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ï�”�p�x�s�X�z�Ö�•�Ì�:�t�‘���b�”�º
æ�Ï���›�Ë�m
ü
Í�q�`�o�G

	\�^�•�”�{

�^�’�t�z�Ì�: t �t�S�Z�”	Z�•�x�z�\�w�d�º
ü
Í�t�0�b�”
�
ü�w�A�L�q�`�o�G	\�^�•�”�{�é�.�$�t�x�z � (t; T )

�›�Ì�: t �t�S�M�o�Ö�•�Ì�: T �t���b�”�O�•
R
ü�U	Z�•�•�Â�“�p�o�’�•�”�o�•�Ì���p�h�“�w
�
ü�§�S�q�`�z	Z

�•�” f (t) �›

f (t) =
Z t

T1

� (t; T ) g(t; T ) dT (1.1)

�q
¯�b�{�\�\�p�z � (t; T ) �x�O�•�¾�p�ç�”�ç�z��
Œ	q�•�z�á�;�M
��s�r�›
S�é�b�”
�
ü��
:�p�K�“�z FIFO �•

LIFO �z
±�S��
Œ	Z�•�s�r�x�z�f�w�é�.�$�s
¬�|�M�q�`�o�g�r�p�V�”�{

�\�w
¯�q�t�‘�“�z	Z�•�x�o�s�”�Ž
\�”�p�x�s�X�z�O�•�w�d�º�Ï�� g(t; T ) �q
�
ü��
: � (t; T ) �w
ì�“�^�;�t

�‘�l�o���‡�”�”�q�`�o�G	\�^�•�”�{�h�i�`�z�Š�Z�€�w�î
Ê�ˆ�x	H�R�w	'�A�Ž
\���Þ�Ã�ç�q�0�q�b�”�‹�w�p�x�s

�X�z�f�w�¦�Á�‡�h�x�4�ì�q�`�o�•�”�n�Z�’�•�”�{�«�Q�y�z�Ì�: t �t�S�M�o�Ž
\�$�s	'�A�” f ext (t) �U�)�Q�’�•�z

�f�w	'�A�›�¬�h�b
c�“�p�O�•�U
�
ü�^�•�”�q�ß�Q�”	Ô�ù�t�x�z � (t; T ) �x

Z t

T1

� (t; T ) g(t; T ) dT = f ext (t) (1.2)

�q�M�O
M�ÿ�w�‹�q�p���‡�”�{�\�w�q�V�z�Š�Z�€�w�Þ�Ã�ç�x�z�Ž
\	'�A�›�¬�h�b�q�M�O	Ú�E�w�‹�q�p�z�O�•�w�d

�º�Ï���q
�
ü�a���›�Ì�Ô�$�t�G	\�b�”�î
Ê�ˆ�q�`�o�r	
�^�•�”�{
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1.3. �Ö�•�~	Z�•�Ì�%�»�Ã�”�»�q g-�æ�»

�Ž	Í�‘�“�z�Š�Z�€�w�O�•�Þ�Ã�ç�x�z	'�A�'���•
C�«�”�7�&�=�f�w�‹�w�›�”�V�õ�Q�”�‹�w�p�x�s�X�z�O�•�w�º


æ�Ï���q�f�w
�
ü�a���›�G	\�b�”�h�Š�w�¦�Á�$�s	Ý�6�G	\�Þ�Ã�ç�q�`�o�•�”�n�Z�’�•�”�{�Í
…�p�x�z�\�w�ß�Q

�M�›�m�„�Þ�Ã�ç�q�`�o���[�`�z�f�w�È���Ã�v�q�`�o�È���Þ�Ã�ç�›�‹	Z�b�”�{

1.3 �Ö�•�~	Z�•�Ì�%�»�Ã�”�»�q g-�æ�»

�Š
…�p�x�z TAD �g�æ�w�,
Å�q�s�”�O�•
±�S�t�S�Z�”�m�„�Þ�Ã�ç�›�Ï
R�b�”�{�0	Å�q�s�”�w�x�z�K�”	Ž
¼�w

�Ö�•�Ì�� Ti (i = 1 ; 2; 3; �œ; m) �q	Z�•�Ì�� tk (k = 1 ; 2; 3; �œ; n) �p�K�”�{�\�•�’�t�x�Ž�<�w�Ì�%�»
M�ÿ�U�]�^

�•�”�•

T1 < T 2 < � � � < T m ; T1 < t 1 < t 2 < � � � < t n

�\�\�p�z�Ì�� T1 �›�Ö	Z�•�G�å�w	s�8�Ì�:�q�b�”�{�¤�Ö�•���´�› �T i = Ti � Ti � 1�z�¤	Z�•���´�› �t k =

tk � tk � 1 �q���[�`�z�o�•�Ì���K�h�“�w�Ö�•�”�› G(Ti )�z�o�•�Ì���K�h�“�w	Z�•�”�› f (tk ) �q�b�•�y�z�Ö	Z�•

�”�x�Ž�<�w�‘�O�t
¯�^�•�”�•

ˆ �Ö�•�”�• G(Ti )�T i

ˆ 	Z�•�”�• f (tk )�t k

�\�•�’�w��
:�x�Ž
æ�T�’�)�Q�’�•�”	t�)�w��
:�p�K�“�z�î�¿	Í�w�Ö�—�Ã�”�»�q�`�o�b�;�^�•�”�{�s�S�z�\�\

�p���[�^�•�”�Ö	Z�•�Ã�”�»�x�™���w�È���Þ�Ã�ç�Ï
R�t�S�M�o
u
ü���Ü�•�q�¦�Á�^�•�”
²�ˆ�Š�p�K�”�{

1.4 g-�æ�»�w���[�q�ˆ�$�Ë	ý

1.4.1 g-�æ�»�w�Ï��

�Ö�•�~	Z�•�w�d�º�›�-�Ë�b�”�h�Š�z�Ë�!
:��
: g(tk ; Ti ) �›�‹�Ö�b�”�{�\�•�x�z�Ì�� Ti �t�Ö�•�^�•�h�O�•�U

�Ì�� tk �w	Z�•�Ú
²�w�ˆ�Š�p�o�•�Ì���K�h�“�r�•�i�Z�’���`�o�M�”�T�›
¯�b�”�p�K�“�z�m�„�Þ�Ã�ç�p�x�¢ k; i �›

� �ï�Ã�¿�«�µ�q�b�”�£�æ�»�¢ g-�æ�»�£�q�`�o
¯�q�^�•�”�{

ˆ �æ�M�²�¢ i �£�•�Ö�•� �Õ�ï�Ä�¢�a�ˆ�Ì���£

ˆ �»�M�²�¢ k�£�•	Z�•� �Õ�ï�Ä�¢�q�O�Ì���£
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1.4. g-�æ�»�w���[�q�ˆ�$�Ë	ý


$ 1.1 g-�æ�»�w���[

1.4.2 �Â�p��
:�q�O�•�Ë	ý

�Ì�: tk �t�S�M�o�z�Ö�•�Ì�: Ti �t�0� �b�”�O�•�T�’	Z�•�•�Â�“�p�o�’�•�”�Â�ù�›�Â�p��
: � (tk ; Ti )�z�Â�“�p

�o�’�•�h	Z�•�Ñ�é�”�› f (tk ; Ti ) �q�`�o���[�b�”�q�z	Z�•�” f (tk )�t k �x�Í�Ü�p
¯�^�•�”�•

f (tk )�t k =
X

i ;t k >T i

f (tk ; Ti )�T i �t k =
X

i ;t k >T i

� (tk ; Ti )g(tk ; Ti )�T i �t k

�m�‡�“�z

f (tk ) =
X

i ;t k >T i

� (tk ; Ti )g(tk ; Ti )�T i (1.3)

�Ì�� tk �t�S�Z�”	Z�• f (tk )�t k �x�f�w�Ì�:�w�O�•�’�” g(tk ; Ti )�T i �w�O�j�z � (tk ; Ti )�t k �w�Â�ù�i�Z	Z�•�t�Â

�“�p�o�z�f�•�›�b�‚�o�w�Ö�•�Ì�� Ti �t�m�M�o�
�`�ù�˜�d�h�‹�w�q�b�”�z�q�M�O�ß�Q�M�p�K�”�{�\�w�Ì�z�O�•�’

�”�x�Í�Ü�t	H�M�Ë	ý�^�•�”�•

g(tk+1 ; Ti )�T i = [1 � � (tk ; Ti )�t k ]g(tk ; Ti )�T i

�m�‡�“�z

g(tk+1 ; Ti ) = [1 � � (tk ; Ti )�t k ]g(tk ; Ti ) (1.4)

�\�•�x�Ö�• Ti �t
¥�n�X�Í�w�Ì�� tk+1 �t�S�Z�”�O�•�’�” g(tk+1 ; Ti )�T i �x�q�O�Ì�� tk �t�S�M�o�Â�“�p�o�’

�•�s�T�l�h
æ
ü�t
ì�p�b�”�z�q�M�O�ß�Q�M�t�,�n�X�‹�w�p�K�”�{�‡�h�z � (tk ; Ti )�t k �t�x�Ž�<�w�×
µ�s
M�ÿ	Ú

�E�U�]�^�•�”�{

0 � � (tk ; Ti )�t k � 1 (1.5)

�‘�l�o�z�\�w�O�•�’�”�w�Ë	ý�x	×�t
‡
Û�p�†���t���[�^�•�” * 1�{

* 1 �Š�æ���p�x���v�x�w�Ö	Z�•� �Õ�ï�Ä�›�0	Å�q�b�”�{�È���Þ�Ã�ç�p�x�D��
Q�~�D
u
ü
Q�w�>���›�”�X�\�q�p�‰�7�w�Ë	ý���U 
Y���t�¦

�Á�^�•�”�{
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1.4. g-�æ�»�w���[�q�ˆ�$�Ë	ý


$ 1.2 �Ö�•�~	Z�•�w�Ì�%�»� �Ý�”�´

1.4.3 �¥�„	Ú�E�q�¼�L�o

G(Ti ) = g(tk ; Ti ); k = max f k j tk � Ti g + 1 (1.6)

�\�w���[�t�‘�“�z�Ö�•�Ì���t�S�Z�”�Ö�•�”�x�z�f�w�™�w�7	s�w	Z�•� �Õ�ï�Ä�t�S�Z�”�d�º�Ï���w	s�8�‹�q�`

�o g-�æ�»�t
ƒ���^�•�”�{�¢�Ö�•�À�¿�U�ì�ƒ�`�h�O�•�T�’�7	s�w	Z�•�Â�“�p�o�U�^�•�”�{�£

�y�‡�h�z	Z�•�x	Z�•�Ì���Ž
²�w�Ö�•�t�0�`�o�`�T�Â�“�p�o�’�•�s�M�w�p�z tk < T i �w	Ô�ù�x g(tk ; Ti ) = 0 �¢�¼

�L�o�£�q�b�”�{	H�l�o�z tn ; Tm �‡�p�Ì��
C�2�`�h�™�w g-�æ�»�x�Ž�<�w�‘�O�s�~�¯�æ�»�w� �Ý�”�´�q�s�”�{

�æ�»�A
É�U 0 �q�s�”�~�¯�–�¬�w
c�“�x T1 < T 2 < � � � < T m ; T1 < t 1 < t 2 < � � � < t n �w�¤ tk ; Ti �w�G	–��

���t�‘���b�”�{

1.4.4 �é�.�$�s g-�æ�»�w�Ë	ý� �Ý�”�´

T1 < t 1 < T 2 < t 2 < T 3 < t 3 �q�M�O�Ì�%�»�p�Ö�•�¢ T1; T2; T3�£�q	Z�•�¢ t1; t2; t3�£�U�K�”�q�b�”�{

ˆ �Ö�•�”�• G(T1) = 100; G(T2) = 80 ; G(T3) = 60

ˆ �Â�p��
:�•

{ � (t1; T1) = 0 :2

{ � (t2; T1) = 0 :3; � (t2; T2) = 0 :5

{ � (t3; T1) = 0 :1; � (t3; T2) = 0 :2; � (t3; T3) = 0 :4

�Ë	ý�a���p
‡
T
:�‹�U
\�a�”�w�x�z�È��
z�p�t�‘�”
ü
��›�•�0�`�o�M�”�h�Š�p�K�“�z
T
:�O�•
M�ÿ�x�]�`�o�M

�s�M�\�q�t�«�™�^�•�h�M�{
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1.4. g-�æ�»�w���[�q�ˆ�$�Ë	ý

�Ù�H 1 �Ö�• T1 �Ú�™�¢	s�8	Ý�6�£�• g-�æ�»�x 1 �· 1 �æ�»

h
100

i

�Ù�H 1 	Z�• t1 �Ú�™�• g-�æ�»�x 1 �· 2 �æ�» h
100 80

i

�»�U�å�C�^�•�z

� (t1; T1) = 0 :2 �w�Â�p�^�•�s�T�l�h
ü 80 �U g(t2; T1) �t	ý�F�å�C�^�•�”�{

�\�w�q�V�z	Z�•�x f (t1) = 20 �q�s�”�{

�Ù�H 2 �Ö�• T2 �Ú�™�• g-�æ�»�x 2 �· 2 �æ�» "
100 80

0 80

#

�æ�U�å�C�^�•�z G(T2) = 80 �U g(t2; T2) �t	ý�F�å�C�^�•�”�{�¼�L�o�‘�“�z g(t1; T2) = 0 �q�s�”�{

�Ù�H 2 	Z�• t2 �Ú�™�• g-�æ�»�x 2 �· 3 �æ�» "
100 80 56

0 80 40

#

�»�U�å�C�^�•�z

� (t2; T1) = 0 :3 �w�Â�p�^�•�s�T�l�h
ü 56 �U g(t3; T1) �t�z

� (t2; T2) = 0 :5 �w�Â�p�^�•�s�T�l�h
ü 40 �U g(t3; T2) �t�f�•�g�•	ý�F�å�C�^�•�”�{

�\�w�q�V�z	Z�•�x f (t2) = 24 + 40 = 64 �q�s�”�{

�Ù�H 3 �Ö�• T3 �Ú�™�• g-�æ�»�x 3 �· 3 �æ�»

2

6
6
4

100 80 56

0 80 40

0 0 60

3

7
7
5

�æ�U�å�C�^�•�z G(T3) = 60 �U g(t3; T3) �t	ý�F�å�C�^�•�”�{�¼�L�o�‘�“�z g(t1; T3) = g(t2; T3) = 0 �q�s�”�{

�Ù�H 3 	Z�• t3 �Ú�™�• g-�æ�»�x 3 �· 4 �æ�»

2

6
6
4

100 80 56 50:4

0 80 40 32

0 0 60 36

3

7
7
5

�»�U�å�C�^�•�z

� (t3; T1) = 0 :1 �w�Â�p�^�•�s�T�l�h
ü 50:4 �U g(t4; T1) �t�z

� (t3; T2) = 0 :2 �w�Â�p�^�•�s�T�l�h
ü 32 �U g(t4; T2) �t�z

� (t3; T3) = 0 :4 �w�Â�p�^�•�s�T�l�h
ü 36 �U g(t4; T3) �t�f�•�g�•	ý�F�å�C�^�•�”�{

�\�w�q�V�z	Z�•�x f (t3) = 5 :6 + 8 + 24 = 37 :6 �q�s�”�{

�\�w�«�x�Ö�•�Ì���q	Z�•�Ì���U�¦�E�p�q�•�”	Ô�ù�p�K�”�U�z�f�O�p�s�M	Ô�ù�p�‹�‰�7�w	�	q�p g-�æ�»�U�Ë	ý

