

Z, Z, |
K (t) = g(t; T)dT = loe @ da= 2=K
1 0
bs“jz K() x xY6 K qgs”{ *!
“zZw° U
"Zw xY6tmMo<% 7tz (12.2)t] a=t T w!:l6t*"
Z, Z,
f (t)= (a)loe 2 da= 1 (a)e 2 da=f (12.11)
0 0
gs“z f (1) x xY6 f qgs”{
\\pz (a) gb’"qz
Z,
— a _ IO
f = 19 e ? da= = K
0
1 yona w<z> vw T g"MhOup«
z, z, " o
K (t) = g(t;T)dT = lpe ¢ MdT= 21 e ¢ Ty 2=k (t11 )
T1 T1

gqs“z%aAlLqs"\quUlUT"{
228



12.1. TAD t'"¢ 8" fw° =q SOLOW pAcwA

gqMO Solow w UR*“gm\qUiT"{

YyhsE «¢S"U%ap<ZxYs“O”
(1211) g K =1lg= T'z°Z+jto*¢SKh*w Z£x

Zl
= (@) e 2 da

f
K 0
gs"{ hUloz
®%°w¢S” K >EloMo<zTH1 ¢doi £ (@) UYsey " Z+jxYs"™

\ex Solow PAcpx qpVsM®LpK"{

1216 xd¢<tSZ""Z+SqniAép”
S..pxz2..w® xd¢<tSz dol "w?
9(T;T)=G(T)= lo GT)+ (£T)=; tT)= (a);a=t T, (tT)=
weqpza,litcgnX xY6tSZ"®'y¢S+S¢d°+SM " Z+S¢Z—+S£q®’

y¢eSoiAébD" H><«Ob"{

'y¢S+S¢d°+S£q Z+S¢Z—+SE
a=t T t0O o
o(t;T)= g(a) = lee ®

PK"Wpz'y¢S+£S¢doxSE D, x
Z1 Zl
ag(a)da Ig ae ?da 1
D, = 24 = 2 == (12.12)
g(a)da lo e ?da
0 0
gs"{°Mz"Z+S¢Z—+SE D; x
Zl Zl
a (a)g(a)da a (a)e 2da
D = 24 = 2, (12.13)

(a)g(a)da (a)e 2 da
0

gs‘z (@) U & - ",r Di x-AXs“O"\qUuT"{
>t (@)= wqVx z,
a
ae %da 1
Df = —2——=D ==~
e 2da
0
qs“zOMWESxXx°e 2 + = wl p-"¢wo:qs”\qUiT"{

229



12.1. TAD t'"¢ 8" fw° =q SOLOW pAcwA

'y SoiAép”
'v¢S gt;T)=g(a) t0oz'ye SusS r(a x
r@= 2.5~ a (12.14)
g(a)da
0
] Ry
gMO!l:ilgs”{puz o M@da=1 gs"wpz\sxF ' =pSpK”"{
Hloz'y¢SaiAéb” S >
Z, Z, Z,
S = r(a)logr(a)da= e ?log(e ?)da= e 2 (log a)da
o 5 20 0
1 1 1
=  log e ®da+ 2 ae ®da=1+log -~ =1+log D, (12.15)
0 0
q [pv'{ *?
\exzdO¢SUbYt—;"ec:y oM"¢'ysSUYyM? D, UGVMEqz'yeSwii

UsUlhe 7QUGV ML S  UGVMEY gs“zotdO¢,SUbYt—;2e0M"¢’y¢ S
Uy M: D} U-"M£qz’'y¢SwiliUES="ht 7QU-~M? S U-"MEY gs”\q
>™Th " {\\pwoiAéD"xz4a iweU“> b Yiaq o;Mz@C"gMO “iil

w,'y“wiadqg or b"{

1217 A« TAD t"¢S " Twi $6 U=

S ...pxz TAD ¢ Time Allocation Dynamics EwTE">;Moz¢ SeubAg>d°l tcgnM
06 U="z2j$s Solow PAcUfw> sOuqg oxpt t«”\g>O0 h{indpuU°
pPK"gMO> wcqpxzi¢gS7ei“Zx x<t) "zHRPAGq% °wWBy$«"UBQ"
<"

°Mpz TAD pxz¢eSUBMMAONezMm—;2«"T gMO&, M2wi >i0$t{O\q
UpV " {fWALZ¢S"U%°pKloczT3l ¢—;w» Ui-e GEUYSeyz Z+]j
«"Z>r0¢Swa,IRxYs*“0"\qUI'Tgslh{\exzi"w" >Y6!:gb”"HRw
¢SeubAgpx Q"\qwpVsM®LpK”"{

Atz xY61SZ7doUitcqnVz'ye S« Zt0 0®+S S |®aiAéb" g
MO!2>¢<O h{\et'*z¢;SU MY6pBa$t—;"eoM"WTZK"MxyM¢ SUODX
'y'oM"wTgMIhoael wgM>z Q$TmDI$t°ApV”"'Ots”{

Zi**z TAD x Solow PA¢cqTu$pK“sU’z¢SeSf®Lwd®l >10$t{O\qpz
"Z~D:~pt®L>T $t6r b"TE"> ™Mp {\exzU«E&AtSZ"Y6' Q+S
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12.2. &ATtSZ"8YiA" " ®Lg¢ RO3z8u t :

12.2 &AftSZ”’8YiA” ®Lg¢ RO3z8u t

12.2.1 &ATtSZ"6YiA" ®L

eSwul «dO  G(T)=1g (T To) tOb"¢S+"TutZae88 h+"Iput f(t) x
Zt
f(t)= (tET)o(t;T)dT
Zot Z,
= (t;T)lo (T To)exp (;T)+ (u;T) du dT
0 T
Zt
=1lg (t;To)exp (u;To)+ (u;Tg) du (12.16)
To
ZAXH ‘g% a”et'loz,;Sd<tOb”dYiA” ®LU-Y"e"{bs"jzl Ty t
SZ"oepl «dOt”;586 f(t) x—e0D"«>4QzfwD”«+"qo"U T, t° b
SYTA" ®LUQg*"{\ex&g px "eoM”cww?aj Solow PAcpx<ZpVsMAL
pK”{ [44,99]

12.22 &AftSz"¢ RO3

R 3 §
a=t Tqz , (a+ (8 d<l >>b"qzH -w¢ RO3U¢Sd<w °pfwi
16qre"{bs”jz Z.,
S(a) uexp (W+ (u) du
0

gb"qz xd¢ lo wegp

im 95 2 51y (12.17)

1 E_ ( )0 .

s’ {\*x1¢$tx®Z@88"ct¥%"¢ S U¢ RO Z"\g>™ b"{U«é&AW
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1223 iiguO—t0b”8u tw&A%-w ;
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W ™Mz®;zCCAcsrwZ—e<A“po’+”{
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"hUloz& A%tSZ"8u t :x

econ _ 0
cum
ot o

g{Z"{\*xz0*dOU*Rt"hloreiZwd% " Z>\% T> b "pK”{
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Prtoel w sF"="|+S¢ E& yM¢cSU:y ™ alpld,TRwz = |%a K w<pw
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t'“ S(1)>0 Sc¢i¢g«é-£U ¢ ROE t'“f®pweu>
° T putiu =] ~3~ M
“O” sw ™>Ue€\,’

"
.

¢l « X£

234




12.3.

TAD bAg0z ¢> ~U0d~7 geeqwOz~ *QE£

Q _z° 2) > (3) Uosg (4) oz (5) TAD w «Q
gub:¢ il G(M)= G (T To)| ® wacdou- exwb:xl:z g-Tu$t®ea®p
cudOweRi xUcp RtreiZz®X f = Ge.y8a —;- E#Ec¢z
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H13 - xut PAg (LLM:Transformer)  sw ;

xut PAc¢ LLM £w Transformer tSZ”2A73471;1xz1%»A"«i>O0—q 0!Z

“z:i°2p °q> R hipilA"«i' »Z—b"{\wOZ—1T xz TAD U{O0O—)
su ) Z—wiE q;08t"A oM"{ [104] S-pxzzAiz&i;iwt QS'|-%®pz
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13.1 TAD t,nXYba gUw U=¢,ST £

S.pxz 1 t 5701 pxsXqOwA”"«is"q or b"{ad°A”«iwdO—I
T xfwA «iwe” TAg«ut0 “z)i g =t T >zfwA"«iUqO«"T'rei
Za"tKk”’T>"bVA$s&al q"sb{ hUlozhkxil t0"0E $t a&b”wp
XSXZYFA"«iUO—Ae"h|todOA"«iwa, a UyC'zfet a0G18§S 9(t; Ti)
Unob”{

WpxZiw,S$sRQMtHMz TAD PA¢> ;"o0zt PAgtSZ"d°A"«iw®
®G17> gb"TES>T™b " {m,$sA”«iO—>I T, t1Z “zfws88§S>0 ¥
.O0—q’0

g(Ti; Ti) = G(Ty)

q b{\+t0 0z TAD w¥% AU«puUxiw‘Ots”{ *1
' Ti
—@%t') = (GT)tT) (13.1)

Wp  t xm,$sA”«ie”> " bhSziUxkpusl sigMO ' “«zA"«iI\RuA¢ O
JawEy >E AvpUA h qqg~sb{

th g(tTi) xzl t tSZ"doA"«i T w® ®G18S > b{S-wqlpxzéexw
Attention U®fwli:pw 0z¢i $O£5)Q"wt0 z TAD Ux®I1 M2trwd©>r
eiZ\ ~d"T¢l $- £5> ;1qg 0iO=b"{bs"jz Attention >"86b”wpxs

Xz Attention U€°b”©4BuUwW\RQiE>"$tM3b”Uq 0+"nZ"{

1 m,$txzA"«iI\RpuA ¢ O t! t+1 tSMo
gt+1;Ti)= gt Ti)exp  (5Ty)

w OtEy~re"qr pV”{
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13.1. TAD t,nXYbeae gUw U=¢,ST £

13.1.1 nOpwl ¢xpun0 €°4YE

nop (tTi) xzO—T'w&al t*"xunO0RUqzU2wE€°¢«™EtcqnX E4YR
l'jT!-l-RA.”(qu”{

(Ti) = min +maxfo; ot Ti) (1 ) amn (5 Ti)g; 2 [0; 1]; min > 0 (13.2)

T oot Ti)egOAT«ie” t T'_ha " A’«igw'm (t T) t b"xpn0oo{\w
‘mxil pxsXz%»°tSZ"A"«i wi0$+")> b{
attn (GTi)«U2wZAi341/)St,nX4Yo{

U(13.2) xz€°resMdOoxxutn0 z€°>«~ " hd°x °TOApK”"q* ~«"hS
-E8 U |"zqMO;1>"gb"{fhz Xxxun0g E4Ywrj'>0tb"T>Z\$t
YQ"E I"T&aY"»pK”{

\wi t'“zSpPAc¢tSZ"hkxTl w&at‘lola”wpxsXzyhsA"«i®O—t

"o°w2 tPlo aeb”{

1312 t QqGUUE¢Av-Eww-£

t QwhSz (Ti) O0>-hb‘OtiR z~'ti>»> b"{

Zl
o(@da=1; atn (i) x1 Epi,>em{ (13.3)
0
CQO0zZ min>05><Ob"\qpz (tTi) UO tA“CX\g>w-b"{\wqVzGuUEqQ o
Zl
(s;Tj)ds=1
Ti
URq z0—%»U vpyFA«iwO—U -b"0uzS -wiE px 1 t xfeZli
@ sMhSzd°A”«iwi, t T { ""{\wqVzG18§S g(t; Ti) xfwl:w<pZA
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°MzO—%»U"' b"Outxzad°A”«iwd,UyCb"tmes0/)Un0 zALQ o
dox"$tTgne"{

bs~jzSPAc¢tSZ"hkxil w&at‘lo\a”wpxsXzyFA"«iO—t'" ©

w2 tPlo aeb"{

13.1.3 zAi3ai4Yow [¢O"q ow<O£E
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132. F'=q©4Buw- ¢ TAD ®"AE

tczi ttSZ"«oae ¢ gqd°A’«i Ti t0 b"©” kr, t*“z2jw Attention O ">
kT,
exp dj
w(t;T) = K (13.4)
P G |(‘|'J
Tyt ©XP 49?
P
q [b"{\wqgV W Ti)=1 TmO w(tTi) 1 UR“gm{
\wO">; Moz
atn (GTi) = w (4 T)); 0 (13.5)
q S"{\et'“z«™p§XE€°NehdO,r (tTi) Uy<'z-E8 U |"{\\p w(t; T;)
X ,pK”hSz atn Wkg>wWmmz€°e ) Ew%lL$s€ ><«OpV”{

13.2 F'=q©4Buw- ¢ TAD ®"AE

U@31)we'rxz t T t0Oolw 'Ot "e"{

Z
g(t; Ti) = G(Ti) exp t (s;Ti)ds (13.6)