�^�•�”�{�b�s�˜�j�°
`�t g-�æ�»�x�Õ�M�æ�»�q�s�“�z	Z�•�U�È���b�•�y�»�¢�#�£�M�²�t�Õ�X�s�“�z�Ö�•�U�È���b

�•�y�æ�¢	N�£�M�²�t�Õ�X�s�”�{�‡�h�z�¼�L�o�t�‘�“�~�¯�–�¬�w�æ�»�A
É�U�È���`�o 0 �q�s�”�~�¯�æ�»�q�s�”�{
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1.5. �O�•�”�~	Z�•�O�•
±�S�~�Ö�•�O�•
±�S�w�¦
ª�=

1.5 �O�•�”�~	Z�•�O�•
±�S�~�Ö�•�O�•
±�S�w�¦
ª�=

TAD �g�æ�t�‹�q�n�X�O�•���g�w���g�¦
ª�q�`�o�z�Ž�<�w�¦
ª�›���[�b�”�{	Z�•�O�•
±�S F (tn ) �x�q�O�Ì��

tn �t�S�Z�”	Z�•�w
±�S�›
°�A�b�”�¦
ª�z�Ö�•�O�•
±�S D(tn ) �x�q�O�Ì�� tn �p�’�l�o�M�”�O�•�w
±�S�›
°�A�b

�”�¦
ª�p�K�”�{

�O�•�”

I (tn ) =
X

i ;t n >T i

g(tn ; Ti )�T i (1.7)

�\�•�x�z�Ì�� tn �t�S�Z�”
ï�O�•�”�›
¯�b�{

	Z�•�O�•
±�S

F (tn ) =

X

i ;t n >T i

f (tn ; Ti )( tn � Ti )�T i �t n

X

i ;t n >T i

f (tn ; Ti )�T i �t n

=

X

i ;t n >T i

� (tn ; Ti )g(tn ; Ti )( tn � Ti )�T i

f (tn )
(1.8)

�\�•�x�z�Ì�� tn �t�S�M�o�z�î�M�t	Z�•�^�•�h	Ž
¼�w " �O�•�p�K�l�h�8�� tn � Ti " �w	Z�•�”�t�‹�q�n�X�C	O���É

�›
¯�b�{�À�¿�$�t�x	'�A���¢	Z�•���£�w�O�•�w
±�S�›
¯�b�¦
ª�p�K�“�z�\�w�‹�U	–�^�M�„�r�O�•
±�S�x�ô�M�q


°�A�^�•�”�{�¢�p�˜	Z�•�U���É�$�t�y�Ì���w�O�•�8���›�&�o�æ�s�˜�•�h�q
°�A�^�•�”�{�£

�Ö�•�O�•
±�S

D(tn ) =

X

i ;t n >T i

g(tn ; Ti )( tn � Ti )�T i

X

i ;t n >T i

g(tn ; Ti )�T i

=

X

i ;t n >T i

g(tn ; Ti )( tn � Ti )�T i

I (tn )
(1.9)

�\�•�x�z�Ì�� tn �t�S�M�o�z�î�M�t�O�•�q�`�o���O�`�o�M�”	Ž
¼�w " �O�•�p�K�”�8�� tn � Ti " �w�O�•�”�t�‹�q�n

�X�C	O���É�›
¯�b�{�À�¿�$�t�x�™�…���¢�Ö�•���£�w�O�•�w
±�S�›
¯�b�¦
ª�p�K�“�z�\�w�‹�U	–�^�M�„�r�O�•
±

�S�x�ô�M�q
°�A�^�•�”�{�¢�q�O�O�•�w�Ö�•�T�’�w�:�y�8���U���É�$�t�y�Ì���p�K�”�q
°�A�^�•�”�{�£

�\�•�’���m�w�¦
ª�¢�O�•�”�~	Z�•�O�•
±�S�~�Ö�•�O�•
±�S�£�x�f�w�Ü�w���[�T�’�z�Ú�™�w�Ì�� tn �t�S�Z�”�\

�•�’���m�w�¦
ª�w�#���|
°�A�U�D�ó�p�K�”�\�q�›�™�¯�b�”�{	H�l�o�\�•�x	H�R�w�O�•�g�æ�t�S�Z�”
:�”�Õ�”�µ

�w�ú�r�›�Ò�Q�o�z�Ú�™�w�Ì�:�t�S�Z�”�O�•	Ý�6�›�O�•�”�i�Z�p�s�X�f�w�í�$�¦
ª�¢	Z�•�O�•
±�S�t�|�Ö�•�O�•


±�S�£�‹���Š�o
°�A�b�”�:�t�S�M�o	ý�F
Q�›���b�”�{
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15

�H 2 	· �O�•
±�S�¢�È���£�Þ�Ã�ç

�Š	·�p�x�z
²	·�p���[�`�h�O�•
±�S�w�m�„�Þ�Ã�ç�›�‹�q�t�È���Ã�v�p�È���Þ�Ã�ç�t� �æ�b�”�{�\�•�t�‘�l�o�z


:�g�Þ�Ã�ç�q�`�o�w�Ï���U�_�è�`�•�b�X�s�“�z�m�„�Þ�Ã�ç�p���[�`�h�¤�¦
ª�‹�×
µ�t�È��� �æ�^�•�”�{

2.1 �m�„�Þ�Ã�ç�T�’�È���Þ�Ã�ç�•�w� �æ


²	·�p�Ï�™�`�h�m�„�Þ�Ã�ç�x�z�î�¿	Í�w�Ö	Z�•�Ã�”�»�›�§�î�t
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�”�{�™�…�a���w	s�8	)���Á�Ø�{

� � � 	��M�O�•	Z�•���•�U�C���$�t�¦�G 	ý�F�4	F�U	'�A�›	Í�s�“�z	��M�O�•�U��
Œ

�$�t	Z�•�^�•�”	Ý�6�U�x���t�§�‡�l�o�M

�”�{�™�…�a���‡�h�x	'�A�·�=�w�¹�©�{

�›�t	O�A�s�w�x�z�\�•�’ 3 �m�w�”�›�‰�Ì�t�
���b�”�\�q�t�‘�“�z�O�•�Ï���w
i�$�s	Ý�6�t�q�r�‡�’�c�z�f�w
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3.1. 	Ý�6�!
:�q�`�o�w�d�º
ü
Í�q	'�…�ª�ß�¿�Ó�¦
ª�w�‹	Z


­� �M�²�S�‘�|�!�=�w�§�S�›�°���`�o�ú�r�p�V�”�:�p�K�”�{�b�s�˜�j�z�‰�°�w I (t); �( t) �w
+	j�t�S�M�o�‹�z

v(t) �S�‘�| a(t) �w
Ö�ø�Ï
R�t�‘�“�z	'�…�ª�ß�¿�Ó�U�r	«�M�²�t�²�T�l�o�M�”�w�T�z�K�”�M�x�o�t�¦�G�M�²�t

�K�”�w�T�›�Ý���b�”�\�q�U�p�V�”�{

3.1.2 �Ÿ	×�¹�©�q�`�o�w�r	



²
…�p�Ô�`�h
Ö�ø�Ï
R�x�z�O�•�Ï���w	Ý�6�S�‘�|�f�w
­� �M�²�›�.�%�$�t�G	\�b�”�h�Š�w�‹�w�p�K�”�U�z�f

�w�¤�t�x�î�¿	Í�w�Ÿ	×�¹�©�q�`�o�r	
�p�V�”�Á�Ø�U���‡�•�o�M�”�{

�q�X�t	O�A�s�w�x�z �( t) > 0; v(t) > 0; a(t) > 0 �U�‰�Ì�t
R�q�b�”	Ô�ù�p�K�”�{�\�w
Ö�ø�Ï
R�x�z�y�M�O

�•	Z�•���•�U�Ì���q�q�‹�t�¦�G�`�z�T�m�f�w�¦�G�U�C���`�o�M�”�\�q�›�™�¯�b�”�{�\�w�‘�O�s�Á�Ø�p�x�z�y�M

�é�¿�Ä�U
ì�0�$�t�:�y�`�•�b�X�s�“�z	'�A�U�<	ü�•�`�h	Ô�ù�t�x�8�v
~�•�t�‘�”
��:�•�q
€���b�”�D�ó
Q�U�ô

�M�{�`�h�U�l�o�z�\�w
Ö�ø�Ï
R�x�z	•�R�w
��:�æ�µ�«�w
Œ�æ�¹�©�q�`�o�r	
�p�V�”�{

�^�’�t�z�\�w�Á�Ø�x�o�t
��:�w�)�e�›�Ô�b�t�q�r�‡�’�c�z�O�•�á�;	Í�w�p�Ö�(�•�›�Ô�&�b�”�‹�w�p�‹�K�”�{

�b�s�˜�j�z�y�M�O�•� 	O�U�¦�G�`�m�m�K�”�ˆ�Š�t�S�M�o�z�‹�¾�V
b
��•
b���ª�f�t�‘�“�p�˜�é�¿�Ä�w�s�8�›��


��b�”�\�q�p�z
��:�•�w� �æ�›�°
µ�t�w�Y�\�q�U�D�ó�p�K�”�{�\�w�™�¯�p�z�Š�¦
ª�x
��:�æ�µ�«�w�U�Œ�t�C�Q

�o�z�&
~�s�p�Ö�»� �Û�ï�¬�w
Q�…�t�‹�/�)�b�”�{

�°�M�p�z�f�w���w
Ö�ø�Ï
R�x�z�O�•�y	V�z	��å�O�•� 	O�z�K�”�M�x�Ï���$�s
­� �a���›�Ô�b�‹�w�q�`�o���;

�p�K�”�U�z�\�•�’�x�Ú�j�t
��:�•�=
¼�q�M�l�h�é�.�$�s�Ÿ	×�Ä	Å�t�A�|
Ç�X�q�x�v�’�s�M�{�`�h�U�l�o�z�Š
…

�p�x�\�•�’�›	��q�`�o	Ý�6

�…�w�h�Š�w�¦
ª�q�`�o�•�”�n�Z�”�{

�Ž	Í�w�‘�O�t�z �( t); v(t); a(t) �w�‰�Ì�
���x�z�O�•�Ï���w�!�=�›�ˆ�¶�$�t�ú�r�b�”�\�q�›�D�ó�q�`�z�q�“�˜

�Z�y�M�O�•� 	O�w�¦�G�›�è�a�o�z	H�R�w�O�•�”�¦
ª�p�x�
�Q�t�X�M
��:�æ�µ�«�w
Œ�æ�¹�©�›�Ì�¬�t�D�¹�=�b�”

�‹�w�p�K�”�{

�s�S�Š�Ø�p�x�z�¤�¦
ª�w�g�æ�$�s�Ï���›�Ô�b�h�Š�È���Þ�Ã�ç�›�–�l�o
†�Ì�`�o�M�”�U�z�î�M�t�³�µ�Â�Ü�=�b

�”�M�x�m�„�Þ�Ã�ç�w
¯�Ü�›�–�O�\�q�t�s�”�x�c�p�K�”�{�m�„�Þ�Ã�ç�w
¯�Ü�x�f�w�‡�‡�ž�ç�°�æ�¶�Ü�q�ˆ�s�d�”

�w�p�z�¯�”�Å�=�b�”�w�x�0�›�p�K�”�q�¥�˜�•�”�{�h�i�`�z v(t); a(t) �t�m�M�o�x�
���”�q�`�o	��˜�p�V�”�7	–
ï

�w�m�„�Ã�”�»�›�–�l�o�˜�p�8���w�!�=�”�¢�¯
��£�›�-�‰�`�h�‹�w�p�E�8�b�”�s�w�»
É�U
ž�A�p�K�”�{ * 1

3.1.3 �Â�p��
:�q
±�S�¦
ª�w����

�Š�Z�€�p�‹�Ö�`�h
±�S�¦
ª�x�z�O�•�w�d�º
ü
Í g(t; T ) �w�ˆ�T�’�>�‡�”�”�q�z�Â�p��
: � (t; T ) �t�‘���b�”

�”�q�›�à���`�o�g�r�b�”
ž�A�U�K�”�{�\�w�:�›�Ì�¬�t�`�o�S�X�\�q�x�z�Š�î
Ê�ˆ�w�g�æ�$�•�”�n�Z�q�î�¿	Í�w

�r	
�w
Ò�M�t�S�M�o	O�A�p�K�”�{

�‡�c�z�Ì�: t �t�S�M�o�-���^�•�o�M�”�O�•�w�:�y�Ï���›
¯�b�Ö�•�O�•
±�S D(t) �x�z�Ì�: t �t�S�Z�”�d�º
ü


Í g(t; T ) �t�‘�l�o���‡�”�¦
ª�p�K�”�{�b�s�˜�j�z D(t) �x�z�f�w�Ì�:�p�r�w�Ö�•�Ì�:�w�O�•�U�r�w���S�’�l�o

�M�”�T�q�M�O stock ���w�º
æ�Ï���›�A�ÿ�`�h�”�p�K�“�z�Ì�: t �t�S�Z�”�O�•	Ý�6�w�¦
ª�q�`�o�r	
�^�•�”�{

* 1 �«�Q�y�z�
���à�� [t � 2; t � 1]; [t � 1; t ] �t�S�M�o�z

v(t ) = �( t ) � �( t � 1); a(t ) = �( t ) � 2�( t � 1) + �( t � 2)

�q�b�•�y�‘�M�{
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3.1. 	Ý�6�!
:�q�`�o�w�d�º
ü
Í�q	'�…�ª�ß�¿�Ó�¦
ª�w�‹	Z

�\�•�t�0�`�z�Ì�: t �t�S�Z�”	Z�•�w�d�º�Ï���›
¯�b	Z�•�O�•
±�S F (t) �x�z	Z�•�Ñ�å�¿�«�µ

f (t; T ) = � (t; T )g(t; T )

�t�,�n�M�o���‡�”�h�Š�z�d�º
ü
Í g(t; T ) �w�ˆ�s�’�c�z�Â�p��
: � (t; T ) �t�‹�‘���b�”�{�`�h�U�l�o�z�‰�°�w

�O�•	Ý�6 g(t; T ) �U�)�Q�’�•�o�M�o�‹�z�r�w�d�º
R
ü�›��
Œ�`�o	Z�•�t�Â�“�p�o�”�T�t�‘�l�o�z	Z�•�O�•
±�S

F (t) �x�!�=�`�O�”�{

�\�w�\�q�T�’�z	'�…�ª�ß�¿�Ó

�( t) = F (t) � D (t)

�x�z�O�•	Ý�6�q	Z�•	Ý�6�w�)�›
¯�b�¦
ª�p�K�”�q�‰�Ì�t�z
�
ü
S�f�w�è�¹�›	!�Z�”�”�p�‹�K�”�{�›�t�z �( t) > 0

�x�z���É�$�t�ˆ�o�-���O�•�‘�“�‹�Õ�X�:�y�`�h�O�•�U	Z�•�^�•�o�M�”�\�q�›�™�¯�`�z�y�M�O�•�U��
Œ�$�t	Z�•

�^�•�o�M�”�z�K�”�M�x�O�•�Ï���t�:�y�w� �“�U�•
u�`�o�M�”�D�ó
Q�›�Ô�&�b�”�{�o�t�z �( t) < 0 �x�z
z�±�$	ý

�`�M�O�•�U��
Œ�`�o	Z�•�^�•�o�M�”�\�q�›�™�¯�`�z�y�M�O�•�w�’�y�U
��œ�p�M�”�D�ó
Q�›�Ô�&�b�”�{

�^�’�t�z�f�w�)
ü�%�»

v(t) = �( t) � �( t � �t ); a(t) = v(t) � v(t � �t )

�x�z	'�…�ª�ß�¿�Ó�w�Ì���$�!�=�›
¯�b�{�\�•�’�‹�‡�h�z�d�º
ü
Í g(t; T ) �w�!�=�i�Z�p�s�X�z�Â�p��
: � (t; T )

�w�!�=�t� �a�o�!�ˆ�b�”�{�f�w�h�Š�z v(t) �S�‘�| a(t) �x�z�O�•�Ï���w�×
µ�s
*� �›
¯�b�i�Z�p�s�X�z�¾�p�ç�”

�ç�•	Z�•��
Œ	q�•�w�!�Ë�t�‘�l�o
\�a�”�ˆ�6�$�è�¹�›�U�Œ�b�”�¦
ª�q�`�o�‹�r	
�p�V�”�{

�Ž	Í�‘�“�z �( t); v(t); a(t) �x�z�o�s�”�O�•�Ï���w�G	\�”�p�x�s�X�z�Â�p��
: � (t; T ) �t�‘�l�o�F���^�•�”�O

�•
S�f�w�è�¹�›�D�¹�=�b�”�¦
ª�p�‹�K�”�{�`�h�U�l�o�z�Š�Z�€�w�î
Ê�ˆ�p�x�z�‰�°�w	'�A	Ú�E�S�‘�|�Ö�•	Ú�E

�w�‹�q�p�Ÿ�s�”
�
ü
S�f�›
z�±�`�h�q�V�z�f�•�’�U�O�•�w�:�y�Ï���S�‘�|	Z�•�Ï���t�)�Q�”�)�Ÿ�›�z
±�S�¦
ª

���›�è�a�o
°�A�b�”�\�q�U�p�V�”�{

3.1.4 �¦
ª�w�
���Ì�:�q�™�¥�>��	Í�w�•�”�n�Z


²	–
…�p�x�z
±�S�¦
ª���U�d�º
ü
Í g(t; T ) �S�‘�|�Â�p��
: � (t; T ) �t�r�w�‘�O�t�‘���b�”�T�›
T�g�`�h�{

�\�\�p�x�z�f�•�’�w�¦
ª�U�î�¿	Í�r�w�Ì�:�p�
���D�ó�p�K�“�z�r�w�‘�O�s�™�¥�>���§�	�t�;�M�’�•�”�T�›�Ì�¬

�t�b�”�{

�Ö�•�O�•
±�S D(t) �x�z�Ì�: t �t�S�Z�”�O�•�w�d�º
ü
Í g(t; T ) �U�ú�r�^�•�o�M�•�y�z�f�w�Ì�:�p�Ú�j�t�-

�‰�p�V�”�{���M�z	Z�•�O�•
±�S F (t) �x�z�Ì�: t �t�î�q�`�h	Z�•�î
w�t�,�n�M�o�-�‰�^�•�”�
���”�p�K�”�{�`

�h�U�l�o�z	'�…�ª�ß�¿�Ó �( t) = F (t) � D (t) �S�‘�|�f�w�)
ü�%�» v(t); a(t) �‹�z�Ì�: t �‡�p�t�b�;�D�ó�s�O

�•	Ø�C�q	Z�•	Ø�C�T�’�ž�Í�Ë	ý�D�ó�p�K�”�{

�\�w�™�¯�p�z�Š�Z�€�w
±�S�¦
ª���x�z�-�h�8��	4�ƒ�™�w�Ä�™
ü
s�w�h�Š�i�Z�w�¦
ª�p�x�s�X�z�¤�Ì�:�p�O�•

�Ï���w� �“�q�f�w�!�=�M�²�›

�…�b�”�h�Š�w�¦�ï�å� �ï�á�;�¦
ª�q�`�o�•�”�n�Z�’�•�”�{�`�h�U�l�o�z�Š�Z�€

�U�™
$�b�”�™�¥�>���§�	�q�x�z	'�A�•
\�ˆ�-�h�w
¶�.�›�Š�Þ�Ã�ç�o� �p�>���b�”�\�q�p�x�s�X�z�7���w	'�A�'

���•�4	F�-�h�w�‹�q�p�z�4	F�z
b���z�¾�p�ç�”�ç�w�_�Ú�`�s�r�w�p�Ö
Q�…�›�4	•�b�”�\�q�›�™�¯�b�”�{

�Í
…�w�Û�Ç�­�”�µ�p�x�z�\�w�‘�O�s�¦
ª�w
S�f�‘��
Q�q�á�;	Í�w�™�¯�U�z�4	F�»� �Û�ï�¬�S�‘�|
�
ü�ç�”�ç

�w�§�M�q�`�o�r�w�‘�O�t�q�•�”�T�›�¬�Ý�b�”�{
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3.2. �O�•
±�S�t�‹�q�n�X	'�…�ª�ß�¿�Ó�q�™�¥�>���«�¢�Û�Ç�­�”�µ�£

3.2 �O�•
±�S�t�‹�q�n�X	'�…�ª�ß�¿�Ó�q�™�¥�>���«�¢�Û�Ç�­�”�µ�£

�Š
…�p�x�z	–
��À�w�3�„�O�•�t�S�Z�”�o
¼ SKU �w���o�s�«�›�;�M�o�z�O�•
±�S�›�‹�Ö�b�”�\�q�p	H�R�¦
ª

�p�x�_�Q�s�T�l�h	'�…�ª�ß�¿�Ó�U�r�w�‘�O�t�D�¹�=�^�•�z�é�.�$�s�™�¥�>���t�m�s�U�”�T�›�Ô�b�{

3.2.1 �4	F
S�f G(T) �w
z�±�«


ƒ���•�o
¼ SKU �q 2 �m�w�4	F�Í�»�”�ï

�Ô�Í	'�A�x 1 �Ô�K�h�“�°�� d = 100 �x�q�`�z 10 �Ô���¢ Day1�™Day10�£�›�ß�Q�”�{�‡�h�z FIFO �¢
Œ�Ö
Œ	Z�£

�t�‘�”�O�•�¾�p�q�b�”�{�\�\�p�x�z�M�c�•�‹ 3 �s�w
ü�Â�4	F�p
ï�Ö�•�”�U�‰�°�q�s�” 2 �m�w�4	F�Í�»�”�ï�›


z�±�b�”�{

�­�”�µ I�¢
²�W�`��
ü�Â�4	F�£ Day1 �t 450 �x�¢�é�¿�Ä A �£�z Day4 �t 325 �x�¢�é�¿�Ä B�£�z Day7 �t 325 �x

�¢�é�¿�Ä C�£�›�Ö�•�b�”�{

�­�”�µ II�¢�™�–�W�`��
ü�Â�4	F�£ Day1 �t 325 �x�¢�é�¿�Ä A �£�z Day4 �t 325 �x�¢�é�¿�Ä B�£�z Day7 �t 450

�x�¢�é�¿�Ä C�£�›�Ö�•�b�”�{

�M�c�•�w�­�”�µ�p�‹�z 10 �Ô���w
ï�Ö�•�”�x 1100�x�z Day10 �Ì�:�w�O�•
:�”�x N (10) = 100 �x�q�s�”�{�‡

�h�z�4	F�s
:�z
ï�Ö�•�”�z	'�A�x�‰�°�p�K�”�h�Š�z�O�•�s�8�p�•�O�•�Ô
:�¢�O�•�— 1 �Ô
b
��”�£�q�M�l�h	H�R

�¦
ª�p�x�†	��x�„�…�‰�s�t
°�A�^�•�”�{�`�T�`�s�U�’�z�4	F�»� �Û�ï�¬�q�é�¿�Ä�Ï
R�w�§�M�t�‘�“�z�O�•�w�å

�¸�Ï�� g(t; T ) �x�G�V�X�Ÿ�s�”�{

�Ž�<�w
¯ 3.2 �t�| 3.3 �x�f�•�g�•�w�­�”�µ�t�S�Z�”�Ô���O�•�’�q
±�S�¦
ª�S�‘�|�)
ü�%�»�w
*� �›�Ô�`�h�‹

�w�p�K�”�{


¯ 3.2 �­�”�µ I �¢
²�W�`��
ü�Â�4	F�£�•�Ô���O�•�’�q
±�S�¦
ª�S�‘�|�)
ü�%�»�¢�O�•�’�S�‘�| N (t) �x�¤�Ô

�w	Z�•�™�w�‹�| D (t) �x	Z�•
²�w�O�•�T�’�-�‰�`�h�Ö�•�O�•
±�S�| F (t) �x�p�Ô	Z�•
ü�T�’�-�‰�`�h	Z�•�O�•


±�S�| v(t) = �( t) � �( t � 1)�| a(t) = �( t) � 2�( t � 1) + �( t � 2)�£

Day t �é�¿�Ä A �’ �é�¿�Ä B �’ �é�¿�Ä C �’ 
ï�O�•�’ N (t) D (t) F (t) �( t) v(t) a(t)

1 350 0 0 350 0.00 0.00 0.00 | |

2 250 0 0 250 1.00 1.00 0.00 0.00 |

3 150 0 0 150 2.00 2.00 0.00 0.00 0.00

4 50 325 0 375 0.95 3.00 2.05 2.05 2.05

5 0 275 0 275 1.40 2.50 1.10 -0.95 -3.00

6 0 175 0 175 2.00 2.00 0.00 -1.10 -0.15

7 0 75 325 400 1.05 3.00 1.95 1.95 3.05

8 0 0 300 300 1.56 3.25 1.69 -0.26 -2.21

9 0 0 200 200 2.00 2.00 0.00 -1.69 -1.43

10 0 0 100 100 3.00 3.00 0.00 0.00 1.69
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3.2. �O�•
±�S�t�‹�q�n�X	'�…�ª�ß�¿�Ó�q�™�¥�>���«�¢�Û�Ç�­�”�µ�£


¯ 3.3 �­�”�µ II �¢�™�–�W�`��
ü�Â�4	F�£�•�Ô���O�•�’�q
±�S�¦
ª�S�‘�|�)
ü�%�»�¢�O�•�’�S�‘�| N (t) �x

�¤�Ô�w	Z�•�™�w�‹�| D (t) �x	Z�•
²�w�O�•�T�’�-�‰�`�h�Ö�•�O�•
±�S�| F (t) �x�p�Ô	Z�•
ü�T�’�-�‰�`�h	Z�•

�O�•
±�S�| v(t) = �( t) � �( t � 1)�| a(t) = �( t) � 2�( t � 1) + �( t � 2)�£

Day t �é�¿�Ä A �’ �é�¿�Ä B �’ �é�¿�Ä C �’ 
ï�O�•�’ N (t) D (t) F (t) �( t) v(t) a(t)

1 225 0 0 225 0.00 0.00 0.00 | |

2 125 0 0 125 1.00 1.00 0.00 0.00 |

3 25 0 0 25 2.00 2.00 0.00 0.00 0.00

4 0 250 0 250 0.21 0.75 0.54 0.54 0.54

5 0 150 0 150 1.00 1.00 0.00 -0.54 -1.07

6 0 50 0 50 2.00 2.00 0.00 0.00 0.54

7 0 0 400 400 0.30 1.50 1.20 1.20 1.20

8 0 0 300 300 1.00 1.00 0.00 -1.20 -2.40

9 0 0 200 200 2.00 2.00 0.00 0.00 1.20

10 0 0 100 100 3.00 3.00 0.00 0.00 0.00

�Ž�<�w
$ 3.1 �x�z�O�•�Ï���q	'�…�ª�ß�¿�Ó�z�S�‘�|�f�w�)
ü�%�»�t�‹�q�n�X�Ÿ	×�¹�©�›�‰�°�w�Ì���à	Í�p�D

�¹�=�`�h�‹�w�p�K�”�{�é�¿�Ä A �x T = 1 �Ö�•�¢ day1 �Ö�•�£�z�é�¿�Ä B �x T = 4 �Ö�•�¢ day4 �Ö�•�£�z�é�¿�Ä C

�x T = 7 �Ö�•�¢ day7 �Ö�•�£�t�g�•�g�•�0� �b�”�{
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3.2. �O�•
±�S�t�‹�q�n�X	'�…�ª�ß�¿�Ó�q�™�¥�>���«�¢�Û�Ç�­�”�µ�£


$ 3.1 �­�”�µ I �¢
²�W�`��
ü�Â�4	F�£�S�‘�|�­�”�µ II �¢�™�–�W�`��
ü�Â�4	F�£�t�S�Z�”�O�•�d�º�q�Ÿ	×�¹

�©�w�D�¹�=�¢ 1 �ˆ�è�•�O�•�d�º g(t; T ) �w�Î�”�Ä�Ú�¿�Ó�| 2 �ˆ�è�•�Ö�•�~	Z�•�O�•
±�S D (t); F (t)�| 3 �ˆ�è�•

	'�…�ª�ß�¿�Ó �( t ) = F (t) � D (t)�| 4 �ˆ�è�•�Ÿ	×�¹�©�§�S�Î�”�Ä�Ú�¿�Ó�£

4 �ˆ�è�x�z �( t )�z�f�w
ÿ�n���S v(t)�z
ÿ�n�C���S a(t) �t�,�n�X
Ö�ø
Ç�V�Ÿ	×�µ�¯�ž�›
¯�b�{ �( t ) >
0; v(t) > 0; a(t) > 0 �t�0� �b�”
��:�æ�µ�«�w�¹�©�›�Ô�`�z	í�w�ñ�^�x j�( t )v(t)a(t)j �t
z�«�b�”�{

1 �ˆ�è�w�Î�”�Ä�Ú�¿�Ó�x�O�•�d�º g(t; T ) �›�Ô�`�o�S�“�z�¤�Ì�: t �t�S�M�o�r�w�é�¿�Ä�¢
\
R�Ì�� T �£�w�O�•

�U�r�w���S���O�b�”�T�›
¯�b�{�\�•�t�‘�“�z�O�•�w�å�¸�Ï���w�Ì���$
*� �›�¹�®�$�t�ú�r�b�”�\�q�U�p�V�”�{

2 �ˆ�è�x�Ö�•�O�•
±�S D(t) �q	Z�•�O�•
±�S F (t) �›�Ô�b�{�†	��w�)�p�K�”	'�…�ª�ß�¿�Ó

�( t) = F (t) � D (t)

�x�z�O�•
¶�.�t�0�b�”	Z�•�O�•�w
ì�0�$�s�å�¸� �“�›
¯�b�¦
ª�p�K�”�{

3 �ˆ�è�x	'�…�ª�ß�¿�Ó �( t) �w�Ì��
*� �›�Ô�`�o�M�”�{ �( t) > 0 �x�O�•
¶�.�‘�“�y�M�O�•�U��
Œ�$�t	Z�•�^

�•�o�M�”	Ý�6�›�™�¯�b�”�{

4 �ˆ�è�x�z	'�…�ª�ß�¿�Ó�w�)
ü�%�» v(t) = �( t) � �( t � 1) �S�‘�| a(t) = �( t) � 2�( t � 1) + �( t � 2) �›
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3.2. �O�•
±�S�t�‹�q�n�X	'�…�ª�ß�¿�Ó�q�™�¥�>���«�¢�Û�Ç�­�”�µ�£

�;�M�o���[�`�h
��:�æ�µ�«�w
Œ�æ�¹�©�›�Ô�b�Î�”�Ä�Ú�¿�Ó�p�K�”�{�\�\�p�x�z

S(t) =

8
<

:
j�( t)v(t)a(t)j; �( t) > 0; v(t) > 0; a(t) > 0

0 otherwise

�›�Ÿ	×�¹�©�§�S�q�`�o�D�¹�=�`�o�M�”�{

�\�w
¯�q�t�‘�“�z
z�%�w�–�¬�x	'�…�ª�ß�¿�Ó�U
Y�M�²�t�C���$�t�¦�G�`�o�M�”�z�b�s�˜�j�y�M�O�•	Z�•���•