Ti
\Vex A"« 1O —1 Ti tSMo o(Ti;Ti)) = G(Tj) T'ef“zfw™xn0p (s;Ti) tHlo}
:$tn—Db”{
WWpz ®G1>F " =b"\qpz-p$s®\V'“O" p(t;Ti) > [b"{

a(t; T)

Pt Ti) = 1 otT)

(13.7)

\ex softmax t"AwYF=pK”"Uz% ZU«put Rb":UVs"{

N«

S.wr pxz | t xqOwWA”«ie”> bhSzyFO—U -"hOutx t «fe
i edcz pt;Ti) <fwi:wep{ 2" {°MzO—%»U"' b"OutxzyMd°,réa,
t T, UyG'z0 b"G1§S o(t; Ti) Ui0$ty<b hSz ptTi) <"$t6 Gre"{

"hUloz-Ex€°t a0o®2ZAsqViZ ET"ezOM%»O—w<gpxyMdowiOO
"Uy<b"\qpz©4BuUZi$tTgre"{

\w p(t;T;) UE i"Tay”» "5>0Q 0uw zA"«i T, >©4B0 S t'b{

S= TopET)>" o "2(0) (138)

Wp " XxG1w VMOGMSEDE "1AY”"»pK”{ "3

13.3 ZzAi3aiew€ ¢A2NYc»q ow TAD UE£

©4BU S w™>;Mozéxw Transformer wz Ai381-%0>72b"{
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13.4. HR ATTENTION qgqwzz

X
Attn( o; V) = softmax 992 VT,

T2
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135. TAD ®”AM3¢O4BUW- £w ;

1351 deiig owA"«iG1

U@13.7)tSz” p(tTi) xzat ~"ehA"«iK’"Mx°&Y6 Ti UgOA”«il tts
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X
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X
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LLM °&tSMozyhs@CwvOe®eYBWEY>M3b” TAD ®"A>RQ"{fw®"A %o
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“z ay t,”tpw vl t"hloyF\Rp B(T) »!"i["{"hUloz 7=wC xZc
‘«Z\$3%a¢s«>7ZAgdcza’t R**hGVs x"AU° WRYI >&06|\R«/)
b"\gt‘loz°\$t\aO"{

7™tz\esd,  Op_eyzfw™ xMIfOI-ts”"{&, a=t T >«0Ob"qzU
(15.16) x
9t T)= ga(tta)= B(t a)e *° (15.28)
g{Z"{thzuOp« (8 g *e"wpzyF\RpXx
Z,
B(T)= (2)9a(T; a) da (15.29)
0
gs"{qgXti tu0p (15.18) w<gpxza, ul Ga(t;a) wOj a2 ag;a] tk” ™ x"AizU

YyF\Rt ®t/)b"{"hUlozK”l:p&,ilU\WRY3tBaobeyzyF%WwW\Rp
B(T) x°i$tGVXs“zi"uA$ 7=U\a"{
Zi*“z\w7-pPAgxz =tSZ"yF%w\R>d°" $sx~\Ra q 0 ¢q zi0
D61 iqg OpwelT’ 7=we¢<UEU<Te"\qz"'t1"uAS$ 7=UZ\AY%iZp
sXd°l t1vsb”°\$alqAgq o<\a0"\g>O " oM”{"hUloz TAD wx~\R
PAcxz7EwW& L,» 7=Buat0 ozdliit,nXyhs:g$ti>1>)Q"{

i%w:w 3igfw Ue"
2,..pxzZyF%w\Rp B(T) tO"o!}: r

B(T)=B €7 (15.30)

>> b"qzROp ru-Qm U

e (*+na1 o (+nNa

1= o - (15.31)
t'lo t"\qz"'t
0> grit. 0= grit. 0< grit
t aozfegeyéic r> 0foqi¢ r=0£&n0i¢ r< 0£UQ"\g>O0 h{
\WWpxz\wgVwi%w: z,
N(t) = ot; T)dT (15.32)
T1
we >°Ab"{
,Sr
gt T)= B(T)e & T (15.33)
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152. t x =qA.w TAD $ti>1
);M"qz Zt Zt
N({)= gtT)dT= B(T)e ¢ DdT (15.34)
Ta T1
gs”{\\tU (15.30) >EODb"qz
Zt
N{t)= BeTe ¢ Ddr
=Be'! €*ITdT
T1
- B el’t erT1 (t T1)
r+
t
=B 1 e (15.35)
r+
>“"{hi’ r+ 60 g h{"hUlozOIl Av t!l1 tSMox
8
B
% et r> 0
r+
B
N (1) g— r=0 (15.36)
. Létl 0 r<O0
r+
as”{
bs~jzi0D6l iqg Opweut‘lo +"ROp r xzyF%w\Rp B(T) wynw"s
czi%w: N(t) wyéizeqiznOi>% ItF “oM"{

\WALXxz =% T.wU«ést”aMUzx'w%w x"Awd°ii>p h— $sx~\R
Ttee> Ae\g> O oM {gXtzyéipxyF\RpwW!: $YGtP10i1%W: <%0
*wROppyG zaqipx\Rg " OUuU“00\gp vs x<t) “znOipxyF\RU
"OtAMMTCczi%w:x74$t«0+2TO{

Ewwa,q TAD oiAép”
rtzéa, 0 a=t T >;Mey

G(t;a)= B(t a)e *

pK"T z}|: rweqpXx
ga(t;a)= B ete (* )2

gs’{"hUlozYF=ul p(a) = ga(t;a)=N(t) xzO1 AvtSMo
p(a)=(r+ )e ()2

gqMO'!: t) b"{bs~jzyéipx M%wt IhiiU RAezuqgipxn0p
PLgiU™ezn0ipxT.wV@qqect¥%wiiccaee2TO{
\WYF=01 (15.39)>;M"qz E%wA4,x

Z,

1
a= . ap(a)da= Py
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15.3. *R2]

p)Q'+”{thz0 b"a, liw TAD niAéb”x
Z1
Sa = p(a)logp(a)da=1 log(r+ ) (15.41)
0
as”{
\WAL‘“zROp ryuGVM,r E%wa, axX-"Xs“z%Iita, uiw TAD oiAéD”

S, <n—b"\qUUT"{bs”jzyéipxyF%ww' $vOt‘loz%wa, iix MAa
,3eBr z'“Ed="h >q"{otzn0ipxyF\RU MhSzi0$tyM%bwwzOU
Y zA& Gix'“¢Ulh »q"{
*hUlozSpbAgtSZ” 3il xzoti%w:wynw8M> biZpxsXz =%w°a
doi U 4Bra=b"izd6,=~'!,=b”iq o«r pV'{\w™ pzROp r xzU«é
s 7="6qU0«ésdoiui Y>%Iit§ b"!lagsloM”{
Zi'“zSpPAc¢tsSz” 311 xzos"yF\RpwQipxsXzdoiui>éaoi%w:q
&, 0iwOMtge"w°$s—N$>ApK”{

153 +R2|

\Wtpw/r@pxzo°w fhx%w tOb” TAD G\>;Moz =>\Rz z°0OT’s
"d°CV"6q 0o U="oVh{ T iMw\l =xz}g ho°%ww®za q opxs

Xzlizeézz\srw i“";>éao0i“tAu"hoé: %qg o a&b”{ [103]\w :p
Xza i t0'od°us g(T) ><O zfe'Ui“";0>p 0AU D TAD %q o =>
Q \qUxpupK”{
hgQyz i wdouSx“es$t
—@-(t'T)— (ET)g(ET) A (tT)g(ET)+ G (t;T) + o [g;g1(t;T) (15.42)
@9I ] - I ’ gl ’ JI ] gl ) i ] 1) glagj ] .
i j
w'Os pG\pV"{\\p i(GET) x 0 x we$«eepz i (GT) x T i ewliee
étlvab”aC$n—E2"Az i [0:g1tT) x i“Mt'lola”yF\Rpw!=e«xap
W é> b ®0C¢\R ~ & WiAtOEPK"{hgqQyfi px1iU x"A g(;T) to

b’n—E2”Agq 0”;b"°Mz1i px¢o«™>éaoyF\RpUYC h*“zK"Mxn—
E2"AU é~reh“b”{\W'Otz6: %pxe wdeiiU gt =b”wpxsXzi®
N&c«p>p 06 Unre”{

\W'OsAU%pxze wqOY6Xx0s"ix.:«i%w:iZpx>AnZ’'eczrwli8t
RAeh™x"AUrw S’'loM”"TgMOd°iiw fwc«wUOAsY6”qs”{gqXtzK

" U> w\RI 3w x”AtaSt IhTR>EmOuzfw x1iyes ¥!°t0 ol
ts“ebM{otzdoUlU¢ X,z 7s x"AT'TR”«” xz> wi8t R~ eh
“x"Aw°A«@t0 010$t$HPK " qRQ " { hUloz6: i“*;wcqpxzo
s"X.:wiEiZpsXzdeuiwseU“gMO™ pw@C$ 7Q>-Eb”%UOS8SLE °
*bMDO6QUK™{

\W :xz =tSZ” 7Q>0t :«%w:w ~q opxsXzdouiweiAéD”q"
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15.4. TAD pAg0z ¢> ~U0~7 geeqw0z~ *QEf

06r b’M2>0 oM”{bs~jza tmMoYF=ul

. Z,
pi(tT)= g'(t’T); Ni(t) = g(tT)dT (15.43)
Ni (t) T,
> [beyzd°niAéD”
ZI
Si(t) = pi(t T)logpi(t; T)dT (15.44)
T1
t'lozfw Urw S¢Mdel >-E oM”"T> "=pV"{<j—eziMt Si(t) ue®

toDYyChb”"TroTxzi“M;wé.$ Ut' "0S*“zSe&e pxkusAl>)Q «wpx

SM{ T zo° x"Aew OU1lie ¥!=t0b”"l Q>6S"s’yz'“¢;Md°il>

iEb"%WIRUALQ 0-R"esbMzgMO>txxpupK”{

°Mpz9 s ¥!=E2"AUC\b"qzVY xSi$tYs"{GFU>©!"zx9s\6%H

Uz¢-Besrtloz Xw7 x"AUyl t«aeb’qze wdoil g(t;T) x§M$t

GVX6$RM"{\wqVz ItxsureoMhdol xae" ez =%xfetpw  $sd

°0f C2T ' ~*mne”{ TAD w :pxz\exos”l&dY”"»!=pxsXzdouifww

w6s8=q ogrie"{

\W™ pz9 s ¥l=xz
b\qUpV"{bs™jz ¥YZ2tx
Z™txGitYs”yhsdoul

TAD C2M UtSz2"i®$ss8UE>ae-(Ab”"ZRAQ" s

g(t;T) wOMeudOt'loF ~eoMh =J"UzY

grevW(t; T) »ZC:gb” w =&T+q @®b”{\wqVzfw

™My 7=2z"0z i“";w7Ucz¥YZ2qxYs’y Mdel weqp @b”{ hUloz

GFU ¥!=xz0s"°1$3%8c,«pxsXz =¥ AU«pw&i-Rfwcw>~“8Q" O

iAgiogrpV”{

\wil:tgmqgz Iw =xi“~;>eéahdouiw” $!AS‘|6 iiq-oz9!lw

=xdoiiw ug6s8=g ow°$t Q'«"{2 tSMoxzi“",E¢;A&"«weqp

o wd°iliU@CS$ 7Q>ybM2eq «Tt,U'"DOQUK“z™ tSMoxzfweune

hdol U°et ure”’\qpzyhss8UEw<«qpIXVYs” =&IU%T+"{\WEi$

sgrxz ¢$72 =qG"O™siq>z% °wW TAD TEwopA|mZ"“a&$,k>)Q"{
S..wrexzKXtpo: Au%.w ae$!A>)Q «wpK“zé.$s1°7;0 i(GT) .
i [0t T) w-RzS‘|d°aiAébD"wyn wkursx Mw]JpK"{ T z TAD w
:T'xz\U =>08” :l=q opxsXzi“*;wcqpd°iiUB$SR"*"@C$a

g0 QUb\gUpV”{gXtz9

¥l=>doltiw6s8=q ogrb”_Mxz =w

E QQq.. Q>%°gae°pG\b”ip IpK”{

Zi**z TAD xz\0G =>0s” :!=q opxsXzd°Uiw\Rz- z6$RT's" Q@

C$a g0 QUb®:»)Q"{7 geewb6qtCQozt x =gAww°$r zo\$ 7

=1"uUAw7-bAcz 't6: AU% Ww!ADG6Q><Q":tz5-tSZ” TAD wgaes$™

[UK™{

154 TAD PAcOz ¢> ~U0~7 geeqw0z~ *QEF
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15.4. TAD pAg0z ¢> ~U0~7 geeqw0z~ *QEf

o _z° 2 >¢ ; ; ;G (ET)E@B) Uosg ¢ty (4 7 geeqw0z (5) TAD w +Q
£
\a =wd°p o(T;T)= a%wU®MmM\a |HRxq :z 7 i%w:iZpsXz\
S™q¢,S1 B(T); Gouk (;T) O hTH>-E ht =pz"OpsrwB Rl ab0¢Ccvwe
£ @g‘;tT) = tzfw ">a §rU2 =Aeeh 2d T fwew>
E?;T) tT)] {b” M Y6!:q 0i0p
N(t)= 7 g(tT)dT A
,Srq\ g T)= B(T)S(t;T) | K”18t\teh HRx\ :g\R \Rpg\ :»°
S(t;T) = %wUzreiZq a U ‘t{"e” mw- “Utwu
exp ; (u;T)du Otp\V'IhT \qU M pVzqOw%wiR>
>UE™D dedaig oUjp
NE
birth{death B(T)= Bo| (tT)= | | x$s\Rg«ee HRw birth{death g |y/$ 7=pAc>
7=pAcqw0 |[g(t;T)= Bee ¢ T)| wi“aMpo%w: &x\Rp~«Opq douswt?p6G
N (t) = @(1 e Ty [u>gt” i:"6U=q \pVzi:w ™tK
"8 T <%olt)
Q"
\' 1 rsqw fie (T)= (ET)S(ET)| | w#HEXE2"A HRw\ I rsp V1 rs>0—\
0 S(t;T) = g\ :pG\» X#Ew-U pz\ Ra qAupVz#E
exp ; (u;T)du . R XZO$t"Te w-qq %wii>
*bM % °TEp{Q”
&, E2"A tT)= (a)la=t T|| M%BwgyM%w |HRx&, "O> &, Q>xput’
w<o S(a) = exp o ()d px«seaepu«UY |t>x PAgqg' o § "z &l Q.Y
s“0” {O\quU M ,l Q>we Up
zxpV”
%wa,ilgM Ga(t;a) = g(t;t  a)| %oaiYoW:pcz HRxi%w:* E qOY6>i”izZp