�U�§�‡�“�z�y�M�é�¿�Ä�w�:�y�U
��æ�`�o�M�”�Á�Ø�›�Ô�b�{�\�w�‘�O�s�Á�Ø�p�x�z	'�A�U�<	ü�•�`�h	Ô�ù�t�z�y

�M�O�•�U	«�=�^�•�c�t�’���`�z�8�v
~�•�t�‘�”
��:�•�q
€���b�”�D�ó
Q�U�ô�M�{�`�h�U�l�o�z�Š�Î�”�Ä�Ú�¿�Ó

�x
��:�æ�µ�«�w
Œ�æ�¹�©�›�§�S
Ç�V�p�D�¹�=�b�”�‹�w�q�`�o�r	
�^�•�”�{

�›�t	O�A�s�w�x�z�\�•�’�w�Ÿ	×�¹�©�U 1 �ˆ�è�w�O�•�d�º g(t; T ) �q�0� �n�Z�o�r	
�p�V�”�:�p�K�”�{�b�s�˜

�j�z�Ÿ	×�U
C
\�`�h�Ì���i�Z�p�s�X�z�r�w�é�¿�Ä�Ï
R�U�f�w�j�¼�q�s�l�o�M�”�T�›�‰�Ì�t�ú�r�b�”�\�q�U�D�ó

�q�s�”�{�\�w�‘�O�t�z�O�•�Ï���q�Ÿ	×�¹�©�›�‰�°���Ø	Í�p�D�¹�=�b�”�\�q�p�z
��:�æ�µ�«�w
C
\�q�f�w�Ï���$

�A�¼�›�°�.�$�t�g�r�b�”�\�q�U�p�V�”�{

	H�R�¦
ª�p�x�˜�’�•�s�M�™�¥�>��

���s�w�Û�Ç�­�”�µ�p�x�z
ï�Ö�•�”�z�4	F�s
:�z	'�A�U�‰�°�p�K�”�h�Š�z�O�•�s�8�p�•�O�•�Ô
:�q�M�l�h	H�R

�¦
ª�p�x�­�”�µ I �q�­�”�µ II �x�„�…�‰�s�t
°�A�^�•�”�{�`�T�`�z�O�•�w�å�¸�Ï�� g(t; T ) �S�‘�|	'�…�ª�ß�¿�Ó

�( t) �q�f�w�)
ü�%�» v(t); a(t) �w�•�ˆ�x�†	��p�G�V�X�Ÿ�s�”�{�Š	–
…�p�x�z�\�w�)�Ÿ�U�î�¿	Í�w�™�¥�>���t�r

�w�‘�O�t�����b�”�T�›�ß�o�b�”�{

�8�v
Ç�V	Ž
¼�t�S�M�o�x�z�O�•�w���É�å�¸�f�w�‹�w�‘�“�‹�z�y�M�O�•�w� �O�q�f�w�!�=�M�²�U
��:�æ�µ�«�›

�F���b�”	O�A�s�A�¼�q�s�”�{�Š�Û�Ç�­�”�µ�p�x�z �( t) > 0; v(t) > 0; a(t) > 0 �U�‰�Ì�t
R�q�b�”�Á�Ø�›�z�y

�M�O�•	Z�•���•�U�C���$�t�¦�G�`�o�M�”	Ý�6�q�`�o�
�Q�”�{

�\�w
Ö�ø�Ï
R�x�z�y�M�é�¿�Ä�w�:�y�U
��æ�`�m�m�K�”�\�q�›�™�¯�`�z	'�A�U�<	ü�•�`�h	Ô�ù�t�O�•�U	«�=�^

�•�c�z�8�v
~�•�t�‘�”
��:�•�q
€���b�”�D�ó
Q�U�ô�M�{�b�s�˜�j�z�\�w	Ý�6�x
��:�æ�µ�«�w
Œ�æ�¹�©�q�`�o�r

	
�p�V�”�{

�Š�¦
ª�x�z�o�s�”�O�•�”�p�x�s�X�z	'�A�!�ˆ�t�0�b�”
��:�æ�µ�«�w�ò� �S�U�ô�M�Á�Ø�›
Œ�æ�$�t�›���p�V�”

�:�t�›�Ã�U�K�”�{

	O�A�s�w�x�z�\�w�¹�©�U�o�s�”�æ�µ�«�U�Œ�t�q�r�‡�’�c�z�p�Ö
Q�…�q�Ú
€�A�|
Ç�X�:�p�K�”�{�b�s�˜�j�z�p

�˜�Á�Ø�t�S�M�o�x�z�‹�¾�V
b
��•
b���ª�f�t�‘�“�y�M�O�•�w�s�8�›��
��b�”�\�q�p�z
��:�•�w� �æ�›�°
µ�t�w

�Y�\�q�U�D�ó�p�K�”�{

�­�”�µ I �p�x�z Day4 �S�‘�| Day7 �t�S�M�o�\�w	Ú�E�U
R�q�`�o�S�“�z
��:�æ�µ�«�U�ô�‡�“�m�m�K�”�Á�Ø�U

�
���^�•�”�{�°�M�z�­�”�µ II �p�x�‰�7�w�§�M�³�¬�Æ�ç�x	Z�q�d�c�z�y�M�O�•�w� �O�x�H
M�^�•�o�M�”�{

�\�w�‘�O�t�z �( t) �w
+	j�t�C�Q�o v(t); a(t) �w
Ö�ø�q�G�V�^�›���d�o�
�o�b�”�\�q�p�z
��:�æ�µ�«�w
C
\�t


Œ�æ�b�”�Á�Ø�›�›���`�z�f�•�t�0� �`�h�‹�¾�V�~
b���ª�f�w�î�ª�»� �Û�ï�¬�›�O�•�Ï���t�,�n�M�o
Q�…�b�”�\

�q�U�D�ó�q�s�”�{
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3.2. �O�•
±�S�t�‹�q�n�X	'�…�ª�ß�¿�Ó�q�™�¥�>���«�¢�Û�Ç�­�”�µ�£

�‡�q�Š

�Ž	Í�w�ß�o�T�’�z�O�•
±�S�t�‹�q�n�X	'�…�ª�ß�¿�Ó�S�‘�|�f�w�)
ü�%�»�x�z�O�•�w�”�$�s�®�p
Q�›���”	H�R

�¦
ª�q�x�Ÿ�s�“�z�O�•�Ï���w	Ý�6�q�f�w�Ì���$�!�=�›�‰�Ì�t�
�Q�”�¦
ª�p�K�”�q�M�Q�”�{

�›�t�z �( t) �x�O�•�Ï���w� �“�›�z v(t) �x�f�w�!�=�M�²�›�z a(t) �x�f�w�!�=�w�C���~�n���›
¯�b�{�\�•�’�›


Ê�ˆ�ù�˜�d�”�\�q�p�z�y�M�O�•�w� �O�U�¦�G�`�m�m�K�”�Á�Ø�z�b�s�˜�j
��:�æ�µ�«�w
Œ�æ�¹�©�›�›���`�O�”�{

�^�’�t�z�\�w�‘�O�s�Á�Ø�›�Ä
²�t�ú�r�b�”�\�q�t�‘�“�z�O�•�Ï���t�,�n�M�o�‹�¾�V�•
b���ª�f�t�‘�”�O�•�s

�8�w��
��q�M�l�h�p�Ö
Q�…�›�§�	�b�”�{

�\�w�‘�O�t�z�Š�¦
ª�x�O�•�Ï���w�ˆ�¶�$�ú�r�›�è�a�o�z
��:�æ�µ�«�w�U�Œ�q�f�w�s
†�t�²�Z�h�™�¥�>���›�°

�.�$�t�§�	�b�”�î
Ê�ˆ�›���™�b�”�‹�w�p�K�”�{

3.2.2 
�
ü
S�f � (t; T ) �w
z�±�«


²
…�p�x�z	��q�`�o�4	F�»� �Û�ï�¬�w�§�M�U�O�•�Ï���q	'�…�ª�ß�¿�Ó�t�)�Q�”�è�¹�›�¬�Ý�`�h�{�\�\�p�x�z

�‰�°�w	'�A	Ú�E�S�‘�|�Ö�•	Ú�E�w�‹�q�p�z	Z�•
�
ü�ç�”�ç�w�§�M�U
±�S�¦
ª���t�r�w�‘�O�s�)�›�‹�h�’�b�T�›

���o�t�¬�Ý�b�”�{

�M�‡�z�K�”�Ì�: t �t�S�M�o�z�Ö�•�Ì�:�w�Ÿ�s�” 2 �m�w�O�•�é�¿�Ä A; B �U���O�`�z�f�•�g�•�w�’���O�•�”�›

g(t; TA ); g(t; TB ) �q�b�”�{�h�i�`�z TA < T B �p�K�“�z�é�¿�Ä A �w�M�U�y�M�O�•�p�K�”�q�b�”�{�\�w�q�V�z�‰

�a
ï	Z�•�” f (t) �›�¬�h�b 2 �m�w
�
ü
S�f�›�ß�Q�”�{

�­�”�µ A �p�x�z�y�M�O�•�›��
Œ�`�o	Z�•�b�” FIFO �$
�
ü�›�>�;�b�”�{�b�s�˜�j�z � (t; T ) �x
ì�0�$�t TA

���p�G�V�X�z TB ���p	–�^�M�q�b�”�{�­�”�µ B �p�x�z
z�±�$	ý�`�M�O�•�›��
Œ�`�o	Z�•�b�”
�
ü�›�>�;�b�”�{

�b�s�˜�j�z � (t; T ) �x
ì�0�$�t TB ���p�G�V�X�z TA ���p	–�^�M�q�b�”�{

�\�w�q�V�z�­�”�µ A �p�x�y�M�O�•
R
ü�U�‘�“���X	Z�•�^�•�”�h�Š�z	Z�•�O�•
±�S F (t) �x
ì�0�$�t�G�V�X�s

�“�•�b�M�{���M�p�z�y�M�O�•�w�’�y�U�H
M�^�•�”�h�Š�z	•�R�Ì�:�t�S�Z�”�O�•�Ï���w� �“�x���è�^�•�•�b�M�{

�`�h�U�l�o�z	'�…�ª�ß�¿�Ó �( t) = F (t) � D (t) �x�°�Ì�$�t
Y�M�²�•	ü�•�O�”�U�z�f�w�™�w�:�y�Ï���w�•
u�x

�H�Q�’�•�”�{

�\�•�t�0�`�o�z�­�”�µ B �p�x
z�±�$	ý�`�M�O�•�U��
Œ�`�o	Z�•�^�•�”�h�Š�z�Ì�: t �t�S�Z�”	Z�•�O�•
±�S

F (t) �x
ì�0�$�t	–�^�X�s�“�•�b�M�{�°�M�p�z�y�M�O�•�U�%�º�t�’�y�`�•�b�X�s�”�h�Š�z	•�R�Ì�:�t�S�Z�”�Ö�•

�O�•
±�S D(t) �w�q�=�•�z	'�…�ª�ß�¿�Ó�w�¦�G�U
\�a�O�”�{�›�t�z�\�w�‘�O�s
�
ü�U�'���b�”�q�z �( t) �w
Û�M

�²�•�w� �“�•�z�f�w�)
ü�%�» v(t); a(t) �t�‘�”�Ÿ	×�¹�©�U�
���^�•�•�b�X�s�”�{

�\�w
z�±�«�x�z�‰�°�w	'�A	Ú�E�S�‘�|�4	F	Ú�E�w�‹�q�p�‹�z�Â�p��
: � (t; T ) �w
¬�|�M�t�‘�l�o�z	Z�•�Ï���z

�’���O�•�Ï���z�f�`�o
±�S�¦
ª���w�•�ˆ�U�!�=�b�”�\�q�›�Ô�`�o�M�”�{�`�h�U�l�o�z�Š�Z�€�w�¦
ª���x�z�O�•

	Ý�6�w�G	\�”�p�K�”�i�Z�p�s�X�z FIFO �z FEFO �z�K�”�M�x�f�w���w
�
ü
S�f�›
z�±
°�A�b�”�h�Š�w�á�;�¦
ª

�q�`�o�‹�b�;�p�V�”�{�Ž	Í�›���o�s
z�±
¯�t�`�h�‹�w�U�<�w
¯ 3.4 �p�K�”�{


¯ 3.4 
�
ü
S�f�w�§�M�q
±�S�¦
ª�w��
Q�$�!�=

�ò�è �­�”�µ A �¢ FIFO �$
�
ü�£ �­�”�µ B �¢	ý�`�M�O�•��
Œ�£

�Ì�: t �w F (t) �G�V�X�s�“�•�b�M 	–�^�X�s�“�•�b�M

�y�M�O�•�w�’�y �H
M�^�•�•�b�M �•
u�`�•�b�M

	•�R�w D (t) �~
³�`�•�b�M �q�=�`�•�b�M

�( t ) �w���² 
Y�M�²�t	ü�•�•�b�M 
Û�M�²�t	ü�•�•�b�M


��:�æ�µ�«�¹�© �ÿ�n�`�•�b�M 
ÿ�G�`�•�b�M
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3.3. �î�¿�$���™�q�™�¥�>���•�w
€��

3.3 �î�¿�$���™�q�™�¥�>���•�w
€��

�Š
…�p�x�z
²
…�p�‹	Z�`�h�¦
ª�U�î�¿�t�S�M�o�r�w�‘�O�s�™�¥�>���t
€���^�•�”�T�›�é�.�$�t�Ô�b�{

3.3.1 	ý�`�M�Ú� �«�é�Ú�É�´�Ý�ï�Ä


²
…�w�A�L�T�’�z�4	F�s
:�•
ï�Ö�•�”�U�‰�°�p�K�l�o�‹�z�4	F�»� �Û�ï�¬�q�é�¿�Ä
�
ü�w�§�M�t�‘�“�z�O�•

�Ï���S�‘�|	'�…�ª�ß�¿�Ó�w�ˆ�6�x�G�V�X�!�=�b�”�\�q�U
ü�T�”�{�\�•�’�w���™�x�z
²
…�w�Û�Ç�­�”�µ�t�S�M�o

�
�o�^�•�h F (t) �q D(t) �w���m�q�`�o�é�.�$�t�q�•�o�M�”�{

	H�R�w�O�•�”�¦
ª�p�x�\�•�’�w�)�Ÿ�›�
�Q�”�\�q�x���É�p�K�”�U�z�O�•
±�S�S�‘�|�f�w�)
ü�%�»�›���;�b�”

�\�q�p�z

ˆ 
��:�æ�µ�«�w�¹�©�ž�å�”�Ä

ˆ �‹�¾�V�~
b���w�î�ª�Ì�8

�q�M�l�h�å�C�$�s	Ø�C�›���™�b�”�\�q�U�p�V�”�{

�\�\�p�z�Š�î
Ê�ˆ�t�S�M�o�z � (t; T ) �x�O�•�¾�p�ç�”�ç�•	Z�•��
Œ	q�•�q�M�l�h�î�¿	Í�w�™�¥�>���t�0� �b�”


M�š�!
:�q�`�o�r	
�^�•�”�{�`�h�U�l�o�z�\�•�’�w�¦
ª�x�o�s�”
ü
s�¦
ª�t�q�r�‡�’�c�z	Z�•
�
ü�w�Ð
T�›�è

�a�o�O�•�Ï���f�w�‹�w�›
M�š�b�”�h�Š�w�,
k�›�)�Q�”�{

�Ž	Í�‘�“�z�Š�î
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�E
¯�$�s�Z�€�q�`�o�z�¼�=�O�•�¢ deteriorating/perishable inventory �£�w
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Ê�p�‰�Ì�t���[�~
°�A�b�”�:�p�x�v���$�p�K�”�{
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���›�z�‘�“�Ì�Ô�$�t�{�O�\�q�U�p�V�”�{

�Š�î
Ê�ˆ�t�S�M�o�x�z�O�•�” I (t) �t�C�Q�o�z�Ö�•�O�•
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u�¢�æ�»�A
É

�]�q�w
u�£�w
ï�è�p
¯�^�•�”�•

f (tk ) =
kX

i =1

� (tk ; Ti ) g(tk ; Ti )

�‡�h�z�¤�Ö�—�Ì�: Ti �t�S�Z�”�d�º
ü
Í�¢�’���”�£�w�Ë	ý�x�¢�Ì�����ˆ �t k �›�Ì�Ô�b�”�q�£

g(tk+1 ; Ti ) = [ 1 � � (tk ; Ti ) �t k ] g(tk ; Ti )

�q�G	\�^�•�”�{

4.4 �Á�v	Ð
u�q�¦
:��
:�•�w� �æ

	Í�w�ž�Í�Ë	ý�›���“�&�b�q�z�›���w�Ö�—�Ì�� Ti �t�0�b�”�d�º
ü
Í�¢�’���”�£�x

g(tk ; Ti ) = G(Ti )
k � 1Y

j = i

(1 � � (t j ; Ti ) �t j ) (4.3)

�q�s�”�{�\�w
¯�Ü�›�_�•�y�z�7	s�w�Ö�— G(Ti ) �T�’	Z
C�`�z	Z�— f (tk ) �t�0�b�”�Â�“�p�o � (t j ; Ti ) �t�‘�l�o	O

	Þ�$�t�d�º
ü
Í g(tk ; Ti ) �U�n
0�`�o�M�X�¼� �Æ�Û�«�µ�U�°�è�Ž
µ�q�s�”�{

�Ì�����ˆ �t j ! 0 �w�Ã�v�p�z
u�w�0
:�›�q�•�y

logg(tk ; Ti ) = log G(Ti ) +
k � 1X

j = i

log (1 � � (t j ; Ti ) �t j ) (4.4)

� logG(Ti ) �
k � 1X

j = i

� (t j ; Ti ) �t j

= log G(Ti ) �
Z t

T i

� (s; Ti ) ds

�p�K�“�z�`�h�U�l�o

g(t; T ) = G(T) exp
�

�
Z t

T
� (s; T) ds

�
(4.5)

�q�È���Þ�Ã�ç�w�Ì�Ô�r�t�°�•�b�”�{ * 2�h�i�`�z�M�¤�z�Â�”�å�”�2�‰

log(1 � x) = � (x +
x2

2
+

x3

3
+ :::)

* 1 �¤�{���^�•�h T �t�0�`�z � (�; T ); G(�; T ) 2 L 1
loc �T�m � (t; T ) � 0 �›�>���b�•�y�z	s�8�‹ g(T + ; T ) = 0 �›�‹�m
C�2�M���Ü

@t g = � �g + G �x�°�™�w
ˆ�0�È���r�›�‹�m�{
u
ü�� g(t; T ) =
Rt

T G(s; T ) exp
�
�

Rt
s � (u; T ) du

�
ds �U�f�w�Ï
R�r�›�)�Q�”�{

* 2 supj � (t j ; Ti )�t j < 1 �T�m
P

j � (t j ; Ti )�t j < 1 �s�’�z
Q

j (1 � ��t ) ! exp(�
R

� ) �t�°�•�b�”�{
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4.5. �æ�»�q�`�o�w g; � �w�¼� �Æ�Û�«�µ�q�¹�®�$�Ï��

�t�S�M�o�z x = � (t j ; Ti ) �t j �q�`�o�z (4.4) �w�è�x �t j ! 0 �w�Ã�v�p log(1 � x) = � x + o(x) �‘�“�æ�”�Ú�ï�è

�q�`�o�x�
�Í�w�ò�w�ˆ�U�/�)�`�z log(1 � x) �t	)���b�”�\�q�›�;�M�h�{

4.5 �æ�»�q�`�o�w g; � �w�¼� �Æ�Û�«�µ�q�¹�®�$�Ï��

�m�„�Þ�Ã�ç�t�S�M�o g �x�~�¯�æ�»�q�`�o�Ï
R�^�•�z�Í�w�¼� �Æ�Û�«�µ�›�Ë�m�•

ˆ �¼�L�o�t�‘�”�Ï���• g(tk ; Ti ) = 0 for Ti > t k �‘�“ g-�æ�»�x�~�¯�æ�»�q�s�”�{

ˆ G �t�‘�”�æ�w�å�C�•	ý�h�s�Ö�—�Ì�� Tm +1 �U�å�C�^�•�”�q�z g-�æ�»�t 1 �æ�U�å�C�^�•�”�{�¢	ý�`�M�Ö�—

�U
\�a�h	`���w�¥�„	Ú�E�£

ˆ f �t�‘�”�»�w�å�C�•	ý�h�s	Z�—�Ì�� tn +1 �t�S�M�o�z � �Â�p�t�‘�l�o�z g-�æ�»�t 1 �»�U�å�C�^�•�”�{�¢�Ì

��
C�2�t
P�O�Â�p�~�n
0�£

�Ú�ò�$�g�r�q�`�o�z G �t�‘�”�Ö�—�w�h�|�t g �æ�»�w�æ�M�²�¢	N�M�²�£�U�¦�Á�^�•�z�f�w�Ì���Ž�ñ�w	Z�—�T�’

�Â�“�p�o�U�æ�˜�•�”�h�Š�z�Ö�—�p�å�C�^�•�” g �x�¥�„�A
É�w�ˆ�q�s�”�{�æ�M�²�¢	N�M�²�£�x G �t�‘�l�o�Ž
\

�$�t�å�C�^�•�”�i�Z�p�æ�q�æ�w���w�È���x�s�M�\�q�t�«�™�b�”�{ * 3�°�M�p�»�M�²�¢�#�M�²�£�x	Z�—�w�h�|�t�¦�Á

�^�•�z	Z�—�”�x�Â�p � �t�‘�l�o�>�‡�“�z�’�”�¢�d�º
ü
Í�£�U�Í�w	Z�—�t�–�˜�•�”�h�Š�z t �M�²�t�x�×�o�$�s�Ì

��
C�2�¢�n
0�;�Ï�£�U���O�b�”�{

�È���Þ�Ã�ç�p�x�\�w�<�~�¯�æ�»�Ï���x�Á�v�Í�i�w
¢���^�;
É�w�Ï���t�0� �`�z
u
ü�© g(t; T ) �q�Â�p��
:

� (t; T ) �w
u�t�‘�“�d�º�U�È���$�t�Ë	ý�^�•�”�{�`�h�U�l�o�z�m�„�~�È���w�†�Þ�Ã�ç�x�w�°�$�t�g�r�p�V�z�µ�Ö

�«�Ä�ç�r
s�•�{���‹�ð�J�s�r�Á�v�Í�i�r
s�•�w�¦�Á�‹�D�ó�p�K�”�{

(1) 	s�8�w g�¢	–�±� �¶�£

T
m

�¢
�æ

�—
�Ö

�—
�£

tn �¢�»�—	Z�—�£

�Ì��

(2) �¥�„�Ö�— G(Tm +1 ) �t�‘�“ �æ�U�å�C

�¥�„�Ö�—�p
\
R g(tn ; Tm +1 )

�Ì��

(3) �Í�w	Z�— tn +1 �p �»�U�å�C & 
R�Õ
�»

�å
�C

�¢
f

�£


$ 4.1 g-�æ�»�w
R�Õ�•�Ö�—�t� �a�o�æ�U�å�C�^�•�z	Z�—�t� �a�o�»�U�å�C�^�•�”�\�q�p�<�~�¯�Ï���U
R�Õ�b�”�7� �›�Ô�b

* 3 �f�•�•�Q�t Ti �x�å�Õ�ç�q�ˆ�s�^�•�z Ti �M�²�w�Ñ�å�¿�«�µ�x���O�`�s�M�{
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�H 5 	· TAD �g�æ�w�d�º�Ï���q�¤�ï�Ä�é�Ð�”
��=

�\�w	·�p�x�z TAD �w�d�º�Ï���q�¼�L�o�›�;�M�o�z	Ø�C�¤�ï�Ä�é�Ð�”�w�“�æ�›�‹�Ö�b�”�{�\�w�¤�ï�Ä�é�Ð�”�x

	Ø�C�g�æ�w�³�ß�Ê�ï�¤�ï�Ä�é�Ð�”�t
ì�p�b�”�‹�w�p�K�“�z
ú�g�¶�w�ä�—�¶�$�¤�ï�Ä�é�Ð�”�q�w���Ü�$���æ
Q�U

�K�”�\�q�U�™�w	·�p�Ô�^�•�”�{ [96, 13]

5.1 �d�º�Ï�� g(t; T ) �q�¼�L�o

�\�\�‡�p�x�z�0�¯�t�S�Z�”�Ö�—�›�¥�„	Ú�E

g(T; T) = G(T)

�q�`�o�)�Q�o�V�h�{�\�•�x�z�Ö�—�Ì�� T �t
\
R�^�•�h
R
ü�U�z�
���Ì�� t = T �t�S�M�o�d�º�Ï���•�v�Ö�`�z

�f�w�™ t > T �t�
�l�o
C�2�b�”�\�q�›�™�¯�`�o�M�”�{

�°�M�p�z�‘�“�°
`�t�x�z�‰�°�w�Ö�—�d�º T �t���b�”
R
ü�t�0�`�o�z�™�w�Ì�� t > T �t�S�M�o�å�C�$�s�Ö�—

�•�6�p�Ö�U�æ�˜�•�”	Ô�ù�‹�ß�Q�’�•�”�{�\�w�‘�O�s
‡�0�¯�–�¬�t�S�Z�”���V	Z�`�› Gbulk (t; T ) �q
¯�b�{�¼�L

�o�‘�“�z	•�R�w�Ö�—�Ì���t���b�”
R
ü�U�a�ˆ�w�
���Ì���t���O�b�”�\�q�x�•�^�•�s�M�h�Š�z

Gbulk (t; T ) � 0 (t < T ) (5.1)

�›�A
e�b�”�{ * 1

�`�h�U�l�o�z g(t; T ) �w�Ì��
C�2�x�z�¥�„	Ú�E g(T; T) = G(T) �w�‹�q�p�z
‡�0�¯�–�¬ T < t �t�S�M�o

@g(t; T )
@t

= � � (t; T ) g(t; T ) + Gbulk (t; T ) (T < t ) (5.2)

�p�)�Q�’�•�”�{�\�\�p�z Gbulk (t; T ) �x�z�7���w�d�º�Ì�� T �t���b�”
R
ü�t�0�`�o�z�
���Ì�� t �p�C�Q�’�•�”

�Ž
\�$�Ö�—�›
¯�b�{

�›�t�z���V	Z�`�U�0�¯�Ö�—�w�ˆ�T�’�s�”	Ô�ù�t�x

Gbulk (t; T ) � 0 (T < t ) (5.3)

�p�K�“�z
C�2�M���Ü�x
@g(t; T )

@t
= � � (t; T ) g(t; T ) (T < t ) (5.4)

�t�<�£�b�”�{

* 1 �0�¯�Ö�— g(T; T ) = G(T ) �x�z
ü
Í�æ�$�t�x G(T )� (t � T ) ���w�o�ò�q�`�o
¯�b�\�q�‹�p�V�”�{�`�T�`�Š�Ø�p�x�z	B�ÿ�”�w
•
ü�t

�S�Z�”�¥�„�ò�q�w�Ë	O�-	Í�›
†�Z�”�h�Š�z�0�¯�Ö�—�x�¥�„	Ú�E�q�`�o�{�M�z
‡�0�¯�–�¬�w���V	Z�`�w�ˆ�›
C�2�M���Ü�w �È�%�t���Š

�”�{



5.2. �Â�p��
: � (t; T ) �w�°
`�Ï���q
ƒ�-�×���S


ú�g�¶�t�S�Z�”�Ž	Ô�•�Ö�—�x�z���X�w	Ô�ù�z�^�;�Ì���t
\
R�^�•�”
R
ü�q�`�o�0�¯ T = t �t�q�•�”�{�°�M

�p�z�þ�q�q	Å�z�¶	6�a���z	Ø�C�³�µ�Â�Ü�s�r�p�x�z�a�ˆ�w�d�º�t���b�”�0	Å�t�0�`�o�z�™�w�Ì�� t �T�’�6
°�A�z

�6�Æ
Q�=�z�4	F�z�p�Ö�U�æ�˜�•�”�\�q�U�×
µ�t�I�\�”�{ TAD �x�z�\�w�‘�O�s�d�º�t�,�n�X�Ž
\�$�p�Ö�›�‰�°

�w
:�g�Ï���p�{�O�h�Š�z�0�¯�¥�„�Ö�—�t�C�Q�o�z
‡�0�¯�–�¬�t�S�Z�”���V	Z�` Gbulk (t; T ) �›�•�0�b�”�{

5.2 �Â�p��
: � (t; T ) �w�°
`�Ï���q
ƒ�-�×���S

�Â�p��
: � (t; T ) �x�z�d�º�Ï�� g(t; T ) �T�’	Z�— f (t) �•�w�Ì���K�h�“�w�Â�p�p�›
¯�b��
:�p�K�“�z�Í�Ü�p��

�[�^�•�”�•

f (t) =
Z t

T1

� (t; T ) g(t; T ) dT (5.5)

�\�\�p � (t; T ) � 0 �U
R�“�q�j�z � �U�G�V�M�„�r�d�º�w	«
…���S�x���M�{
ƒ�-�×���S�q�`�o�x�z

ˆ �Ì���‘�����¢ � = � (t)�£

ˆ �&�a�Ì���‘�����¢ � = � (t � T)�£

ˆ �Ö�•�Ì���‘�����¢ � = � (T)�£

ˆ 	Í�G�w���ù���~�Í�å�Ý�Ä�æ�¿�«
ƒ�-

�s�r�U�ß�Q�’�•�”�{

�d�º�Ï�� g(t; T ) �w�Ì��
C�2�x�z�¥�„	Ú�E g(T; T) = G(T) �w�‹�q�z
‡�0�¯���V	Z�`�ò Gbulk (t; T ) �›���Š

�o�z
‡�0�¯�–�¬ T < t �t�S�M�o�Í�w�‘�O�t�°
`�=�^�•�”�•

@g(t; T )
@t

= � � (t; T ) g(t; T ) + Gbulk (t; T ) (T < t ) (5.6)

�\�w�q�V�z t � T �t�S�Z�”�r�x

g(t; T ) = G(T) exp
�

�
Z t

T
� (s; T) ds

�
+

Z t

T
Gbulk (�; T ) exp

�
�

Z t

�
� (s; T) ds

�
d� (5.7)

�q
¯�^�•�”�{�\�\�p Gbulk (t; T ) �U�r�w�‘�O�s���›�q�”�T�t�‘�l�o�z�d�º�Ï���w
\
R�Ó�é�·�µ�U�F���^�•�”�{

�›�t�z
‡�0�¯���V	Z�`�U�s�M	Ô�ù�z�b�s�˜�j Gbulk (t; T ) � 0 �w	Ô�ù�t�x�z g(t; T ) �x

g(t; T ) = G(T) exp
�
�

Z t

T
� (s; T) ds

�
(5.8)

�t�<�£�b�”�{

5.3 TAD �¤�ï�Ä�é�Ð�” S(t) �w���[�q�Ì��
C�2�Ü

5.3.1 TAD �¤�ï�Ä�é�Ð�” S(t) �w���[

TAD �g�æ�t�S�Z�”	Ø�C�¤�ï�Ä�é�Ð�” S(t) �›�d�º�µ�S p(t; T ) �t�,�n�V�Í�Ü�p���[�b�”�•