0aCcY6” N(t)= , oa(ta)da M%wU M%q |pU%as UMY6 sX&. uig oY
yM%wU M% X g o{"e*bM pVzeR tw8M
°eY6UYs” >gaes$ttipv”
G "O™siwd (tT) UK”I t=t: p| G OpxyMd® HRxi%w:e 7 sT>i"wsTpx
°ui6$R °1$tyG|fw™ B(T) |T U unrezf =pwsTA¢pG\ sXdeiliw u~
uyc W™Mwsix MT | Ae"\qU M &“~6i™qg ow®
x"A <ts” $tG\pV”
. $6SRwr B(T) « (tT) tI* t 8q6$R8w HRx.. g¢e!l= rwigt\teh%
>eb 18xzdoulw BoUgAxs$tea wUB$SR>rOT>
°1$sG! q° "esbh M 10pVz.. $!=>
oqe"” dotiiweuq6$
Rg o gqpV”
U0ae”™ x~\ @%I) = YF%W\RXZT HRw XwpPAgp "Rw\Rfw«wU
RPAC g (ET);B(T) = )Q'e"izZp x\RpxZ\zth dof t* b"\
5 (T TOgT;TYdT® | sXz7 %wwi XBy$t)Q'e" q>10pVz =>x
0T’'°\$t\a ~\R wd®%a q
’ ‘o QU
¢i « XE
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15.4.

TAD bAg0z ¢> ~U0d~7 geeqwOz~ *QE£

Q _z° 2) > (3) Uosg (4) oz (5) TAD w «Q
uoDol fq (T TH=0(0 bWo<Y p« HRxOO0p>° ¢ U06—wa. ' Q
7=¢«¢ T T%<ay)| 00 tXXzRY hxByiaY”»p s7-bAcp dzR
o(ar T T° ay)] 8tw y\U/EC "X\qU M Yi igoOpws
0(T T°>ay)| ts” UT'!'G~n0we«
1= o aalze (+nugy UE>cZ”
\$I"pAS gt:T)=B(T)e ® D |a"t RrehG HRx 7=1"pA Z\AYss pczd®
7= B(T)= [ (T Vs x"AURY y7\38¢«+Co i g— ®LT’
TOB(TYe (T TOgro° 3tab"qzyF %rLptib\q I"uA$ 7=U°
\RU°1$tBo UM \$t\a0O”\qg>
b” Od”
6: AU%-w @gg:) = i(ET)ai(tT) lizeézZ\Xx HRx 1“7;» o wdoiifwe
TA L ET)E(ET )+ a wdouisi Xx.:M Ue& S w>AupVzi“h;
Gk (4T )+ “t6 Ub” M Up{O\qU <pw =>®douli
P i T M WE ARG « —1
qoqpVv”
deiiaiAeé Pi(tT)= g(tT)=Ni(t)| | %oa :pczde HRXx 7Q> t E’px_QsMd
p"q@C$ 7 |Si(t)= w Tho%qe X Se%w:ip "\q of weU“s "
Q 1, Pi(tT)logp (5T)dT |, h%px$HQ u M =pVz =w®°a
uyYs” 7Q7 "yi®)
Q"
9 ¥!=qd Yzit i(tT) Uxy 'z | GYZxos"Z2z HRXxZ$38;«™ ¥91,1®$s8
°liiw6s8= w7 “x"AUyl pxsXzeuhe wsTq oG\ e UEwa ¢ Aq o
t«aeb” hdel fwew "\qgU M Q'ez =&Tw~
>~...b" 8>d°uiw6s8
=q'0 gqpV”
«"nzZqv, S px ~%weOcwE tcdouiq- HRwx. "; 1 ylgae>"VdQ”
1=E . Tg>>; zX I >"Z2 zfw -p$%wbAcxU0 wpxsXzfw ™w
eOdcwm, ' Wz"; ipzAt aol «é:73"W>) do- 1,72z
AS!=z%w%* wA {SPAg>€ b Q" t x =qhA>w°
IxUEx{"sM » $t_"41$1Eq
“0e"nZ’e”
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IV aapxz\etp2% 0oVh TAD gew:gl g GG ;»>i0 zf\T ' «Te"y

"ME_q't> Ob"{0++SPA¢T’ZC" h TAD wiE~xzd°l g;T) »>,a
gb"\qpz +°6z--~G1z&Azugz*'txGFUt PAct "¥pz 7sq
AswestG\pV '\g>O h{\wO'Qxz7 geewbqtqrt’czfe’wgaeU

SR°A oMhUfO=2+0MsTIlhi $>A>1"Tt zAtxyhs't><XD6

Q>Em{ IV eew2Rpxz TAD U7 geet)Q"y MZoqyhsjgw<«Z>Tg z™R
pxT.>1A o TAD gaewe'nZzg Mw2l>0b{\et'“z TAD Uos”°bPAg
tqrf’czl >éahApgdow—9>0"'$t3X, kgaeq oRq ""\qg>i-t
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H16 - i"ROPAc¢cw TAD ~q+0 VZ'pgd
°a
¢ nAY,«ROPAGge Bertalany ROPA¢xzi” N(t) wi C2>G\b”E " $sROPA

cpK"{\e’wbPAcgxzi"wyCzHMz*"eéqMIhU«ési”aM> 2t b°MpzqO
wi”UrwO—1t Rb”"RUT'IR"«oM”"Tzbs"jd°T >UEtxG\ sM{

TAD w :pxzi”"ROPAcg>zI t tyhsRiUUO O—q 0\R"*z7 RiIU ®Z
—ptHlonO0thx«aeb”a q o qpV"{i"M U>

dN (t
():G(t) f(t) (16.2)
dt
qurb’qvz0O—o G(t) xI  ttSZ"0” VZ > b{aj TAD pxzi T t\R”«h
Ruwl ttsz” " git;T) q°z
Zt
N(t) = o(t; T)dT (16.2)
T1
t‘loi">s)b”{
S-pxzicé nAY¢,«ROPAGg> TAD wWiE"p6r “zYF=d°iiz Ed°4,z
S|™:;jg$r >Tgb"{itz Bertalany ROPAc¢>z¥,thx @utz«b”O—>«¢

mTAD %q o Qz\aGROtSZ"d°l w™ HRob”"{fwOQpzt >0~ VZ'p

h(t) = 5((?) (16.3)

w :T'zxb"{\w”"xzo+i"Kh“tyhsd°RiUr«iZvOb”"T> b{ hUloz
¢ uAYs;«ROq Bertalany ROwgMxzos”i"™M Uw w&§Mtgrt'czqOwi”>
IRb”d°& uiw8Mqg or pV"{

16.1 é pAY¢;«ROPAgw TAD t‘"6r qw®

S..xzTAD t<O~eh A“a¢ g;;; |C2M U]q-AsU|0'AsU ,tal £Uie
tAlmVz 7-vw>= 1 0, = (1) w<pé pAY ¢« TtVyre\g>Ob-p
K”{S x TAD w®7 gewbr gw° wIJPg ozth o 606J g ozgewx~Tu

Qgq0'Q>7¢ ?s paYb"Oqgs”{



16.1. é " uAY,«ROPAcw TAD t'"6r qw®

16.1.1 é pAY:;«ROPAcw6(q

¢ UAY ¢ «bPAgxz U ¥)0— K t'loMy~re"RO>"bbPAgpzi £xZ<w
COtTAe [z N()> 0 qb”{ [L05, 81, 72]
dN N
— =N 1 — 16.4
dt K (16.4)
IN x!:$sxpuyCeZ\U®b>is”"£>7"z 1 R xK tUnXtmeoROU =b"®L
> "oM”{0 b” TAD pPAcwf >

T 00 Uly®bZZw £tn—AYs zp-"¢ wWf EA

T (;T)=dN(t) y®bpg owAp > £ tf

T o(T;T)= G(T):= bN(T); Gpuk (; T) 0 yZ\pxl:w ztz«b”07¥,0—q>

"Ty= 1 yd° T; ws8«xAv wa'tf ¢ x$sd°l >I10Ob"hSwgVY=pK
“z vs8i wOUutxs8dooUC~"{hi'zGuOl ™Mtx%al tUnX§

gbeyzdoul o(t;T) x 7
t

o(t; T) = bN(T)exp dN(s) ds
T

gs"wpzi £¢\ *£X
Z, Z, Z,
N (t) = g(t; T)dT = bN(T) exp dN(s)ds dT
1 1 T

gs”{\\pzH -p<Z°h TAD wqg-AsU (6.24) ‘“z
d 24
gV (=G ()= bN(t) (tET)g(t; T)dT
Z, !
= bN(t) dN(t) g(t; T)dT
1
= bN(t) dN(t)N(t)= bN(t) dN?(t) (16.5)
gs“z r=bzd:%qb-yzé’uAY¢«bAgw N(t) ueg~r"{ [55, 72]
r dN N
r = b; d—K ) E—rN 1 K (16.6)
d>0p xyCtPM®bpUyYyC 0”eée">6q z d=0¢ ¥)0— K a1l <Avio ¥w
AvEpx!: :$!=¢yC In—E£t<£b’{ihz ¥)0— K>l “ gqgbeyz"$é p
AY¢«PAct!ADOpPpK™{ [31]
16.1.2 TAD t‘"6r
TAD t'"6TRw>Axz re K >0s"Z\I&Y"»pxsXz
~ Z\p b
" uS®bp d
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16.1. é " uAY,«ROPAcw TAD t'"6r qw®

qMOC\$SAEtUrpV " tK"{\et'“Z<w'Osxpusr qE_U""«"

ROpr=bx®zZ\ptmyCpfq oU€r D6pK“zSfpO+©+~3U rt)Q”
®L>Um°ApV”{

~ r
)0—K:axdt‘lo>i“zu8®bp¢p8‘ ®L ZOMY~eUEU eNneey K
U!Gb”"\gq>Ob{

" HRWé pAY «ACU®Z\IAY"»p)Q'+"&gU tqriloMhwt0 z TAD
xd® Te¢ x"A£T t,nXU«és—TT % aAt>6<ZpV"{ [69, 26, 49]

At bid;Gt T .4, t T*>Ehd”’\qpz°\laY”"»f t*"yhsé ' p
AY¢«AtwbAcg>T™b "\qUpV {\et'“zHRpxTIpVsTlh £°6¥%
AU«p>:g$ttipV’DOQUK {«Qyzt0 Z\O— Gouk (ET) U%HEwW +t
“b"> ¢ %pUitb"s£>"XqzO0I"0"Uwe"®L>TipV"DEQUK"{

[92]
16.1.3 deul g(;T) Uch’b TAD { wyhs@E_
gtT) w U
2 WAL‘“z
r
(tT)= KN(t): G(T) = rN(T); N(0) = No 2 (0;K)
t0cozé pAY:,«RO
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i"xz£$y MO —Rit‘'lolR"eebM{fwhSzdoiix Md°& wRit “sb

M{°MzROU "~ N(T) UGV Xs”"qz

h(T) xy< zyFO—UI"1.t25710$s/)x

-AXs"{\whSzRY8txzUUtO—~«h MRUiZpsXza " tO—"+0’ "oM”

YyMdOoR{i< %z ' “i><lhdolieqUnX{\w!l=xz Ed°4,
SGVs<ew Uqgq 0 +"{
16.3.6 i"ROPAcwd°i g owr

Zi'“zé " uAY ¢, «ROq
0" VZ'p h(t) = G(t)=N(t) wi *

° pK"hSZ'I'"

(16.114)