S(t) = �
Z t

T1

p(t; T ) log p(t; T ) dT (5.9)
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5.3. TAD �¤�ï�Ä�é�Ð�” S(t) �w���[�q�Ì��
C�2�Ü

�\�\�p�z�d�º�µ�S�w���[�x

p(t; T ) =
g(t; T )
N (t)

; N (t) =
Z t

T1

g(t; T 0) dT0 (5.10)

�p�K�“�z p(t; T ) � 0 �T�m
Rt

T1
p(t; T ) dT = 1 �q�s�”�w�p�z S(t) �x	Ø�C�g�æ�t�S�Z�”�³�ß�Ê�ï�¤�ï�Ä�é�Ð�”�t

�0� �b�”�‹�w�q�ß�Q�’�•�”�{

p(t; T ) �x t � T ���Ø	Í�t�|�I�b�”�Â�Ø	Ý�t�s�l�o�S�“�z

ˆ t = �°���w�…�Ø�p
~�•�y�z	Z�—�Ì�� t �t�S�Z�” T �M�²�w�d�º�µ�S

ˆ T = �°���w�…�Ø�p
~�•�y�z�Ö�—�Ì�� T �w�d�º�µ�S�t�0�b�” t �M�²�w�Ì���n
0

�›
¯�b�Â
¢�q�s�”�{


$ 5.1 �d�º�µ�S p(t; T ) �w�Â�Ø� �Ý�”�´

5.3.2 g(t; T ) �w�Ì��
C�2

g(t; T ) �w
C�2�M���Ü�x�z�Â�p�t�‘�”�n
0�ò�q
‡�0�¯���V	Z�`�ò�›���Š�o�Í�w�‘�O�t
¯�^�•�”�•

@g(t; T )
@t

= � � (t; T ) g(t; T ) + Gbulk (t; T ) (T < t ) (5.11)
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5.3. TAD �¤�ï�Ä�é�Ð�” S(t) �w���[�q�Ì��
C�2�Ü

�\�\�p�x�°
`�=�^�•�h���V	Z�`�›
Ý���b�”�h�Š�z	Í�Ü�w Gbulk (t; T ) �x T < t �t�S�Z�”�º
æ���V	Z�`�w�ˆ�›
¯

�`�z�¥�„ T = t �t�S�Z�”	ý�F�v�Ö�x g(t; t ) = G(t) �p
¯�b�\�q�q�b�”�{ * 2

�\�w�Ì�z p(t; T ) �w�Ì��
•
ü�x
u	Ž
•
ü�w�¬�Ü�T�’

@p
@t

(t; T ) =

@g(t; T )
@t

N (t) � g(t; T )
dN (t)

dt
N 2(t)

(5.12)

�\�\�p N (t) �w�Ì��
•
ü�x�å� �Ó�Ç�¿�À���T�’

dN (t)
dt

= g(t; t ) +
Z t

T1

@g(t; T 0)
@t

dT0 (5.13)

�q�s�”�{�\�•�› (5.12) �t�E�Ö�`�z���V	Z�`�ò Gbulk �t���R�b�”�/�)�›�‡�q�Š�o
T�g�b�”�q

@
@t

p(t; T ) =
1

N (t)
@g(t; T )

@t
�

g(t; T )
N (t)

1
N (t)

dN (t)
dt

=
1

N (t)
(� � (t; T ) g(t; T ) + Gbulk (t; T )) � p(t; T )

1
N (t)

�
g(t; t ) +

Z t

T1

@g(t; T 0)
@t

dT0
�

= � � (t; T ) p(t; T ) +
Gbulk (t; T )

N (t)
� p(t; T )

�
p(t; t ) +

1
N (t)

Z t

T1

(� � (t; T 0) g(t; T 0) + Gbulk (t; T 0)) dT0
�

= � � (t; T ) p(t; T ) +
Gbulk (t; T )

N (t)
� p(t; T )

�
p(t; t ) +

Z t

T1

�
� � (t; T 0) p(t; T 0) +

1
N (t)

Gbulk (t; T 0)
�

dT0
�

= � � (t; T ) p(t; T ) +
Gbulk (t; T )

N (t)
� p(t; T )p(t; t ) + p(t; T )h� i �

p(t; T )
N (t)

Z t

T1

Gbulk (t; T 0) dT0

= p(t; T ) (h� i � � (t; T )) � p(t; t ) p(t; T ) +
Gbulk (t; T )

N (t)
�

Gtot (t)
N (t)

p(t; T ) (5.14)

�q �s �” �{�M�¤�z

Z t

T1

Gbulk (t; T 0) dT0 = Gtot (t) �q �` �h�{�\ �• �x �º 
æ�� �V	Z�` �w
ï �è�› 
¯ �b�{�‡�h�z�G�O

hX i =
Rt

T1
X p(t; T ) dT �›�;�M�h�{�\�•�x X �›�d�º�µ�S p(t; T ) �›�;�M�o T �M�²�t���É�=�`�h�‹�w�p�K�”�{�\

�w	Ô�ù�z���É�Â�p�p h� i �x�Ž�<�q�s�”�{

h� i =
Z t

T1

� (t; T 0) p(t; T 0) dT0

�Ž	Í�w�Ü�T�’�z�®���V	Z�`�ò Gbulk (t; T ) �t���R�b�”�å�C�ò�¯�U p �w�Ì��
C�2�t�/�)�b�”�\�q�U�˜�T�”�{

5.3.3 �¤�ï�Ä�é�Ð�”�w�Ì��
•
ü

���[�Ü

S(t) = �
Z t

T1

p(t; T ) log p(t; T ) dT

�›�Ì��
•
ü�b�”�q�z�å� �Ó�Ç�¿�À���t�‘�“�z

d
dt

S(t) = � p(t; t ) log p(t; t ) �
Z t

T1

@
@t

�
p(t; T ) log p(t; T )

�
dT

= � p(t; t ) log p(t; t ) �
� Z t

T1

(1 + log p(t; T ))
@
@t

p(t; T ) dT
�

(5.15)

* 2 �Š�Ø�p�x�z�¥�„ T = t �t�S�Z�”	ý�F�v�Ö�q�º
æ���V	Z�`�›�Ì�Ô�$�t�à���`�o�^�æ�b�”�{
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5.3. TAD �¤�ï�Ä�é�Ð�” S(t) �w���[�q�Ì��
C�2�Ü

�q�s�”�{�\�w�Ü�t (5.14) �›�E�Ö�`�o�-�‰�b�”�{

�‡�c�z

�
Z t

T1

(1 + log p(t; T )) p(t; T ) (h� i � � (t; T )) dT

= �
Z t

T1

p(t; T ) (h� i � � (t; T )) dT �
Z t

T1

p(t; T ) (h� i � � (t; T )) log p(t; T ) dT

= �h � i + h� i � h � ihlogpi + h� logpi

= Cov( �; logp) (5.16)

�q�s�”�{�Í�t�z

�
Z t

T1

(1 + log p(t; T ))
�
� p(t; t ) p(t; T )

�
dT

= p(t; t )
Z t

T1

p(t; T ) dT + p(t; t )
Z t

T1

p(t; T ) log p(t; T ) dT

= p(t; t )
�
1 � S(t)

�
(5.17)

�›�˜�”�{�^�’�t

�
Z t

T1

(1 + log p(t; T ))
1

N (t)
Gbulk (t; T ) dT

= �
1

N (t)

Z t

T1

Gbulk (t; T ) dT �
1

N (t)

Z t

T1

Gbulk (t; T ) log p(t; T ) dT

= �
Gtot (t)
N (t)

�
1

N (t)

Z t

T1

Gbulk (t; T ) log p(t; T ) dT (5.18)

�›�˜�”�{�7�™�t�z

�
Z t

T1

(1 + log p(t; T ))
�

�
Gtot (t)
N (t)

p(t; T )
�

dT

=
Gtot (t)
N (t)

Z t

T1

p(t; T ) dT +
Gtot (t)
N (t)

Z t

T1

p(t; T ) log p(t; T ) dT

=
Gtot (t)
N (t)

�
1 � S(t)

�
(5.19)

�›�˜�”�{�Ž	Í�T�’ (5.15) �x�z

dS(t)
dt

= � p(t; t ) log p(t; t ) + Cov( �; logp) + p(t; t )
�
1 � S(t)

�
+

Gtot (t)
N (t)

�
1 � S(t)

�

�
Gtot (t)
N (t)

�
1

N (t)

Z t

T1

Gbulk (t; T ) log p(t; T ) dT

= Cov( �; logp) � p(t; t ) log p(t; t ) + p(t; t ) �
�

p(t; t ) +
Gtot (t)
N (t)

�
S(t)

�
1

N (t)

Z t

T1

Gbulk (t; T ) log p(t; T ) dT (5.20)

�b�s�˜�j�z TAD �¤�ï�Ä�é�Ð�”�w�Ì��
C�2�Ü�x

dS(t)
dt

+ p(t; t ) (S(t) � 1)+
Gtot (t)
N (t)

S(t) = Cov( �; logp)� p(t; t ) log p(t; t )�
1

N (t)

Z t

T1

Gbulk (t; T ) log p(t; T ) dT

(5.21)
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5.4. �0�¯���V	Z�`�w	Ô�ù�w�¤�ï�Ä�é�Ð�”
��=

�q�s�”�{

�\�w�Ü�x�z�¤�ï�Ä�é�Ð�”
��=�U�Í�w�~�m�w�A
É�t�‘�l�o�>�‡�”�\�q�›�Ô�`�o�M�”�{

ˆ �H 1 �ò Cov(�; logp)�•�Â�p��
: � �q�d�º�µ�S p �w�0
:�q�w�ž
ü�„�›
¯�b�{�d�º�t� �“�›�‹�l�h�Â�p�U

�æ�˜�•�”�q�z�f�w
ì���t� �a�o�¤�ï�Ä�é�Ð�”�U
ÿ�n�b�”�{�b�s�˜�j�z�Â�p�U�ô�µ�S
æ
ü�t	B�¤�b�”�T�z

�ÿ�µ�S
æ
ü�t�^�;�b�”�T�t�‘�l�o�z�d�º
ü
Í�w�„�’�y�“�M�U�!�=�b�”�{

ˆ �H 2 �ò � p(t; t ) log p(t; t ) �
1

N (t)

Rt
T1

Gbulk (t; T ) log p(t; T ) dT �•	ý�F�Ö�—�w�Ú
€�$�s�¤�ï�Ä�é�Ð�”�/

�)�›
¯�b�{
²	� � p(t; t ) log p(t; t ) �x�z�¥�„ T = t �t�S�Z�”	ý�F�v�Ö�w�Á	t�$�s�/�)�p�K�“�z�™	�

�
1

N (t)

Rt
T1

Gbulk (t; T ) log p(t; T ) dT �x�z�º
æ���V	Z�` Gbulk (t; T ) �U�r�w�d�º�Ì�� T �t�Ö�—�^�•�”�T

�t�‘�l�o
\�a�”�/�)�p�K�”�{�`�h�U�l�o�z�\�w
¶�.�x�z	ý�F�Ö�—�U�7��
ü
Í�w�r�w
æ
ü�•�C�˜�”�T�t� 

�a�o�z�¤�ï�Ä�é�Ð�”�t
Y
Û�†�M�²�w�è�¹�›�t�…�b�Ú
€�®�L�q�r	
�p�V�”�{

ˆ �H 3 �ò p(t; t ) (S(t) � 1) +
Gtot (t)
N (t)

S(t)�•	ý�F�Ö�—�t�‘�”�7���¤�ï�Ä�é�Ð�”�w�1	
�~�6�F�¨�=�®�L�›
¯

�b�{�\�\�p�z
Gtot (t)
N (t)

S(t) �x�º
æ���V	Z�`�w
ï�”�U�7���w�d�º
ü
Í�w���7
Q�›
ì�0�$�t�!�`�<�[�”�®�L

�›
¯�`�z p(t; t ) (S(t) � 1) �x�¥�„ T = t �t�S�Z�”	ý�F�v�Ö�t
P�O���®�s�1	
�~�4
Y�ò�q�`�o�‡�X�{�`�h

�U�l�o�z�\�w
¶�.�x�z	ý�F�Ö�—�U�7���w�¤�ï�Ä�é�Ð�”�›�r�w�‘�O�t�6�F�¨�=�`�z�a�ˆ�t�•
u�^�•�h���7


Q�›
ì�0�$�t�1	
�b�”�T�›
¯�b�ò�q�ˆ�s�b�\�q�U�p�V�”�{

�b�s�˜�j�z TAD �%�t�S�Z�”�¤�ï�Ä�é�Ð�”
��=�x�z�®�Â�p�q�d�º�µ�S�w
ì����̄®�¥�„�Ö�—�S�‘�|�º
æ���V	Z�`

�t�‘�”�Ú
€�$�s�¤�ï�Ä�é�Ð�”�/�)�¯�®	ý�F�Ö�—
¶�.�t�‘�”�7�����7
Q�w�1	
�~�6�F�¨�=�®�L� �̄q�M�O�~�m�w�A�¼

�w�Ì�å�ï�µ�q�`�o�g�r�p�V�”�{�\�w
C�2�Ü�w�è�$�x�z�d�º
ü
Í�w���7
Q�U�z�Â�p
S�f�z�¥�„�Ö�—�z�º
æ���V	Z

�`�t�‘�l�o�r�w�‘�O�t�!�=�b�”�T�›
ü�r�b�”�\�q�p�K�”�{

5.4 �0�¯���V	Z�`�w	Ô�ù�w�¤�ï�Ä�é�Ð�”
��=

5.4.1 �0�¯���V	Z�`�w	Ô�ù�w TAD �¤�ï�Ä�é�Ð�”
C�2�M���Ü

�›�t�z�0�¯�Ö�—�w�ˆ�p�º
æ���V	Z�`�U���O�`�s�M	Ô�ù�z�b�s�˜�j

Gbulk (t; T ) � 0 (T < t )

�s�’�y Gtot (t) � 0 �p�K�”�T�’�z (5.21) �x

dS(t)
dt

+ p(t; t ) (S(t) � 1) = Cov( �; logp) � p(t; t ) log p(t; t ) (5.22)

�q�M�O
‡
j�Í
¢���M���Ü�t	H�O�{�Ü (5.22) �x�z�s�A�t

d
dt

S(t) = � p(t; t )
n

S(t) � 1 � Seq(t)
o

; Seq(t) :=
Cov

�
�; logp

�
(t)

p(t; t )
� logp(t; t ) (5.23)

�q	{�Z�”�{�\�•�x

ˆ p(t; t ) �x�f�w�Ì�:�w ���è�p �¢�Ì��
: 1=p(t; t )�£�›
¯�`�z�G�V�M�„�r S(t) �x
����t�è
ª 1 + Seq(t) �t�Ù

�n�X�{

ˆ Cov
�
�; logp

�
(t) �x �º
æ���ù�w�æ�ˆ �¢�n
0�w�§�M
æ
ü�„�r
Ä�• � logp �U�G�£�w�S�ù�M�›
¯�`�z�è
ª�‹�›
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5.4. �0�¯���V	Z�`�w	Ô�ù�w�¤�ï�Ä�é�Ð�”
��=

�!�`	Í�[�”�M�²�t�‡�X�{

ˆ � p(t; t ) log p(t; t ) �x �¥�„�¢�0�¯�£�T�’�w	ý�F�¤�ï�Ä�é�Ð�”�«�Ö �p�K�“�z��
: � x logx �w
Q�í�T�’

x = 1=e 
Ç�Ù�p�7�G�t�s�“�z x ! 0; 1 �p�x�/�)�U	–�^�M�{

�`�h�U�l�o�Ü (5.23) �x�z �®�¥�„�æ�ˆ�q�º
æ���ù�p�>�‡�”�Ì���‘���w�è
ª 1 + Seq(t) �t�z S(t) �U���è�p p(t; t )

�›�‹�l�o�°�Í�—�•�p�å	H�b�”�¯ �\�q�›�™�¯�b�”�{

5.4.2 ��	×	Ý�6�t�S�Z�”�Ì�ç�«�q�¥�„�w�ü�“�ù�M

(5.22) �t�S�M�o�z��	×	Ý�6�p�x
d
dt

S(t) = 0 �T�m S(t) � S�¢��
:�£�s�w�p�z

Cov
�
�; logp

�
= p(t; t )

n
S � 1 + log p(t; t )

o
(5.24)

�`�h�U�l�o�z�Š�R�x�Ì�ç�«�w�w�-�”�p�K�” Cov(�; logp) �U�z���V	Z�`�¥�„ p(t; t )�¢�q��	×�¤�ï�Ä�é�Ð�” S�£�w

�ˆ�t�‘�l�o
¯�^�•�”�{�\�•�x�®��	×�¤�ï�Ä�é�Ð�”�›�p�`�o�Ì�ç�«�q�¥�„�U�ü�“�ù�l�o�M�”�¯�q�r	
�p�V�”�{

5.4.3 Cov = 0 �¢ � �U
ü
Í�t�è�¹�`�s�M�£�w	Ô�ù�w�°
`�r�q���è

�›���s	Ô�ù�q�`�o�z � �U p(t; T ) �w T 
ü
Í�t�è�¹�`�s�M	Ô�ù�¢�«�• � (t; T ) = � (t)�¢�d�º
‡�‘���£�£�›�ß�Q�”�{

�\�•�x�Â�p � �U p(t; T ) �w T �M�²�w
ü
Í�›�°
~�ß�€�d�c�t�^�;�¢�n
0�£�`�z	Z�— f �•�w�Â�“�p�o�U�Á�)���t

�¢�å�ï�¼�Ü�°�7�t�£�æ�˜�•�”�\�q�›�™�¯�b�”�{�\�w�‘�O�s	Ô�ù�z�Ì�ç�«�t���R�b�”�¤�ï�Ä�é�Ð�”�!�=�•�w�/�)

�U�s�X�s�“�z Cov = 0 �q�s�”�{ * 3 �\�w�q�V�z�¤�ï�Ä�é�Ð�”�w
C�2�Ü�x

d
dt

S(t) + p(t) (S(t) � 1) = � p(t) log p(t) (5.25)

�q�s�”�{�h�i�` p(t) � p(t; t ) �q���t�=�`�h�{�\�•�x�¤�ï�Ä�é�Ð�”�!�=�U�0�¯�d�º�µ�S p(t) �w�ˆ�p�æ�ˆ�^�•�”

�\�q�›�™�¯�b�”�{�›�t	s�8	Ú�E S(T1) = 0 �z p(t) �ù p0 > 0 �q�`�o (5.25) �›�r�X�q�z

S(t) = (1 � logp0)(1 � e� p0 ( t � T1 ) ) (5.26)

�q�s�”�{�‘�l�o�Õ�Ì���Ã�v�x

lim
t !1

S(t) = 1 � logp0

�q���è�^�•�”�{ (T1 ! �1 �p�‹�‰�a�A�L�q�s�”�{ ) �«�Q�y�z�\�•�U�Â�p�p � �U��
:�w	Ô�ù�w��	×	Ý�6

�¢ p(t; T ) = �e � � ( t � T ) �¢�¦
:
ü
Í�£�£�t�0� �b�”�‹�w�q�b�”�q�z p(t; t ) = � = p0 �q�s�”�\�q�U
ü�T�”�{

5.4.4 �¥�„�¤�ï�Ä�é�Ð�”�v�Ö

�\�\�‡�p�_�o�V�h�‘�O�t�z��	×	Ý�6 S(t) = S�¢��
:�£�T�m Cov = 0; p(t) � p0�¢��
:�£�w�q�V�z (5.25) �‘�“

p0(S � 1) = � p0 logp0 ) p0 = e1� S (5.27)

* 3 Cov( �; log p) = 0 �x < � log p > = < � >< log p > �U
R�“�q�m�\�q�›�A
e�b�”�‹�w�p�K�”�{�\�•�x � �q log p �w�°�Í
ì���U	«

�Q�o�M�”�\�q�›�™�¯�b�”�U�z�w�-�$� �q�‡�p�A
e�b�”�‹�w�p�x�s�M�{�¢�f�\�‡�p�§�M
M�ÿ�p�x�s�M�{�£

�«�Q�y�z � (t; T ) = a(t ) + b(t )h(T ) �p�Ú�™�w�Ì�:�p < h > = 0 �q�s�”�‘�O�t
ƒ�-�b�”�q�z Cov( �; log p) = 0 �q�s�”�U�w�-�$� �q

�p�x�s�M�{�0
z�$�s�«�q�`�o � (t; T ) / 1=p(t; T ) �w�‘�O�s�4	ˆ�$�s
ƒ�-�¢�µ�S�U�ô�M�„�r�Â�p�›�ÿ�X�b�”�¹�Ÿ	‚�U�K�”
æ
ü�x�Â

�p�p�_�’�s�M�‘�O�t�b�”�£�x�‰�`�–�§�M
Û�w
ì���›�^�”�{
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5.4. �0�¯���V	Z�`�w	Ô�ù�w�¤�ï�Ä�é�Ð�”
��=

�U
R�“�q�m�{�\�\�p�z�¥�„ T = t �t�S�Z�”�0�¯�Ö�—�w�Ú
€�$�s�¤�ï�Ä�é�Ð�”�/�)�x

Sf := � p(t) log p(t) = � p0 logp0 (5.28)

�q	{�Z�”�T�’�z�Ü (5.27) �w�‹�q�p�x

Sf (S) = ( S � 1)e1� S (5.29)

�q�s�”�{�`�h�U�l�o�z

S0
f (S) = e1� S (2 � S) (5.30)

�p�K�”�T�’�z S = 2 �t�S�M�o�Ã�G�›�q�“�z

Smax
f = Sf (2) =

1
e

; p0 =
1
e

(5.31)

�›�˜�”�{

�Ž	Í�‘�“�z Cov = 0 �T�m��	×	Ý�6�¢�0�¯�Ö�—�w�ˆ�U���O�b�”	Ô�ù�£�p�x

p0 = e1� S

�U
R�“�q�j�z�f�w�‹�q�p�¥�„�Ö�—�w�Ú
€�/�) � p0 logp0 �x S = 2 �¢�b�s�˜�j p0 = 1=e�£�p�7�G�q�s�”�{�\�•

�x�z
C�2�M���Ü (5.22) �t�S�Z�”�0�¯�Ö�—�ò

� p(t; t ) log p(t; t )

�U p(t; t ) = 1 =e �t�S�M�o�7�G�q�s�”�\�q�›
¯�`�o�M�”�{

�h�i�`�z�\�\�p�7�G�=�^�•�o�M�”�w�x�%
¶�.�w�¤�ï�Ä�é�Ð�” S(t) �f�w�‹�w�p�x�s�X�z�K�X�‡�p�¥�„ T = t

�t�S�Z�”	ý�F�Ö�—�w �Á	t�$�s�Ú
€�/�) �p�K�”�\�q�t�«�™�^�•�h�M�{�`�h�U�l�o�z p0 = 1=e �x�®
¶�.�w�Z�v�^�U

�7�G�t�s�”�:�¯�q�M�O�‘�“�‹�z�0�¯�Ö�—�U�¤�ï�Ä�é�Ð�”
��=�t�0�`�o�7�‹�§�X�/�)�b�”�E
¯�$�s�µ�­�”�ç�q�`

�o�r	
�b�”�w�U�×
µ�p�K�”�{

5.4.5 �7�&���­�ð�J�q�w�0� 

�µ�¯
��M�\�q�t�z�\�w p0 = 1=e �x�z�7�&���­�ð�J�¢�M�˜�•�”
•	{�ð�J�£�t�S�M�o�q�•�”�¢�‹�q�°�•�b�”�{�b

�s�˜�j�z n 
��w�©�4�›�ž�Í�
�o�`�o 1 
��i�Z�›
¬�•�ð�J�p�x�z�7	s�w n=e 
��›�_
ù�“�z�f�w�™�t�q�•�”�7�G

�‹�›
¬�•
“�t�U
R�­�¬�p�›�7�G�=�`�z�f�w�Ã�v�‹�q�`�o 1=e �U�q�•�”�\�q�U�Œ�’�•�o�M�”�{

TAD �t�S�M�o�x�z�0�¯�Ö�— p(t; t ) �x�Ì�� t �t	ý�h�t�v�Ö�b�”
R
ü�w
Y�F�=�µ�S�›
¯�`�o�M�”�{�`�h�U�l

�o�z p(t; t ) = 1 =e �t�S�M�o�¥�„�Ö�—�w�Ú
€�$�s�¤�ï�Ä�é�Ð�”�/�) � p(t; t ) log p(t; t ) �U�7�G�q�s�”�q�M�O�Ä�î

�x�z�®	ý�F�Ö�—�U�7���w�d�º�Ï���t�0�`�o�7�‹�§�M�Ë	ý�®�L�›�t�…�b�E
¯�$�s
z�p�¯�U���O�b�”�\�q�›�Ô�&�`

�o�M�”�{

�\�w�™�¯�p�z TAD �t�S�Z�” p0 = 1=e �q�7�&���­�ð�J�t�S�Z�” 1=e �x�z�M�c�•�‹�®	ý�F
Q�w�>�;� �̄q�®�7��

�Ï���w�-�Ë�¯�q�w�K�M�i�t�q�•�”�›�Ã�$�s�¢�‹�q�`�o�g�r�b�”�\�q�U�p�V�”�{�h�i�`�z�†	��w�0� �x�q�Ì�:�p
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T1

g(t; T ) ( t � T) dT

N (t)

ˆ 	Z�—
±�S�•	Z�— f (t) �w�O�j�z�Ö�—�T�’�w�&�a�8�� t � T �w	Z�—�”�t�‹�q�n�X�C	O���É�›
¯�b�{ F (t) �w
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�‹�U	–�^�M�„�r	Z�—
±�S�x�ô�M�q�r	
�^�•�”�{ * 1

F (t) =

Z t

T1

� (t; T ) g(t; T ) ( t � T) dT

Z t

T1

� (t; T ) g(t; T ) dT
=

Z t

T1

� (t; T ) g(t; T ) ( t � T) dT

f (t)

�G�ø�~�o�•�w�ÿ��

ˆ �¥�„	Ú�E g(T; T) = G(T) �x�z�0�¯ T = t 	Í�p���[�^�•�”�¥�„�Ö�—��
: G �›
¯�b�{�`�h�U�l�o�z T = t

�w�‹�›
°�A�b�”�q�z

g(t; t ) = G(t)

�q�s�”�{ * 2

�\�\�p�w G(T) �q G(t) �x�Ÿ�s�”��
:�p�x�s�X�z�‰�°�w�¥�„�Ö�—��
: G(�) �›�z�f�•�g�•�d�º�Ì�� T �S

�‘�|�
���Ì�� t �p
¯�Ô�`�h�‹�w�p�K�”�{�›�t�0�¯	Í�p�x T = t �p�K�”�h�Š�z�‹�q�`�o�x�‰�a�¥�„�Ö�—�›


¯�`�o�M�”�{

ˆ � (t; T ); 
 (t; T ); p(t; T ) �w�Í�i�x�® 1 �—�Ì����̄z g(t; T ) �x�®�”�—�Ì����̄z N (t) �x�®�”�¯�q�s�”�{

ˆ � (t; T ) �w�Í�i�x �õ�‰	Z�— f � (t) �q
T�ù�›�q�l�h�Í�i�q�s�”�{

�×�~
ÿ	é�~�§�=�w�Þ�Ã�ç�=

�×
µ�n
0�q�x�o�t g(t; T ) �U�×�~
ÿ	é�~�§�=�^�•�”�­�”�µ�‹�ß�Q�’�•�”�{�\�•�x�Ö�— G �t�‘�l�o�î�q�^�•�”

�q�ß�Q�”�{�¢�«�•�ø�¶�Þ�Ã�ç�t�S�Z�”�ò
›
ÿ	é�z SNS�w�±�¯�Û�¦�„�s�£

�«�Q�y�z

Gef f (t; T ) = Gbulk (t; T ) + 
 gain (t; T )g(t; T ) 
 gain (t; T ) > 0

�q�M�O�Þ�Ã�ç�=�U�ß�Q�’�•�”�{�H�Ë�ò�x g(t; T ) �w�±� �¶�t
z�«�`�o�×�~
ÿ	é�~�§�=�^�•�”�\�q�›
¯�`�z�H�°�ò

�q�K�˜�d�o�î�®�$�s�Ö�— Gef f (t; T ) �q�s�”�{�\�w	Ô�ù�z
C�2�M���Ü�x
@
@t

g = � (� + 
 � 
 gain )g+ Gbulk (t; T )

�q�s�A�p�K�“�z 
 �w
‡
Û
Q�¢ 
 � 0�£�›�¡�Ë�p�V�”�{ * 3

6.2.2 TAD �w�,�Š
ƒ���t�º�O�b�”�‰�ç�w
²���¢�¬�g�$
T�g�£

�\�\�‡�p�‹�Ö�`�o�V�h TAD �w�,�Š�!
:�q
C�2�M���Ü�x�z�î�x�f�•�×�.�U�M�X�m�T�w�×
µ�s
²���›�‰�ç�t��

�œ�p�M�”�{�\�•�’�x�k�µ�s�™�¯�p�w�¬�g�q�M�O�‘�“�‹�z�Š�g�æ�U�0	Å�q�b�”�®�d�º�›�‹�m�”�¯�w�Ú�ò�$�s	��“

�{�M�›�Ì�Ô�`�h�‹�w�p�K�”�{�Ž�<�p�x�z TAD �w
:�g�Ï���›�§�Q�”�,�Š�$
²���›
T�g�`�o�S�X�{

(A1) �¥�„�w�¬�g �%�x�z�Ž
æ�q�à���^�•�h�¥�„�›�‹�m�–�¬�q�`�o���[�^�•�”�{�¥�„�x�
���è�$�t� �a�o�Ú�™

�t
ƒ���b�”�\�q�U�p�V�”�{�\�w�Ì�z�Ž�<�U
R�q�`�s�Z�•�y�s�’�s�M�•

ˆ �¥�„�º
æ�w	Ý�6�!�=�x�z�¥�„�›�#�…�b�”�v�Ö�~�v	Z�S�‘�|�º
æ
­� �¢�n
0���‰�£�w�ˆ�t�‘�”�\�q

* 1 �º
æ�w	Z�—�¼� �Æ�Û�«�µ�t�‹�q�n�X
±�S�›
°�A�b�”�h�Š�z�õ�‰	Z�— f � (t ) �p�x�s�X�î�.	Z�— f (t ) �›�;�M�”�{

* 2 	B�ÿ�” N (t) =
Z t

T1

g(t; T ) dT �w�Ì��
•
ü
dN (t)

dt
�t�S�M�o�z
u
ü	Í�z T = t �w�‹�›
°�A�b�”�q�z g(t; t ) = G(t) �¢�å� �Ó�Ç�¿�À

�ò�£�q�s�”�{
* 3 �s�S�z

�
(� + 
 ) � 
 gain

�
�U�Á	t���„�p�K�•�y�r�w���O�~�°�™�x�-�h�•�”�U�z
Û�‹�¬�t�Ö�”	Ô�ù�t�x�o�Ð
Q�• DC 
M�ÿ�w�s�ø
R�q