(16.115)

(16.116)

(16.117)

(16.118)

N(T) U-~AMhS h(T)= N (T) ¥ UGVXzqOw

a(t) wyCzthx®

Bertalany ROw&Mxzos”i"M Uw w§Mtqrt’'cz
QwsMqg ogrpV"{é pAY:;«ROpx
N(t) xf xt!="0<zYF=7ehd°] x x$s >-jebM{°Mz

Bertalany ROpx h(t) UROqq<«ty<b”hSzi"wROtPlod°&,IRfw«wU!=b

"{\w™ pz

TAD xzy/$si"ROPA¢w ™tK”d°l > “Z zR0Oa >®@rwl

t\RA«hRUT'qOWi"UTR"«0oM”"T qMO :T’z+b”"1E">)Q"{

sSzi"M UT’

>0 0— G(t)zHMOothx«aed>Z—
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h(t) xz)Q’'«hi"PAg> TAD «Eji["Mwirw“MgA|mMh”pK”{ T z{qgh

[Ur> Seyz h(t) xYF=deul p(t; T) S*| Ed°4, a(t) wi”aM>grb”"hSw,
S$s0O+"qs”{

16.4 0~ VZ'pUS§ b"do& i

S..pxz0~ VZ'p

G(t)
h(t) = 16.11
M= Yo (16.119)
UzYF=doulizdead ,p"YiAzYbPa®eépuQzS'|d°l wis$u " >rw'Ot§ b
"T>Tgb"{
2 . tpt_h'Otzaj TAD tSMozO—UO ¥, T=tT'w)Q’'sz ®Z—pud
o] Tt “sMOuzYF=doul p(;T) x (16.107) w'Ottxt ?2s t a”{6 b
"qz 7.
p(t; T) = h(T)exp h(s) ds (16.120)
T
as”{
U(16.120) xzé.$s  G(t) « N(t) w : >> dct™’+"{bs”jzé uAVY s «RO-
Bertalany ROw‘Osx PActEqloz0~ VZ'p h(t) w"UYF=douiwO+l >8§
“oM”\gq>O0 oM”{
sSz vws8l T, T'r&e>+5"0utxz
Zt Zt Zt
h(T)exp h(s)ds dT =1 exp h(s) ds (16.121)
T T T
pK"{"hUlozU (16.120) UYi” 1wYF=pSq ofwitR“gmhStxz T.=1 q°
sd”’Giusa"d°UK"OuzK"Mxs8owel>AlpV"Ou>RQ”{ vs8l T'wa
la pxzs8d°Ri> 6 0{OZAUK"{
1641 8u VZ'l gt x!:10
U (16.120) WO As>Axz8u VZ'I
Zt
H(t) = h(s) ds (16.122)
>«Ob"qlZts”{\wqVz
Zt
h(s)ds= H(t) H(T) (16.123)
T
pPK”"T’z
p(t; T) = h(T)exp( (H(t) H(T)) (16.124)
a{z"{
Atz
u=H(T), U=H(t) (16.125)
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>»<«Ob"qz
du= h(T)dT (16.126)
pK"hSz
p(t; T)dT =exp( (U wu))du (16.127)
gs”’{bs~jztl Tp_"qg h(t) wi* Q>Sé ht xuipKlo<z§u VZ'I

H p_eyzxt!:il wi >em{

\wigxzU (16.120)Ueéxw!:liwos”!ApxsXzt xsl 18> % !:1 pK”

\g>™ b {>t h(t)=r U :pKeyz
H(t) HM=rt T) (16.128)
qs“z
pt;T)=re "¢ D (16.129)

gMOexw" [:ufu™«"{"hUlozé pAY:;«ROpqeh{ |: wd°uixz
U (16.120)tsz” : h w> -"pgq ogrpVv”{

16.4.2 Eulqiei

U (16.120) T zI t T'_o0za,u aZipK"d°RiuwEuix

Z a
Ri(a) = t p(t; T)dT (16.130)

T1

pK”"{s81 wel>Alpv"Oltxz

Zt
Re(a) = exp h(s) ds (16.131)
t a
as”{
“hUlozl t T' _oUU wd°RUUZS"Aux
ZI
Q() = p(t; T)dT
t Zt
=1 exp h(s) ds (16.132)
t
pK"{*1ozUUJ q(t) Ule g wd°RiU>rOUEX
Z, 1
h(s)ds=log —— (16.133)
t q(t) 19
as”{
\exzdoliwieiUtl wifwcwpxsXz8u VZ pwit'lo>t"\g>0"
oM”{ : h(t)=r whOutxz
1 1
q= FIOgT (16.134)

qs“zé pAY ¢ «ROtSZ ieiwlUteeb”{
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16.4.3 d°&,P"YiAw ahSU

itzdea,
a=t T (16.135)
whb”YiA>RQ"{ m ipP"YiA>
Zt
Mm(t) = t T"p(t;T)dT (16.136)
T1
q [b"{\\pz
Mo(t) =1 (16.137)
ab”{
U(16.120)xz T <t tSMo
ewT) = h(t)p(t;T) (16.138)
@t
>=-h z¥, px
p(t;t) = h(t) (16.139)

pK’{ m 1tmMoU (16.136)>1 «iib”qz
Zt Zt

M 0T
Mn(®) mt T)™ 'p(tT)dT+  (t T)m@g' ) gt
dt - n @t
= MMy 2(t)  h(O)Mm () (16.140)
>""{\\pziz T=t T'\a”¥,0xz m 1px (t t)"=0 gs”’hS«Q"{
*hUlozd°8,P"YiAx
de”;(t) =mMp 1(t) h(OMp() (m 1) (16.141)
gMO ah¢ SU>-hb{\wUxz0~ VZ'p h(t) Uzd°&,iiw EiZpsXzol
P"YiAT.wi C2>8 b"\g>O " oM"{
>t m=1 wOuz Ed°4,
Zt
a(t) = My(t) = (t Tp;T)dT (16.142)
T1
X
%:l h(t)a(t) (16.143)
>=hb{"hUloz Ed°& xz  $sl u-"¢
1 (16.144)
h(t) '
t2Tlo éb”"q or pV"{ h(t) UGVMQqVz Ed°8 ,x—"X-hez h(t) Uy<b”

gz Ed°& xyC «bM{
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it m=2 wOuzEipP"YiA

Z,
Mo(t)=  (t T)?p(t;T)dT (16.145)
T1
X
deZt(t) = 2a(t)  h(t)Ma(t) (16.146)
>-hb{d°a, wu,>
v(t) = Ma(t) a(t)? (16.147)
gSXqzU (16.143)qU (16.146) ‘“z
dv(t) _ dMa(t) da(t)
dt ~  dt 2a() =G
= f2at) h()Ma(t)g 2a(t)fl h(t)a(t)g
= h(t) a(t)® v(t) (16.148)
>""{*hUlozu, v(t) xz Ed°& WED a(t)? t2Tloz S h(t) p eb”{
\w'Otz h(t) x Ed°&,iZpsXzd°&a, uiweU“<8 b {>t h(t)=r U :p
K"OuzU (16.141)w xrx
Mm = ?Mm 1 (16.149)
>=hb{ " hUloz
m!
Mm = o (16.150)

pK"{\exz{ !:0i
ptT)=re " D

wm ip"YiAtoeb{

>tz

1 2 1
aty= My = =; Mz= =  v(t)= Mz at)®= = (16.151)
r r r
qs”{bs~jz : h wOutxz Ed°&,q?2j )Uq«t 1=r t'lo>Anz’+"{
16.44 d°oiAéP"wC?2
U(16.1200 UR“gqmOuzdeaiAénD”
Zt
S(t) = p(t; T)logp(t; T)dT (16.152)
T1
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R
wC2«¢ 2t Ne"{ p(t; T) xXYF="e0M"¢ TtlpdT:1£ q'zU (16.138)>;M”"qz
ds() “t @)
——= = p(t;t)logp(t;t) " flogp(t;T)+1gdT
dt , @t
Z,
= h(t)logh(t) + h(t) p(t; T)flogp(t; T) +1gdT
T1
= h(t)logh(t)+ h(t)f S(t)+1g
= h(t)f1 S(t) logh(t)g (16.153)
> *7
“hUlozd°oiAéD"xz  $s,j¢
Sinst (1) =1 logh(t) (16.154)
t2Tlo eéb”""q ogrpV"{
st h(t)=r U :pK”"Ouz xrx
1
S=1 logr=1+log - (16.155)

gs”{\exz{ !: deuiwoiAébD"q°*b”{

16.4.5 h(t) wAvqgdel

0" VZp h(t) wAvxzdel wAzsi”a8M>F b”{
tcz: ht)=r wOwWwRQ"{\wqV

p(a)=re "; a=t T O (16.156)

pK"{ r!'1l pxz

re @1 (a) (16.157)
gs“zdouix0™ T=t tBob"{\exzO—"ehRiU%a&t:ydczhijtZ—3thx
qORU*A“po’s” 11"ApwAvt0 b"{

°Mzr! O0pxzU™Mw vsé, ato'o
p(@! o (16.158)

qs’{ T zulwi"U«eb” ZpxsXzAvGwd°a, 6 +€[oM"{TMz

1 1
M1 = —; V= — 16.159
1= . (16.159)
pK“zMce< r' OpC,b"{"hUloz\wAvxzAvRU¢iwYF=D6s°7iulpxs
*T\ex 5 .p<Z°h0~ VZ'tSZ’oiAéD”C2U (5.22)
ds(t
W4 bt (s 1=Co ; logp) b0 At )
. G(t)
tSMoz UT t* "sM\qT’z Cov(; logp)=0 gs”"\gqz p(tt)= Ni(t): h(t) pK"\gqT ' ««ZpV"{
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Xzd°i"UAv < U”Avg or ~e”{

hitz vw i 0 a L tUECZoYF=beyz
. re @
pK*z
rioo (16.161)
tSMo 1
p@jo a L)! = (16.162)
gs”"{\w™ pz v i°px°7uiitUnX{
Zi*“z  h(t) xzd°ui>0 «%VAd"Tza " M2+¢["T>8§ b”"q_sd”{GVs
h(t) x Md°RiswBr>ch’ z-"s h(t) xd°& , wyGqiiweU“s<h'b{
1646 YbaeépQwEmw™™
U(16.120) xzYbaeepQtmMocu™ MIT >Em{hi*z\\pxEmw™ >a b"zA
UK"{
Hexztl a=t Tth'éxwYbaeeépQpK”{: h)=r wOuzEuix
R(a)= e " (16.163)
pK“z
R(a+ b) = R(a)R(b) (16.164)
s=hb{"hUloz\wOuzd°4&, iixtl t "o tYbeeupK”{
\et0'0z° wl * h(t) pxzEuix
Zt
Ri(a) = exp h(s) ds (16.165)
t a
pK“zexx
R(a+ b) 6 R (a)R.(h) (16.166)
pK”"{*hUlozl t "oxtYbPaeéupK”{
HExz°el t b"YbaeeuQpK”{U (16.127) p_h*'Otz8u VZ'I
Zt
H(t)=  h(s)ds
><«Ob”qziix°=4a,
A=H() H(T) (16.167)
t "o
p(A)=e A (16.168)
gMO!: ts"{\w™ pz° wl * h(t) pKlo<z°oal pxYbaeéusi >Em{
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hiz\w°esel pwYP&eéuQxz@Ca—T1$s™ pwYbaeeuQqaxVYs”{° wli
“ h(t) pxzoel H(t) >E"hStza w&l

h(s); T s t
>ulib”2AUK”"{bs~jzd°l >6TRb"hStxza"w h(s) wGaUZApK”{
°Mz h(t)=r U :pK"Outxz

pt;T)=re "¢ D (16.169)

Ui tt "sM pRgm{\wOuzqOI tzqOi” N(t)zS‘| : ru)Qleeyz
> Sd°G&>84C$t-E sXo«zYF=d°Ui>6TRpV"{\w™ pzé pAY¢«

w: hxziltb'YPeeuQiZpsXz@Ca—T1$s™ pwEMYbaeeuQ>Em>

sOupK”{

1647 0 VZ pw U t"i$s$iu"

7™tz h(t) wOl «"t'lozd?&,1 >i$$ti " b"{>tzOI1 p

h(t) ct ; c>0 (16.170)
qu"ao0u>RQ"{
< 00 Vi
< 0wOuz
h(t) ! 1 (16.171)
pK"{\WwqVyFO—U1I0$t§Xs“zd°uixqOl T=t wUctBab”"{ Ed°4,
gi,xqgct 0+Unvz
pET)! (¢ T) (16.172)

tUnX{\exz 171"Apthx0 %Vit0 b"{

=0 x 1
=0 wlOuz
h(t)! c¢>0 (16.173)
pK"{\wqVz
pt;T)! ce <t T (16.174)
gs“z x!: wdeuiU™«"{d°& P"YiAx
|
Mp, ! Ln—m (16.175)
«) b {>tz
My ! A (16.176)
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pK"{\wixzti t "o tYPaeépusd®l Em{é pAY¢;«ROxz\w x!:

TWE «pK”™{

1=l

0< < 1.x0¢ o i

0< < 1wbhuz

pK”"Uz

h(t)! 0

Zt
H(t) =

PK"{"hUloz VZ pxy<b”cwwz8u$sEyx X{

\wOuz Ed°8, x“v

M(t) mlt)

w'OtyCb”{bs~jzd°8 xC,b"Uz%w?lI

h(s)ds!1

1
—t
c

t ““x—XyCb"{\exzxO¢

o “i-igz,"{\wipxz®esel t “ox!: T U-he"Uz'l t “oxtYb
eeupK{
=1eY, o "i=i
=1 wluz
ht)
t
pK"{ Ed°4a x
dMl(t) C
=1 -—Mq(t
. Ma(®)
tHOhSz .
M (t
1(t) o1
as”{
Atz Mp(t) Apt™ qSXqzU (16.141) ‘"
mMAn = MA, 1 CAnp
pK"T’z m
Am c+m m 1
>""{*hUloz
m!
Am:
(c+1)(c+2) (c+m)
pK”{

\wipxzd°d, xtl

i x

gs”"{ hUlozd°l x4&,

t g%oa|”"%"pyChb”"Uzfwzpx

Z, .
R¢(a) = exp ~ds
t asS

afw«wpxsXzzp
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®2eUpXSMUU-"¢AE!$sG1T sEmY,ipK"{

> 1«ZAG1i
> 1wOuz
h(t)! 0 (16.187)
pK*z"'t Z,

H(l)=  h(s)ds<1 (16.188)
pK"{\wOUuz8u$sEy”"U vtqrit"hSzs8d°thxa "d°welUGutsMv~
esM{fwhSzdoliixyFO—t'loEy~re Z"gMO‘“<zyMd°RUUS§ $t’”

ZA$si >Em{
P"YiASUpxzOi p h(t) w/)U-~Xs"hSz
dMp, (t
(;1()' mMp, 1(t) (16.189)
qs“z
Mm(t) t™ (16.190)
wi"¥%"pyGhb{>tz
Ma(t) t (16.191)
gs“z Ed°&, x%wl q%al”%”"pyCb"{\exzi76,=1zK"MXxZAG1i
az,"{
Ziwiu'>tqS"qz~ 16.1w'Ots”{
~161: 0" VZ'p h(t) ct t"do&. T wiss
i
- h(t) we" dod .l YbaeéeuQ
<0 h(t) 1 0% Vi{ @=%$Ybeaeeu{
Ed°&, qu,x 0-U 11"ApwAvt0 b
nVzpt;T) x T=1t tB "{
ab”{
=0 ht)! ¢>0 x i il ptYbeep]
p(t;T)! ce <t T My, ! 6 UAY ¢« WE TSI
m!=c" { {
0< < 1 h(t) ! 0zT m | +0¢ @ “i-i{ ol pxi: {
H)!1 Ed°o&, 6 x*“v 1] pxtYbeeéu{
Mi(t) t =cpyChb"{
6"« X
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1610 VZ'p h(t) ct tl"doé,-l. wissi' ¢ VE

- h(t) we" doa, i YPaeeuQ

=1 h(t) c=t Y,a “iai{ YbeéupxsMUzp
My(t) t=(c+1){ -"cAEI$sGLT
dei x  astt' b’{ Em{

> 1 h(t) ! 0zT m | ZAG11{ tYbeeéep{

Hl)<1 Ey"U vtgqrt“zy s8dowelUSMvA e

MdoU§ $t'"{ tXM{
Mm(t) t7{

\Wi$s$iu"xzé.$si"ROPAgw : t* “sM{ZAswxzYF=d°uiuU
(16.120)t a”\qzS‘|0” VZ'p h(t) w Ue"pK"{"hUlozé pAY¢,«ROz
Bertalany RO zGompertz ROzfw w&g$ROA¢Cxzi"™M Uw fw«wpxsXzf\T
" ner h(t)= G(H)=N() wOl + t'1od°&. T wigq ol pV{

$sSzZAG1lixz¢ RO3g X b”"{ZAG1lipx h(t)! 0 TmH(1)<1 pK”hSz

Ol pxd°Eyw®LU $“z
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mM 1(t)

gs"{ hUloz
Mi(t) ¢ Mm(t) t"

U ez Ed°8 . x 1 t0'0¢ tyCb"{\w™ pzZAG1lix¢t RO3>\"Z
bE $s—T$UEpPK”{

hi>z¢ RO3XZAG11iZtv "esM{«QyY,a "ixi h(t) c=tp«z
t
M(t) )

gs“z Ed°&,x¢ tyChb”{"hUloz¢ RO3xzi$ipxY,a "1-iqZAG
1iwOMtihU"Dl=iw>Aq ogrpV"{t w§Mxz2 px§uEy" H(t) uc,”®
Z"wt0'z™ px H(1)<1 qgs“zyMd°UZAS$t ":tK"{

16.48 ¢é pAY,«ROq Bertalany ROwi$iwe"nz

Ziwissiutzz.. . tpt{lhé pAY,«ROPAcq Bertalany ROPAg>+"nz”
\qgUpV"{
tczé pAY¢«ROPAcpxz
G(t) = N (t) (16.192)
pK"T’'z0™ VZ px
G(t)
h = = 16.1
(1) N (D) r (16.193)
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qs”{bs”jz h(t) xi t’c® pK"{"hUlozé pAY:;«ROxzi$ipx

=0
t0 b” x!:it b"{\wqVzYF=d°uix
pt;T)=re "¢ T

pK“z Ed°&,S‘|U,x
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ix x!:>-mzisiw/ $s x!:ig-or pVv”{
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qs“z 1 1
a == v o= (16.205)
s-hb{

hiz Bertalany ROPAc¢xzé pAY:;«ROPAcqxYs“z7sT’ x!:itk""Z
pxsM{ROs8tx N() U-~MhSz

h(t)= N (1) 3 (16.206)
XxGVXzdoiixz£$y MdoRit “ebM{°MzROU % q N(t) UyC z h(t) xy<
‘0z74%t «"Ub”{\whSz Bertalany ROxzi$ipxz Md°R{itBa hY6T
'z x!: wRY hd°l « &b”- J“q ogrpV"{

N'tz758¢ N@O) UGi-~MOutxzs8Ucp

N ()= 3! (16.207)
qs"hSz
h(t)y= N (t) ¥ T (16.208)
gs”{\exzi$ipxY,a "iai
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YtUnX{

fwALz £x%V Vn—~06,="oMo«z4&,IRliw I 1=fwew X fYzoiAé

PD'wy<U -zOut‘'lox «TssT>Ob{

£ 1=t b">1
ZiwALxziw £7 1=t b">1$ ™>0&b"{

tn—e6,=w @UUjt®T $£T Q WyG>™ b qxv'cz% -08%txz
+i Uy!"sj xY6e ®b"D6QUK"{

TAD-DB t'"oiAéD” S(t) xz +tFUgx qt®1 wé" «®d°wf0fQ > "!
apK*“z dS(t)=dt! 0 qMO+"xz 1 U"$888>4Qz° wi $) Agtd"\q>
O oM”qr pVvV"{

<lq«zS*-xZ\p~®bp>{ "ho°3Fa!t,nX«wpK“z %SfzOU[puyz

Z\ee“w!=srU\ahOutxz S(t) wl“xGVX!="0"{"hUlo|\\p™'*hAL
x- $' pxsXz TAD t‘losSoD'=%"«hl $DO6Qw°«q 0+"nZ’+",Vp
K" {

18.4 TAD-DB w+Op«aO03aig»lis.w&;

2 .pxz £°6t0°0 TAD-DB >&; zZ\l >d°l Tz 1> t gb”\qpzz
\"x"A xul> git;T) g o gqpV'\g>_h{S...pxz\WRQM>xOp«eO34ai
£"Tpwg»ise&;b"{

£°6tSZ2"Z\xz+Op«aeO34i+"TptSZ"yFOQqt0 b"{fthz®bpxqg»
mdptza, IRxJ& x"ATRtzi £x ®q»:t0 b"{"hUloz+Op«ae 033
ig»Bl<zos”ig»:q opxsXzJal Tgqg | t wET T >emdeiiiq®
oG\pV"{
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S..pxz KKBOX[51] wxOp«ae03aig»A”»>«tzJ& x"A wd°ii>IR zq
»:2d°TRzmdpzA<UAI3RczS‘|TRI Q>% °w TAD-DB TE"p°Ab”{

1841 J& x"A douigA<UAi3R¢

4&D> tzgq»J&A&D> T gb"{S..pxzJ&A&D T wg»wOjz &D t tSMo ®
g»pK”
g(t; T)=# fi: registration_.ym; = T, i is active at tg (18.11)
g [b"{\\pz gt;T) xzJa x"A TU I: t treiz’ "oM”T> bdeiip
K" {

\wgVz ab ttSZ"T ®qg»:X

X
N (t) = o(t;T) (18.12)
T
p)Q’'+"{thz ®g»wJ& x"AlRz>
gt T)
LT)= 18.13
6T = Ny (18.13)
g [b"{\w p(t;T) xz 1: tt Ob”’g»UzrwJ&aanb TtRb"T>" bYF=d®°
UipK”{
ANtzd°TRw 7Q> " blag ozdlooiAén”
X
S(t) = p(t; T)log p(t; T) (18.14)
T
><Ob”"{ S(t) UGVM,rz ®q»U 7sJA x"Ati, oM"\q>™ "z S(t) U-~

M,rz> wlJa x"AtBa oM”\q>™ b"{

yFg»O—xzJ&a4D T tSZ"yFg»:q o
G(T)=# fi: registration.ym; = Tg (18.15)
g [b"{\+xz TAD tSZ2"0 0 —
o(T;T) = G(T) (18.16)

t0 b*{
+Op«aeO38ilspxzg»:iZpsXzg»UcmA«°Ab"\qcOApK”"{f\pz

J& x"A T wg»U 1I: ttem® ph“DiAo

(tT) (18.17)
q b{SlispxzD8%T§+1t,nMo (tT) >IRb”"{bs~jz§+U1q04i0:>;
MoD®%18§+1>{Sz (tT) B,°p Eb"\qpzA<«uS (tT) > [b"{
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\wqVvz I: t tSZ"itA<UAiR¢>
X
V(t) = (t; T)g(t; T) (18.18)

T
g [b"{¥fhz° ph“A« VD)

ND (18.19)
gb”"{"hUloz TAD-DB pxzos” ®qg»: N(t) iZpsXzJ& x"A wA«uS>Sé
“hitA<  V(t) qz° ph*“Ac« V(1)=N(t) >% it ApV"{

18.4.2 KKBOX A"»tSz"d°e qmdpl

S..pxz;, 20p«e034i+"IptSz"d°l w«q oz Kaggle p-%~+h WSDM -
KKBOX's Churn Prediction Challenge wA”»>;M”"{Slispxz-%A"»w0Ojzq» Q>
%omembersv3zmdadc> % train zS‘| YVEYy~>Ad°> %o transactions w3 “"wA”
»>;Mh{

hizSiusx KKBOX -% A”"»f.>0Aqb”"«wpxsXz-%«q 0z1i$taivsl
"Z~rsh 12EF0wqg»~ %d°0Aqb”{thz I t S 10—I T xzOoe+px
sXDo*tB-"h{ hUlozZ<pObd®°s xzx'w VEYyOs>kutd{b”"<wpxs
XzDiB-~shd°i > TAD-DB q'06iR zD!=b"\g>é$qb”{

«304e"3aitEqjz\*'WA"»>"S$tC» h{fcz train t te"qg»
>,jq ozg» ID t** membersv3 S| transactions >AU0 zqg» Qz %0z
%oeOz y-fO0z8+MOzx"EyN&-zmd&aOgs> % %d°O"uwwuA"Og
kkbox_transaction _master_10000 >~ R " h{

ftz\wwuA"Og¢> TAD w Ut!6 h{bs~jzDoestB-"~eh 1 > tza y
d°thx %d°t0o b"O—1 » T g szl t tSMod°® T t Rb"RuUUreizZ’
"oM”T>"bd°Y6” gt;T) IR h{thzmd&0O¢S‘| yd°@Ct,nVzud®
RUtOb"°A :thxmd E!2> (tT) g 0C) h{\st'“z74$t TAD-DB U
wA”».s A kkbox_tad _g_sigma_10000 >~ R h{

Z<wispxz\w TAD-DB >;Mozd°Y6” git;T) t'"+Ou«aeO3aigrw’ 1
qz°A : (tT) t'"mdpi »Di=b"{sSz58Pwe$xz KKBOX A"»t0b”%R"
i "SW7G=pxsXz+Opu«aeO3ai £"utsz del » TAD w :T'G\ z
doe g oD=b"\qtK"{
YF=doul p(tT)

tczYF=doil p(t;T) >D*=b"{#a> &D tzNa>Jaab T gb"\gpzqOw

g»BuUUrwJ&i8t Rb"T>~iliwd°e g olrpV”{
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$ 18.14 KKBOX A"»tSZ"YF=doul p(tT) w~ii O{#ax &D tzNaxJa
4D Tz UM2xIRz p(;T) > b{doiix°7pxsXz 20158™RT’ 2016 42RwJ&
“x"Asaltiase®i O oM "{\w\qxz ®g»:wyCU 7sJ& x"AtE
st§Q'soM"wpxsXz> I8wyFO — G(T) we"t§X' "oM"D6Q>0&b"{

$18.14pxzdoiiti~se®] UaYre"{\exz ®q»U°7tii oM wpxs
Xz> wJ8i8t Rb"g»t‘'lo§XTR"*oM”"\q>O0 0oM"{

$ 18.14tO"e"YF=d°puS p(t;T) we xzo°wWD"«T'R"qMO‘“zSStTt~m
wU>cme°l g or pV"{H°xz 201040 tptJ&d~ehz+x$yM x"At0 b”
UpK"{HExz 20108= T’ 2015&4c fpt RAeha $s x"AUpK"{H~xz 2015

A&™RZAt Rhehy MJ& x"At0 b”UpK”{
\we°T w >aYb"hSz$ 18.15wyFg»O0— G(T) »_"{ G(T) xJ&a&b T tSZ
"yFq»:pK“z TAD tSZ"0 " 0—t0 b"{
G(T) wiA”»pxz 2015&8™RT’ 2016 &42RtTZo G(T) UGVXyC oM"{\w\gxz
$18.14t_'e"y " MJ& x"AwsUzmdpwy~ w t'lo R*eh<wpxsXzyFO
—fwcwwe® t‘lo< Rreh\g>0&b"{
°Mpz 2010&4c fpwyMUsz 20104a T* 2015&n ftpwo UUsSe. it’ "o
M"\gxza " wO—"x"AUiftx«OdczYF=d°usS p(t; T) wetd°Riqg o’lo
M"\g>™ b"{"hUloz\we°T xzos”°l:wqg»:lilpxsXzY¥s”i8t R
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NehO—"x"Awe°"qzfw™w’ pil UOslo RAehd%s pK”"qr pVvV"{

$18.15 JAAD T tSZ"yFq»O— G(T){2015a™RT’' 2016 42RtTZozyFJ4:
UGVXJyC oM"{

i ®g»:qdeoiAéD”

[tzi ®qg»: N(t) gd°aiAéD” S(t) >z+b"{éxzg»:UyC oMeyz+"Tp
XRO OM"q°AreebM{ T z TAD-DB pxzfwROU 7sJ& x"At§Q’«oM
"wTzfeqe> WIJ& x"At loM”"WT> S(t) t'lo°ApV"{

$1816 i ®qg»: N(t) qd°uiAéD” S(t) w* {g»:UyC oM"A@tSMo«z

d°aiAéD "Uy<b’8 U~V e"{

$18.16t0Ob'Otz 20154™RT' 2016 42RtTZ0zi ®q»: N(t) x§yC oM"°Mpz
deciAeéen” S(t) xy<b”A@U _’e"{\exzg»:WyCUZc «d°TRw 7=>™
“dcz> WI& x"AewBa>PMO”"\q>0 oM"{
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sSzd°IRwuals+">"bh4elagq 0z Eq»4a,

X
at)y= (t T)p(tT)
T

> [b"\q«pV"{SA"»pxz Eq»&,w* xd°aiAép” S(t) q“v% 7w 2>
0"0S“z 201584™RT’ 2016 42RtTZowG"yFvOt'“zg»IRU°I$ty MJIA&~
x"A «/lh\g>4 $t-YpV"{

®Y6!°p
NizJA XA w ®Qg»: oit;T) wi I=T’z ®Y6! " p>* b"{D t T'LD
t+1 tTZoz%°Ja x"A Tw ®qg»:Urw S!="hT>_"hSz!: Ey
git+21;T)=g(t;T)expf ¢ (;T)g (18.20)
t0 b""q oz
g(t+1;T)
tT)= log———— 18.21
e (6T)= log= s (18.21)
> [b7{hi z gt;T)>0wOu>0Aqgb7{

Wpz ¢ (T)>0xzD t T'LD t+1 tTZo%°Ja x"Aw ®g»:Un—"h\qg>"
b{°Mpz o (tET)<O0 Xxz%°J& x"Aw ®q»:UyC h\g> b{xOp«eO34i
g»A"»pxzgq»U°S ®8v~eqslh™t6CO z%ald x"A T te|ge"OuUK
"{fwhSz gt+1;T)>g(tT) gs“z_TZiw ®Y6!"pUlts”"\qUK"{

*hUlozS@px e (LT) >skpusryppxsXz ®g»Y6wm!=>"b ®Y6!"°pq
‘or b"{bs"jzYw«xa@®~-mdM2w!=>zU0w«x6CO~6 ®=M2w!=> %o

wqgb”{
\W e (5T) >J& x"AM2tByb"hSz D t tSZ"nJa x"AwiRz
g(t;T)
t.T)= = tT 18.22
w(t;T) N (D p(t; T) (18.22)
>O0"q o;M"{\«t‘'“z D t tiMt Ob” ®q»IRt,nX E$s ®Y6!">
*ApV’{
tczE¢Aw ®VY6!7p>
X
e (= ptT) e (T) (18.23)
T
q [b"{*tzYwWRiUqUwWR{>lUiZoz
X
+(t)= pt;T)maxf ¢ (tT);0g; (18.24)
T
X
()= ptT)maxf e (t;T);09 (18.25)
T
> [b"{\\pz +(t) xe®~-mdM2wy—>" "z (t) x6CO~6 ®=M2wy—wGV~
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> b{\wqVz
e ()= +(1) (t) (18.26)
pK"{
$18.17 JA x"AM2tBy h ®Y6! pwi%»{a D t tSMozJa x"A T
law ®Y6!°p e (ET) >zTRz  p(t;T)= g(t;T)=N(t) pO"CZ 0By oM”{Yw
RiU +(t1) xe®~mdM2wy—>z0WRiIwWGV~" (t) x6CO~6 ®=M2wy—> b{
thzE¢ ARG e ()= +(1) (t) xz D ttSZ” ®gq»Y6wm!=>"h{ 201504z
201603z201702CUtYwpi «U_"e"°Mpzfw2™txUwRlc¢<=Y ez°i$sa®
46 ®=> %*8%s ®Y6!"UDO&N"{
$18.17>_"qzJ& x"AM2tBy h ®Y6! " ptxz 1I: t tge"1-s*8$%
1"UaYre{stz
201504 201603 201702
CUtYwul «U_"ez\e’w "XMcecy 11 TDpK”{
Mpz\e'wYwpl «w2™txzUwR () <aY~re"{\w\gxz 11 TD*8w!

"UAQS$sryw > bwpxsXz°i$s ®8v~eqzfw™Mw6CO~6 ®=> % ®q
»Y6wW! " pK'D6Q>0& oM”"{"hUlozS@pxz\w*8Q>oms°jmd3&,«p
XsXz°je®Qq6 ®=> %*8%s ®Y6!°q 0{0O{

\w 11 TD*8wWj¥%xzSA"»wW T’x> pVsM{RQ’+"AY:iq oxzDt]UOA&i
wEyrgz 3000¢p q”*h0&i0:qiDB-qwcezx"Eyz>Az zORIO"i4fz
K'MxA”»"Z“7t1%b"°j8v~ergsrUK"{S@pxzj¥%w> >é$qgxdcz
Alg o 11TD "w ®Y6!"U Ob”":tféb"{

Z<weR304e&"38ipxz\w*8$!"U+Rt<E b"qMO”A>t>"X{hi z
R*-t;M” e (ET) xzYwae®M2w®LiZpsXz OTA™MwWE ®=M2W®L< %o <wW
g o* b"{\st"“z 11 TD*8 OiA>EDosmdg opxsXz°i$sae®@qfw™w

sT>PO ®Y6!°q obAg=b"{
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1843 qViE~af8§=3/FEa!t'"+RA*-

2 . fptiR hdouli git;T)zA«puS tT)zyFg»O— G(T)zS'| ®Y6!"p
e (KT) >;MozeRwqg»:S‘|AcUAT3Rc>*-b"{SlUspxzeRwd°il>z7
“x"Aw ®Y6!=qzyFJ& x"Aw0 O—t'loEyb”{

7 x"AtmMoxz

git+1;T)=gt;T)expf ¢ (t;T)g; T t (18.27)
t*“Eyb”{\\pz e (ET)> 0 wOUtx%°J& x"Aw ®qg»:Un—"z e (ET)< O
wOUutx6CO~6 ®=t'“ ®g»:UyCb”"{"hUlozS..p;M" e (T) xzkus

ryppxsXz ®g»Yé6wm!=>"b ®Y6! ppK"{
thzyFJa x"AtmMoxz0 O—q’o

glt+1;t+1)= G(t+1) (18.28)
») Q7 {
®Y6! " pweRf
cR*-t:M” ®Y6!"pxzq»4, a=t Tt b”,jRiUqz I: t tqe”*
8% OiARIUtUrb"{bs"jz
e (KT)= age(t T)+ event (1) (18.29)

qS X{

\Wpz  age(t T) xzJAT'w&aD:zbs"jg»a,t* b”,j$s ®Y6! ppK
"{+O0p«ae038i+"TupxzJaU™ws8mdz°® 8 ' “hg»wt =z08g»tS
Z” *Tsmdsrzg»8,t ahmd 2U O O0"{SA"»p<z 1: w*8% Oi
Atz,"qé!Sx-"M«wwzJad™g&aD:t ah ®Y6!"w)U=-Y~«"{"hUloz
*R*-pxzg»a, t Tt b",jRU>"b{

°MZ event(t) xz 1: t tqe” 11 TD*8w ®Y6!™> b{2..p-Y h'Otz
201504z 201603z 201702C UtxYwpi «U_'e”°Mpzfw2™txUwR <= Y e {\
w\qT'zS@px\w*8Q>zoms/ZEDo$mdpxsXz°i$sae®qfw™weCO~6 ®
=> % OTAq 0{O{

¢.$txz 11 TD*8 OiAw% D> cqz OiA% DT 'w!N-¢A> k=0;1,23q
b”"{\wqVz
event (1) = «; t=c+K (18.30)
gh”"{\\pz k=0 xee®M2w OiAD>""z k=1;2,3 xfw™Mw6 ®=> %DT8 >

b{ A"»T'* ~eh OiTAATO&"Apxz OTADtYWAYUO“zfw™w:TDt
Ow4Y> %si$s! Uqge"{
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*hUlozSilisweR*-pxz e (KT) >
e (KT)= age(t T)+ kli=c+k (18.31)
g 0)Q"{hi‘z6:w OiA% D cU Ob"Outxzfegew OiAit% aAil
e"A>&;b"{

YyFg»O—we*Rf

yFg»O—tmMoxzqVYiE3Ea!tSMozUU 6 TDWYFg»:w E>;M"{UUwi
T D> To gb”"qz
1%
k=0
pK"{SispxzJad— G(T) tmMoEzwJADUALEITpK’DOQ>RE "z 201608 T’
201701tpw 6 TD E>;M”"{
SE:x|f
+R30&e”2aipxzqYiEsEeae!q2fg§=3LFae!w 2m>z+b”{

qYiE3sEax!pxzyFg»O—q ®Y6!"pUz A”»T'* ~eh,j+jp* b”

q> b"{bs~jz
Gbaseline (T) = Gpase (18.33)
qz
baseline(t;T): age(t T)+ event(t) (1834)
gb”{\\pz event (1) txz 11 TD*8weae®~6 ®=AiT0&”A>eRt<Za h«w>;M”{

af§=3/F a!pxzyF« aft'“yFg»O—UIDd*ez{E§=2ft'“@®~mdM
2w ®YB!"UHM"«"q> b"{yFg»0—x

Gpolicy (T) = Gpase + G (18.35)
ab”{
°Mz ®Y6!"ptmMoxzYwWRiUw >jE§=2aft'loy<~d”{bs”jz
8
<
c ine (t; T); ine (,T) > 0;
bolicy (t;T) = basehne( ) baselme( ) (18.36)
baseline (1; T ); baseline (LT) 0

gb”{\\pz 0<c <1pK"{Yw baseline (L T) xee®~mdM2wy—> bhSzjEg§=2f
t“y<b"’qRQ"{°MzUw baseline (1, T) Xx6CO~6 ®=M2w!">"bhSzSlispx
\e> SczfwttjEb"{

Siuspxz«Os$t
G =50; c =08

>"X{\exz-D 50 wyFqg»ibdgze®~mdM2w ®Y6! p 20% y<>> b”"3/E
@!pK"{hi'zSA"»txU"-AYi-2fzvO®%REcz, ..zaAi3diafsrw2
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fl:U feoMsMhSz\e'wx2f®LW¥%L* <pxsXzeRO—
$1)Q"h3w>V3/Ea pK"{

A<UATZR¢wW - %o

\wf weqpz 1: t tSZ"itA<UAI3RG>
X
V(t) = (Tt T)
T
g 0-%b”"{fhz° ph“A«
V(t)
N (t)

g o0°Ab"{

$18.18 qYiE3/E®e!q2f§=3F£a!tSZ"itA«
&,t' b”,j$s ®Y6!"pqz

11 TD*8wae®~6 ®= OiA> %o

S‘ImdHM>Z\

(18.37)

V(t) weR*-{eR*-pxzqg»
signed e ective

e (KT) >;MoM”{2f§=3/F ®!pxzyFgq»O—wibdge®~mdM2w ®Y6!"

py<t“zitA<UAiSRgUQqYiE3Ea!'“<0M+jp* b"{

$ 18.18xzqYE3E e ! q2f§=3/F e !tSZ"i1A«
SE@!pxzyFg»O—wyCgae®-~-mdM2wHMt “zitAU
eb"{thz 11 TD*8 OiAtmMoxz OiADt°i$sXj "U

®=®Lt'“eei$ssiUqre"{
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V() wr >0 oM"{af§=
qYiE3zEa! i

\a”°Mpzfw™w6

(18.38)
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$ 1819 qVYiE3E®!q2f§=3/Fx!tSZ” ®q»: N(t) g° ph*Ac« V (t)=N(t)
w* {(ax ®q»:zEax° ph*“A« b{

$18.19xz ®qg»: N(t) g° ph“Ac« V(t)=N(t) >EapO oM”{23f§=3Fa&!pxz
g»: N(t) xqYiE3ZEa®!"“«GVXYCb"{°MpzyFACg»WAuSU7 g»*‘“«
yMOUuz® ph“Ac« V(t)=N(t) xzc «<i¢ sM{"hUloz TAD-DB pxzitA«wyC
iZpsXz°® ph“A«> do_"\qpzROw”"qi>iZo°ApV"{

Ziw‘Otz TAD-DB pxzyFg»«~af>0 0 — G(T) »w”;q 0zjE§=2f> ®
Y6!°p e (LT) ewnr;g 0 gpV”"{thz e (T) >g»&," Ruqg 1: w*8
OiARuUtirb"\qpzs8md«O8qg»w! gqMlh t T wis> " mmz i: t

tqe"°je®~6 ®= OiAc%iteR*-+SépV"{

18.4.4 d°niAép"qiRI Q

2 . weR*-xz2ft'"g»:S|[ItAcw!=>°Ab"«wpKIh{ T z TAD-DB w
OAsb:xzot N(t) « V(t) >' briZpsXzfw ™MtK"d°TRw “>°ApV":t
K™

T ®qg»: N(t) eT12A« V() UyC oM”OupKloczd®oaiAép” S(t) Uy<' oM
"s'yzfwROx> wlJ& x"AzK"Mx> wg»a,3t" " oM"DOQUK"{\w"*
OsY6pxz0Aqgs”doUt-R$t ;b"Z\34¢«t0 0l gs”{

hqQyzg»a,
a=t T (18.39)

Ua [a;a] tK’Ut0 oze0x"TuwORIO”izA ~ 2z TATAmdz>A“71E
srw®"U%EI"UC\ zACS$smdy Ulahgb”"{\wgqVz ®mdpx

AT)= T+ Loy ¢ T a (18.40)

q e
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18.5. TAD-DB w° =qd°61R

\w3d ¢ «t*"LDWA< aaxzUAS$t

X
V(t+1) (tT)ot;T) 1 e (18.41)

Tiag t T a
p°ApV"{ " hUloz% ai ®qg»: N(t) e%ailAc« V(t) pKlo<z0OA&, 3tg»U
Ba oM”,rzZ\3a¢ «t'""Ace xGVXs"{

\wW™ pzdoaiAép” S(t) xzos”J& x”ATRw 7Q!apxsXz> d°U34a,
«tOb"Boap«iag or pV'{+Op«aeO38iAApxzig»:*iAcwyCiZp
sXzfwROUrwdeUt "oM"T>0rb”\qUOApPK"{

Zi**z TAD-DB xz+Op«eaeO3dig»listSMozZ<w 3m>w°$t{0OTE">)Q
"[H°tz G(T) xyF«~23fUr:b"0 O —pK"{HEtz (T) xiEafemdHMafU
A nOppK”{H~tz (tT) xA"zO&iz)u=2fUA;b"A<puSpK"{ hUl
0z TAD-DB xzqg»:zmdpzA<zd®TReu«>% °wdodl git;T) T'y\$t°Ab”"M
0> ™p{

$sSzS..pxT7.B-q ow gt;T) S| (tT) >;M"Uz TAD-DB xU™wi"!:t,nX

UEGVdOs exputiApV”"{bs™jzq» Qz8§+MOzx"EyNa-zJa&Isrwi
“clgt gt T) o (tT) >TRb”\gpz-=YiA w’ T zmdpl z)u/)>z+p
V'{\w'Otz TAD-DB x. 2wDi=tqrf’'cz'“*lsqg»--YiAlstcb;p
vy

185 TAD-DB w°'=qd°6IiR

S..pxz2..3ptO h £°6+x0p«xe03aigq»istSZ” TAD-DB wé.«>+$Qz
doi A”»w6iRS‘|fw ;>° $sTE"q 0o U=b"{
Z<pxz0¥,0—

o(T;T)= G(T) (18.42)
pK“z w't‘lose """ %tv "o”raeb”{\wqVzd°Y6 o(t; T) x
Q@ (t;T) = (t;T)o(t; T) (18.43)
I (T -

tHloC2b"{
S..wé$xz TAD-DB i™mwa;0é6A ¢crai$t;MsU’'z A"»S‘|ApF tq
nMozd°Y6 g(tT) S‘|@Zp (T) >6TRD” " SUESI'"Tt zf\T «Te"|2
S‘|+R304&"3aTwD6Q>Ob\qpK"{

1851 d°6IRwi”

d°6iRxz Tt aoGVXEmta "e"{
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18.5. TAD-DB w° =qd°61R

u" Ae < 6iR
O—G(T) S'|z— f(t) U ~e0S*“zMtaZ— OTAU\RI Tto b"O—o0-q
7éwY ID t'lo¥nzZ'eoM”O0>RQ"{

\wqVzli: ttSz"iz— f(t) xz\RI T JgwRU f(;T) tarb"\qUpV"{bs
J Z,
f(y=" f(T)dT (18.44)
T1
q Mhezon x"Aw@2Z" f(tT)U D6gs”{ *°
\wOuzs8« o(to;T) »)Qzzi$tO— G(T) S‘|z— f(t;T)>&;b"\qpzd°VY6

g(t;T) >I%»q olRb"\qUpV"{"'tz
f(ET)= (Tt T) (18.45)

‘Yz@Zp (t;T) <% Do6qgs”{
bs jzx®eOc¢cpwad{UDb6s%Wpxzd°i S'|@Z21 x A"»t<cgnMoU£6
IRpV"{

i" BeF < 6IR

°MzzewY ID U OdczZ— f(t) > x"A turpVsMOUup«zApF tT) U7
Ethx> 2"00>RQ"{

\wqVzs8¢«  g(to;T) S°|O— G(T) U)Q'++yzC2M U>2 $trX\qgt'“zd®

Y6 g(t;T) »2iEyb"\qUpV"{thzfwALq o

Zt
f(t)= (tT)g(t; T)dT (18.46)
T
qMObAciwiz—U $"{
iZzZ—f(t) U ~eoM”Outxz f ) U «qTub” Otz (tT) widY"»DTzYF

=zK"Mx')ow<«O>a20ZAUK"{"hUloz\wOuwd°i x T'UE '+"wp
xsXzApF qiZ—gwTUUEw«qp6IR"e"{
Z1'“zd°6TRx t«<qnX6IRqF t<gnX6TRWEmMw,S$ 6tTg"e"{

1852 6iIR™t-%D06sS”

Mcewi " tSMo<zd®°Y6 gt T) S'|l@Zp (ET) U eeyzZ<w”>-%b"\qU
pVvV"{
~ z.
N (t) = o(t; T)dT (18.47)
T1
*5 0« gw«pMOqz f(t) xI ttSz"Zei:z f(ET) U ttSZ27¢0-l T wfa é¢cAjgt¥nMh
Z+:t0 b"{
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18.6. TAD-DB UObE _

q UG-w!ADG6Q

Zt
f(t)= (t; T)g(t; T)dT (18.48)
T1
Tool
o, T)
tT)= 184
o6 T) = U (18.49)
" aiAéD” z,
S(t) = p(t; T)logp(t; T)dT (18.50)
T1
~ £SS*|i lag D(t), F(t) s£
" «RA<°A
< Zt
()= (tT)ot; T)dT (18.51)
T1
\e'x £°6~+0p«ae03aig»istSMocO hlag%°w UpK“zd°* $s
O—~eu~Z—%t° $t&;pV"{
1853 w©llew0 «
d°6TRWIE"xz*t_$sU0tSMo&;D6pK"{E «>" 18.4t0b{
~ 184 wmuutsSz- TAD-DB 0
ia O—G(T) z—f@) Y IDw« u
+°6 Z\ ®b x ID A
O- g O«cé¢A b ~: é¢Ajo A/B
+Op« yF y ry ¥ ID A
-- 716 %oe md~aR {6 ID A
¢ ~ CRM «lvO mS~86 el ID A/B
4ja» X £ rgif a0 ID A/B
0TQ <O E 3@icjo A
\W T'I’Ts'OtAR]T >Em x"Al qz— OiAwO0 U [pV"v“z TAD-DB
WIE x¢cstiit&;DOpK”{
18.6 TAD-DB UObE q UG*w!ADG6Q
S-pxz TAD gewEl i (tT) t,nXd°A"»O"pn TAD-DB >zOSw +#"6A"»

t&; h{é.$txzSTw-T " «"Z\: G(T) gdeoi
bpf (t;T) ><Z°z4&,622 (T)z E ~®b EA&,
Aép” S(t) »%wS$Strs h{r'tz7yawad, ®bp
G(T) »Zab”\qpz
fwALz £°6t "olw'OSE_U"'+h{H"°tz

(D¢ Fe;

git;T) w2 Eyt,nXeR %

pE’soMh Gompertz ®bpUz TAD wApeé”A
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gt T) >;MozApe"A¢®

JzZYF=us p(T) qui
(@) > Gompertz p E="zZ\

N(t) w*->eelh{

(;T) wrst‘'“zHRw *w-

(ET) wi g oxutégre"qqetz



18.6. TAD-DB UObE q ulu*w!AD6Q

fwidY”"»UHE>&lo. % $t!="oM”"\qUIiZtsIh{HEtz E EA&, D;z®
b EA&, Fizfw) t=Ft D¢ o>%°wdol oi;T) gNeér f(;T) T'° $tcZb”\
qpz08%$tx®bwod,BalU @ oM"\qzy8$tx“eew-4YtIVsb"38¢s«UAD
tuzZpVv'\qUO”eh{H~tzYF=usS p:(T) gqeiAéb” S(t) wi * >éaozzZ\™
x"AT U*™° “o 0 zU&pxfweiAébD"\RUe mmK"qMOzd°i tSZ
"1 C2wM2QU "$t3VZAreh{A'tz* Neh (@ gZa hz\: G(T) >;Mh?
Eyt“z TAD-DB U+R £ip>° “h:gl woep6qgpV”\g>-Y h{

‘e gtxzS-pi™th £°6 TAD-DB xz TAD geet<gnX d°6iRql rswh
SwY»NerUe”« g ogrpV’{bs~jzEIl I tT) it

fG(T); Gouk (6T); 9t T); (6T), (ET); (tT)g

> " zq-AsU (18.4) gC2M U (18.1) >-hb‘OtIRb”"gMO gxz *76t> w
«cwpxsXzd® $sO—~eu~Z—1 >Em%t° $t&;D6pK”{

>tOAswxz 1t aod°Y6 git;T) >6TRpV”:pK"{S-p<O hiu"tH
Qyz

Y IDt“0—qZz—U0 nz'«"0uci” Aftxz x"A z— f(tT) > A
»T'UrpVzdel qApe”A>U€% pV”

Y IDUO'sMOup<«zApF (tT) U)Q'eeyzdOoVY6 g(t;T) »>2 $t6iR
pv'eiu” BE

gMOEmw,S$TE"URgb"{\w™ pz TAD-DB xo0s"A"»"01 pxsXz %h
XPAG> t<gnMod®Y6>Tib"-% ,kq 0e"nz’«"{
Atz6TRA+h gtT) S‘1 (tT) T'z
af p(T) +oiAéD”  S(t) t'T °A
Eé’:a (Dt,Ft, t) t‘”Né”quA{,«WTUSBI'S

*Rip g(tT);N(t) w2 Ey

gMlhisUw°$tiaepV'{\s'w gx £°6tv’'czfwit (a4t éD6s®Us
OéA ¢ q 0;6b"{

CQoz+Op«aeb3aig»lispxzd®°Ri ot;T) tAcus (tT) >»C)b"\gpzos
" ®g»:>OQhAcCAUDG6gs"\qUO”eh{\\pz (tT) xzJ&4&D T wqg»U
&Dt tSMo«m® ph“DiAG b{\wqVzitAcUAT3R¢X
X
V(t) = (tET)otT) (18.52)
T
g [*ez° ph“A«x V(t)=N(t) t‘lo°ApV"{
\WTE "t “zqg»: N(t) wyniZpsXzJ&™x"A WA<US>R€ hilAc« V(1)
gz° ph*“Ac« V()=N(t) >% It ApV "{*'tzyFg»«~2fx0 0 — G(T) ew?;
g'oziEg=2fx ®mdp (T) swh;g’0 gpV'{"hUloz TAD-DB pxzafUu
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18.7. TAD pAc0z ¢> ~U0~7 geeqw0z~ *QEf

*Rwqg»:zA<UAi3R¢zd°TRt)Q"&t>zdoul
ipV"{
Stsp_h'Otzaf§=t“itAc
° ph“Ac
> JA x"At* oM "TrOT>°ApV"{Zi‘“z
tSZ"«"ziEz)u=zTRI Q>w°$t{OhSwWITE">)Q"{
"hUloz
t{OTE " pK"{>tOAswxz*eRwi”w s’'czd®ul

V(t)=N(t) xZc <i¢ sM{thzd°aiAéD"”

ot;T) wEyqg o3U0ae”3a

V() UyCb"Oup«zyFa»wWA«uSUyZeyz

S(t) > ;b"\qgpzROU
TAD-DB xz+Op«ae O3&iAA

TAD-DB xo0s”"Y6G\tqrt’czdei tcgnXeR' qSf°A>wU$
ot T)zz—1

fe'T'«Te"l "w' UDOPK”:pK“z\exHRWBY$PAcgxSi$tYs”>A

pK"{
Zi'“z +°6 TAD-DB «+Op«qg»iis
"A"»wuiuzl rszS'|eR304&"3&i>°.=bh"

8"« qow ®Q>Ob«wpK”{

TAD-DB xos”"°A«pxsXzd°'

f(T)zS"|

%t0b

Z:$Tm6b;:D6sY»Ne"U

18.7 TAD bPAc¢Oz ¢> ~U0~7 gaeqw0lz~ *QEf
a _z° @) > (3) Uosg ¢y (4) 7 geeqwO0z (5) TAD w +Q
¢; G (T),Gouk (LT)E £
HRw-~ DB d°>EhsMB-€ N() |® K""5:Q ND*~Oe ~ dolo~eR&1~]|
¢l:B-£ «..@uiw*e ; xi0 KPl vi¢3a@”A 1=>{QsM
NesM
“x"Alsetm &, ~&4Ssrm, TE- HE]qw)>_” £9~\ Us E do~f xO—~
.E xZ\p "$6TRt M
TAD-DB ¢d° |g(tT) »,5Ga¢€ ®MmOIlhcw HRDB tx O's dolo>if- |
A"»0"uE (tT); (5ET); (ET)»>1 | U] rO®MoM Mdei 6B-~6r ~i 0
O€G(T);Gpuk (;T) >2Z "TH-E sUDO
\O—q'o0-E
< 6iR Y IDt'* f(T) » doxA"»T'U +~0e~q»~f doi q@Zp>%
cu” AE D6E g(tT) >Zi1RE ETipV” <g Tt* “|%Liryu
(tT) >% DO D6
F < 6IR (tT) >> thx7EE d°xF T'\R --~08iA~e0 AE6sdoc
¢u” BE gt T) >2 Ey Ao Y6bAc $° Qw<p* D
6
d°6iR¢wWU thxF t'* do>®6qgb”™~ Y6i PAc~NY d°loqqOVY6>
1 £ a(t;T) »>1i€ tT) qT craein %o It TUSLTI
a
2 ¢j 3 7 7GiG puk >f Thx dei >-Iht iw»Za~ AR bA |i”iZpsXd°i
Daersais sEx!If € gtT) »2 t°Re §” G i~T "' D6
Ey
Sf~pO°A 1 1G;G puk; >Aan!: Stxdol »>{ B-«w before/after | ® rw x"At®Mh
q'o'E VeQ” z% T "$tar
¢i o XE
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18.7. TAD pAc0z ¢> ~U0~7 geeqw0z~ *QEf

1 _zo 2) > (3) U (4) 0z (5) *Q
CA itimM (tT) »<0€ (1t)= Rg Acxde]qty LTV ~ pA :~® e$t ahi °A
¥> s” - qg7&=UDSo6
doaiAép” p(t;T)=g=N T' S(t) > |, hdo,rt 7 DB px [ E i w7Q~BoS-~
°A %o Z + Qro0°lape®
A

A"»0"uwp G&a~€°tCQ6IR~"° a’>- "°R> RDB / DWH / BI do—fg™¥> >
A A>rO \RDb" °°h DB
ges$e’nZz t ¢cd°%w " $G\E6 d°xY6!:pK @C3uAUee~-p t cdo—qwi=+

TRg°A>w a & Kk
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H19 - TAD »« ¢

Xwpgq$zug$z\u$z@8C$2puAUtSMozqOwY6xa "tSZ"\Rzeuz%=26
twdel t'l1oF "eoM"{"T zHRW XwWZ€pxz\+’wd°@CxB-"z1%
»A"»zK"Mx& Uisrt ice”\qU Xz\Rl g 1T wEI T fwcwU10
$t{"+"\gxCpKIh{fwALzd°T.w2?$l +—7$>AxGutDi="e0\s
Tih{

Time Allocation Dynamics ¢ TAD £xzd°Y6 g(t;T) >,S!:q 0<Ob"\qt'“z\RI
Tq i t wEl 1 »geewo@©t>Q"TE " pK"{\w U=t“z0—zeuz«az
6 GgMlha >w°$tG\b"\quUDO6qs"{>tzYF=pS
. Z,
glflt’(tT)); N@= gT)dT (19.1)
xzd°T w Y>U€Séb”, 5" 00AspA>Lhb{

S.pxz pt;T) wi"AUg;O qtee zfwl >e $s1:T'r b”TE™><ODb"{

p(t;T) =

bs~jzdoiltqe"E ziz‘'z..Uz GgMIh2?2%$>A>ze t"z 0ogrb”%"
>ae0{SZ€pxz\wi:t,nXrs 0>® TAD « 17 qz+{ TAD « fxz6vsdo q
>U $Tm.%$tgrb”hSwyhsG\t > ™Mb «wpK”{

r"eewelQQq° Q>--b"hSzS . px

0; 1 (19.2)
g> b"{\wMvw«gpxz%w T x«Op (tT) g™ ...og(T;T)= G(T); Gpuk (; T) w"
t'lo>AGCZ'«"{"hUlozYF=uS p(t;T) we $1 xz\R7Uq¥%=7UwEudq
"0.%$tu"b"\qUDG6qs"{
S-wésxzx A«wAls6gpxsXz TAD t,nXd°e WE™$s,S >"Z zfw:

g$lo>1I"Tth"\qtK”{d® w" =t'“zY¥Ys"iGtSZ"qAw0 CZziA"

»w sl ..zs'|t,A$ 7;iwo* UD6qgs"{\*xz&g$i ' qgebPAc>w
Ub”° " $TE">)Q " «wpK”{
S wiRxZ<weé“pK"{tcz TAD ,SM UqdeiiwDi= O>Tgb”{itzam

WE™$e " 5<Z zfegew:g$SUEQT $>A>1'Tth"{~'tz€.$ ;«qw

z+>@aol'w ®Q>UA z7™tiu$sRo>20{



19.1. ,SM UgDbt= O

191 ,$M UgD'= O
S.-pxzd°Y6 gt;T) wi C2>G\b”,SM Uqg ozZ<w°i¢ M U>;M"{
@ .\ _ . . :
@9(t,T)— Tt T)+ Gouk (5 T) (19.3)

WWpz (tT) x\RI Tt Rb"Riiw«Op> "z0"¥,0— o(T;T)= G(T) t| Gpuk (t;T)
x1 ttSZ"™ ...0> b{

U(19.3) xzd°RiUUI w&aqqg<t«a mmzyhsRUU™ . Ae"qMO,S$a >7«

?s pG\'oM”"{S -pxz!,0¢f¢ i“*;0> tsM7-PAcq oz\w U>>

b7 {Iwi Z,
N (t) = oit; T)dT (19.4)
1
>;M"QzYF=uSxX
gt T)
tLT)= 19.5
6T = S (19.5)
t'lo [re"{ p(tT) xzI  ttSZ"d°Riuwi0$iRz> b "pK“zS-tSZ” A
srsOApK”{
U(19.3) xzZ<w Ur>Em{
z, z, z,
og(t; T) = G(T)exp (s;T)ds + Gpuk (;T)exp (s;T)ds d (19.6)
T T
\W Uxzad°RUU\R™¢t!:$tn0 sU’'su”re"a > " oM”{
>tz\RU q 007 ¢ T=t Ucpla’Ouz0¥,0—q o
o(T; T)= G(T) (219.7)
gs’{\wOuzd°l w,5% "x0 ¢M2t Rrezfw™w¥=a t'los $ YU
> Me"{thz«Opx XwOuluz4,
a=t T (19.8)
W ig 0)Qe"{
tT)= (3 (19.9)
\w> weqpxzd®i x&,* $tTg”ezj xY6tSMoXx p(; T)= p(@) gMO U1
qnre"{
S.-pxzdeuiwD'= Oq oz tT) @itsz” p(t; T) wi”AU s O 0> M"{#
at 1 tzNat\RI T > “zo:wit'lo p(;T) wGV~A> gb”{\w qt‘“z
doi wY.pgAt$>A>% itarb”\quD6qgs”{
T"AU¢Olpxz0 ¢M2wil zNM2S‘[#M2wE zAt$sBu3z!,$¢sU“sr
UlZtge”{\e'w2?2$>Axz™ ... 0 g(T;T)= G(T);Gpuk (1;T) q«Op (;T) wEudto

"0 RAe"cwpK“zdo " fwiaqg or ~e”{
Z<pxz\wDl= Ot,nVzE $sd® >amw,S" q olu" zfegew:g$
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19.2. TAD » wE™$ i»"i

logi $>A>%w$trsb”{

19.2 TAD « WE ™ $ i»”i
19.21 0 ¢iw" ¢ I7"Ap£E
S xzdeuiuoT¢ T=t itw Bab”Avs$i pK"{bs“jzd°Ueurecz\
RQ%It]"U 1$tA“po’+"OUt0 b"{
‘g$UE
™ .0UO0 ¢itw” Oz
o(T;T)= G(T)

q)Q’ezTmd°RiUU-E~resMAvV

tT)'1 (T <t)

Q"
\wqVvzU
OtTy=  @THowT)
Q= Tt

wrxiulw™™p
(tETotT)=G6(T) (t T)

as”{

YF=psS

YF=uSxH -'“z
p(T)= (t T)

as”{

3 $)A

T"AU¢Olpxz T=t w0 ¢t loi,éwo6MFUQqgjzfw w—=-x17t, éqs”{
\exdOUX-EA"esM%t0 “zeui >EhsMAv$e pK”{

\wl xzd°puA¢s«U O'sMm.s 1S %zK"Mxifty8$sG1 TEhsM%>
gb"{iMw%px VWI>EmUA Uqge«"UzS" xd°+ w,jAvgq ogae$tOA
pK"{

$wti

$19.1xU (19.14)t0 b"1"AU s O>0Ob{#at 1 tzNat\RI T> “z
ftw"68SUQge"{\exd° w,jY6gq 0z w” qwz*,k>)Q"«wpK”{
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19.2. TAD » wE™$ i»"i

$19.1 0 ¢iw" ¢ I1"Ap£E

19.22 0 ¢t a@s§8"Ai ¢j x £

S° xzYF=puSUA&, a=t T w't' "z
p(tT) = p(a); a=t T (19.15)
QMO p ™e"j xY6t0 b"{I"AUsOipxz0¢ T=tt a@ss6¢U R sz
§"AiYwol q o Ne{
'g$UE
\RUO ¢iplaz
o(T;T)= G(T) (19.16)
P)Q’ «"gb”{thz«OpU&,w't' "z
tT)= (@ (19.17)
g "0 RQ"{\wqVz T Rix\R™w&al aw't'lon0b”{
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19.2. TAD » wE™$ i»"i

dodiiw

U@9.3)w Ur (19.6) t (19.16)>EOb"qz to! 1 wGuOl AvtSMoziiw™ p
!

VA
o(t; T) = G(T) exp (s)ds 17 g (19.18)
0
>""{\\p it g x T t>"b}O :pK”{
YF=uSq§"Ail
"X
I
Z, Zy 1 ’ Z, Z 4
N (t) = G(T) exp (s)ds dT = G(t a)exp (s)ds da (29.19)
1 0 0 0
pK"{j x qxzO—8SU u-"¢p,...° zbs7j
Gt a G(t) (19.20)
UR“gmY H>!b{\wqV
Z, Z,
N(t) G(1) exp (s)ds da (19.21)
0 0
qs“zYF=uSx
Za
exp (s)ds
p(t; T)= p(a) Z+ 2 ; a=t T (19.22)
exp (s)ds du
0 0
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