	Ú�E�s�r�°
æ�w
Q�í�U�!�=�`�˜�”�:�t�«�™�b�”�{
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ˆ �¥�„�›�#�…�b�”�v�•�U�°�™�t���[�D�ó�p�K�”�\�q

ˆ �d�º
ü
Í�w
‡
Û
Q�S�‘�|�-���Ï���U�-�Ë�^�•�”�\�q

�‡�h�z�¥�„�x
ú�g�$�í���t�v���^�•�s�M�{	Ý�6�í���z	Ø�C�í���z�É�¿�Ä�ë�”�«�Ê�”�Å�z�K�”�M�x�¨	Å�$


ü�¨�o�•�q�`�o
ƒ���b�”�\�q�U�p�V�”�{

(A2) �d�º�w�¼�L
Q �d�º�å�Õ�ç T �x�0	Å�U
\
R�^�•�h�Ì���›
¯�`�z�
���Ì�� t �t�S�M�o�x	×�t

T � t

�U
R�“�q�m�{�b�s�˜�j�z	•�R�w�d�º�U�q�O�t���O�b�”�\�q�x�s�M�{

(A3) �d�º�M�²�w�Ñ�å�¿�«�µ�x���O�`�s�M �d�º�å�Õ�ç T �x�0	Å�w��
Q�p�K�“�z�Ì��
C�2�t�‘�l�o�Ÿ�s�” T �w

���›� �ˆ�b�”�\�q�x�s�M�{�`�h�U�l�o�z T �M�²�w�Ñ�å�¿�«�µ�•�¦�„�x�>���`�s�M�{�¤�d�º�x� �q�t�n


0�~�@	Z�b�”�w�ˆ�p�K�”�{

(A4) 
ï�”�x�d�º
ü
Í�w�è�p�)�Q�’�•�” �Ì�� t �t�S�Z�”�0	Å�w
ï�” N (t) �x�z�d�º
ü
Í g(t; T ) �›�d�º�M�²�t

�
�`�ù�˜�d�h�‹�w�q�`�o���[�^�•�”�{�\�•�x�®�q�O���O�`�o�M�”�b�‚�o�w�d�º
R
ü�w�ù�-�¯�U
¶�.�”�›

�)�Q�”�q�M�O�z�7�‹�×
µ�s	B�-�F���p�K�”�{

(A5) 	��“	Z�`�x�d�º�]�q�w�Â�ù�¦���q�`�o�æ�˜�•�” �Ì �� t �t �S �M�o �0 	Å �T �’ �? �’ �T �w	Z �—�• 	� �“ 	Z �`

�¢ � (t; T )�£�›�æ�O	Ô�ù�z�f�•�x�¤�d�º T �t �0�`�o�Â�ù�$�t�¦ �� �^�•�z
¶�. �w	Z�—�x�µ�­�”�ç�ù
R

�¢ � (t; T )�£�q�ù�˜�d�o�z�f�•�’�w�è�q�`�o�)�Q�’�•�”�{�‡�h�z
•	–�Ì�� dt �t�S�Z�”	��“	Z�`�Â�ù�x

� (t; T )dt �q�`�o�¦���^�•�”�{�›���w�d�º�›
¶�X	��“	Z�^�s�M�\�q�‹�z�o�t
¶�”�›	��“	Z�b�\�q�‹�•�^

�•�”�{

(A6) 	��“	Z�`�•�×
µ�n
0�x�’���”�›�n	—�^�d�” �d�º T �t���b�”�0	Å�T�’	��“	Z�`�¢ � (t; T )�£�•�×
µ�n
0

�¢ 
 (t; T )�£�U
\�a�h	Ô�ù�z�f�w
ü�i�Z�0� �b�” g(t; T ) �x�n	—�b�”�{	��“	Z�`�•�×
µ�n
0�U�d�º
ü
Í�›
ÿ

�C�^�d�”�\�q�x�s�X�z�\�w�:�t�S�M�o TAD �x�-�����$�s�Ï���›�‹�m�{

(A7) �Ö�—�x�d�º
Ç�V�w���V	Z�`�q�`�o�)�Q�’�•�” �y

(i) T = t �t�S�Z�”�0�¯�Ö�—�x�z�Ž�<�w�¥�„�Ö�—

g(T; T) = G(T)

�q�`�o�)�Q�’�•�z�f�w�Ì���t	ý�h�t
\
R�^�•�h�0	Å�w�ˆ�U�Ö�—�^�•�”	Ô�ù�t�0� �b�”�{�\�w�0�¯���V	Z

�`�x�z�O�•�4	F�•
ú�g�$�Ž	Ô�w�¹�C�s�r�z���X�w�,�Š�$�a���t�0� �b�”�{

(ii) T < t �t�S�Z�”
‡�0�¯���V	Z�`�Ö�—�x�z

Gbulk (t; T )

�q�`�o�)�Q�’�•�”�{�\�•�x�z�Ì�� t �t�S�M�o�d�º T �t���b�”�0	Å�U�Ž
æ�T�’	ý�h�t
\
R�~�å�C�^�•�”�\

�q�›
¯�b�{�b�s�˜�j�z T < t �w�7���d�º
R
ü�t�0�b�”�Ž
\�$�6�«�Ö�›
¯�q�b�”�{�\�•�x�z�a�ˆ�d�º�›�‹

�m�0	Å�•�w�6�p�Ö�z�6�Æ
Q�=�z�4	F�s�r�›�G	\�b�”�‹�w�p�K�“�z�þ�q�q	Å�•�¶	6�a���p�x�×
µ�t�q�•�”�{

(iii) T > t �t�S�Z�”�Ö�—�x�¼�L�o�t�‘�“�Ð�­�^�•�”�h�Š�z

Gbulk (t; T ) � 0

�q�s�”�{
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(A8) �Ö�—�x�d�º���w� �ˆ�›�™�¯�`�s�M ���V	Z�`�Ö�— Gbulk (t; T ) �t�|�¥�„�Ö�— g(T; T) = G(T) �x�7���w�0

	Å�U�Ÿ�s�”�d�º�å�Õ�ç�•� �ˆ�b�”�\�q�›�™�¯�`�s�M�{�d�º�å�Õ�ç T �x
\
R�Ì�t�{���^�•�z�Ö�—�t�‘�l

�o�d�º�Ï���f�w�‹�w�U���ù�^�•�”�\�q�x�s�M�{

�\�•�’�w
²���x�M�c�•�‹�x���t�x�×�Ì�p�K�”�U�z�b�‚�o�›�‰�Ì�t�]�b�\�q�p�z�d�º�‘�����w�Ö	Z�—�a���›�°

���`�h���p�G	\�p�V�”�N�Ú�s
:�g�$�,
k�U�˜�’�•�”�{�Š�æ���t�S�Z�” TAD �w
C�2�M���Ü�S�‘�|�7�&
Q	Ú�E

�x�z�\�•�’�w
²���w�‹�q�p�×
µ�t�‹�T�•�”�‹�w�p�K�”�{

6.2.3 
C�2�M���Ü�w�r

�ž�è�w
²��	Ú�E

(B1) �¢�–�¬�£�
���à���w�<�z�: T1 �›���Š�z�<�~�¯�–�¬ 
 = f (t; T ) 2 R2 j T1 � T � tg �›�{�O�{

(B2) �¢�Ö�—�w�D
u
ü
Q�~
‡
Û�£ Gbulk (t; T ) �x�<�~�¯�–�¬ 
 = f (t; T ) j T1 � T � t < 1g �t�S�M�o�z�Á	t�D


u
ü�T�m�¼�L
Q Gbulk (t; T ) = 0 for t < T �›�>���b�”�{ t = T �p�x�¥�„�Ö�— g(T; T) = G(T) � 0 �›�>

���b�”�{

(B3) �¢��
:�w���„
Q�~
‡
Û�£ �; 
 : 
 ! [0; 1 ) �x�D���p�Á	t���„�q�b�”�{

(B4) �¢���V	Z�`�Ö�—�w�v�Q�£ Gbulk (t; T ) �x
C�2�M���Ü�º�t�.
u�Ö�—�¢���V	Z�`�Ö�—�£�q�`�o
¯�q�b�”�{

(B5) �¢�º
æ�Ü�£ g �x�„�q�œ�r�¸�”	t�p

@
@t

g(t; T ) = � (� (t; T ) + 
 (t; T )) g(t; T ) + Gbulk (t; T )

�›�¬�h�b�¢ t 
•
ü�x t �t���b�”
ˆ�0�È���w�™�¯�£�{

�›
Q�r�¢���O�~�°�™�~
‡
Û�£

�>�� (B1){(B5) �w�<�p�z T 2 [T1; 1 ) �›�{���b�”�q

g(t; T ) = G(T) exp
�
�

Z t

T

�
� (s; T) + 
 (s; T)

�
ds

�
+

Z t

T
Gbulk (�; T ) exp

�
�

Z t

�

�
� (s; T) + 
 (s; T)

�
ds

�
d�

�U�„�q�œ�r�M�h�”�q�\�–�p
R�“�q�m�{�\�w
¯�Ü�p�)�Q�’�•�” g(t; T ) �x�°�™�p�K�“�z
‡
Û�p�K�”�{ * 4

�‡�h�z�¥�„�Ö�— g(T; T) = G(T) �w�ˆ�p
‡�0�¯���V	Z�`�U�s�M	Ô�ù�x Gbulk (�; T ) � 0 �s�w�p�z

g(t; T ) = G(T) exp
�
�

Z t

T

�
� (s; T) + 
 (s; T)

�
ds

�
(6.4)

�q�s�”�{

* 4 (B5) �› t �t�
�l�o�r�X	×
•
ü�M���Ü�t�<�£�`�z���V	Z�`�Ö�— Gbulk (t; T ) �¢ B4�£�w�‹�q�Ú�j�t	H�O�{ �; 
 � 0 �‘�“�¦
:�x
‡
ÿ�C

�s�w�p g(t; T ) � 0 �q�s�”�{
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6.2.4 �å� �Ó�Ç�¿�À��

� (t; T ) �x [T; 1 ) �p
ˆ�0�È���p
@
@t

� (t; T ) �x�Á	t�D
u
ü�z�T�m�§
�	)��
Q * 5�›�>���b�”�q�z�„�q�œ�r
¶�o�w

t 2 [T1; 1 ) �p
d
dt

Z t

T1

� (t; T ) dT = � (t; t ) +
Z t

T1

@
@t

� (t; T ) dT

�q�s�”�{�Š�æ���p�x�z
ï�” N (t) �•�¤�ï�Ä�é�Ð�” S(t) �w�Ì��
•
ü�t�S�M�o�z�å� �Ó�Ç�¿�À�ò�U�q�•�”�{

6.2.5 	Ý�6�í���¬�å�Ñ�q�`�o�w�°
`���Ü�=�q�‰�í�%�w�>��

�Š
…�p�x�z TAD �Ý�§�Ç�¶�Ü�t�‘�l�o�Ì��
C�2�b�”�%�¢ TAD �â�Ç�¿�Ä�q�z	¶�£�›
ó
:�;�™�`�o�É�¿�Ä�ë�”�«

�q�`�o�Ï
R�`�z
ì�“�t�Ö	Z�—�›�æ�s�O�¦�Á�›�°
`�w	Ý�6�í���¢�¬�å�Ñ�£	Í�p���Ü�=�b�”�{

�°
`	Ý�6�í���¢�¬�å�Ñ�£	Í�w TAD �A�ù

	Ý�6�¢�Ê�”�Å�£�› i 2 V �q�`�z�¤�Ê�”�Å�t TAD �w�d�º�!
:

gi (t; T )

�U���[�^�•�o�M�”�q�b�”�{�\�\�p�z�Ê�”�Å i �q�Ê�”�Å k �w�A�ù�x
­� ��
: Pi;k � 0 �t�‘�“�G	\�`�z

X

k

Pi;k = 1 ; Pi;i = 0

�›�¬�h�b�‹�w�q�b�”�{�\�•�x�z�Ê�”�Å i �T�’�L	Z�^�•�h�”�U�z�%�Ž�t�æ�˜�•�”�\�q�s�X�¢�×
��Ž�Ž�w�£���w

�Ê�”�Å�•�6
ü
��^�•�”�\�q�›�™�¯�b�”�{�\�w�q�V�z�Ê�”�Å i �T�’�Ê�”�Å k �•�w�L	Z�Ñ�é�”�x

Pi;k f i;k (t) = Pi;k

Z t

T1

� i;k (t; T )f i (t; T ) dT = Pi;k

Z t

T1

� i;k (t; T )� i (t; T ) gi (t; T ) dT (6.5)

�p�)�Q�’�•�”�{�\�\�p�z � i;k (t; T ) �x�Ê�”�Å i �T�’�Ê�”�Å k �•�w	Z�—�w�M�w�µ�­�”�ç�!�õ��
:�p�K�”�{�b�”

�q�z�Ê�”�Å i �t�0�b�”�0�¯�¥�„�Ö�—�x�Ž
\�Ö�— Gi (T) �t�|���Ê�”�Å�T�’�w�v�Ö
P

k Pk;i f k;i (T) �T�’�s�”�\�q

�t�«�™�b�”�q�z

gi (T; T) = Gi (T) +
X

k

Pk;i f k;i (T) (6.6)

�q�s�”�{�\�w�q�V�z�Ê�”�Å i �t�S�Z�” TAD �w
C�2�M���Ü�x�z

@
@t

gi (t; T ) = �f � i (t; T ) + 
 i (t; T )ggi (t; T ) + Gbulk
i (t; T ) (6.7)

�q	{�Z�”�{

�\�\�p	O�A�s�w�x�z�¡
€�Ê�”�Å�T�’�w�/�)�x�®�v�Ö�ò� �̄q�`�o�w�ˆ�q�•�z�v	Z�x�b�p�t � � i gi �t���‡�•�o�M

�”�:�p�K�”�{�`�h�U�l�o�z�v	Z�›�Ë	O�t�)�`�¾�X
ž�A�x�s�M�{�\�w
¯�Ü�U
ó
:�w TAD �â�Ç�¿�Ä�›�A�ù�`�h	Ô

�ù�w�°
`�$�s TAD 
C�2�M���Ü�p�K�”�{

�^�’�t�z�Ê�”�Å i �t���O�b�”
ï�”�›

ni (t) :=
Z t

T1

gi (t; T ) dT (6.8)

* 5 �Ú�™�w���„�Ì���à�� I = [ t0 ; t 1 ] �t�0�`�K�” hI 2 L 1 ([T1 ; t 1 ]) �U���O�`�o j @
@t� (t; T )j � hI (T ) �U�„�q�œ�r�M�h�”�q�\�–�p
R�“

�q�m�q�>���b�”�{
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6.2. �¦�Á TAD �w�,�Š�$�s
:�g�,
k

�q���[�b�”�q�z�å� �Ó�Ç�¿�À���‘�“

_ni (t) = gi (t; t ) +
Z t

T1

@
@t

gi (t; T ) dT

= Gi (t) +
X

k

Pk;i f k;i (t) +
Z t

T1

�
�f � i (t; T ) + 
 i (t; T )ggi (t; T ) + Gbulk

i (t; T )
�

dT

= Gi (t) +
X

k

Pk;i

Z t

T1

� k;i (t; T )� k (t; T ) gk (t; T ) dT � f i (t) �
Z t

T1


 i (t; T )gi (t; T ) dT +
Z t

T1

Gbulk
i (t; T ) dT

(6.9)

�q�s�l�o�z
ó
:�w TAD �â�Ç�¿�Ä�›�A�ù�`�h	Ô�ù�w
ï�” ni (t) �t���b�”�°
`�$�s
C�2�M���Ü�U�˜�’�•�”�{

�0�¯�¥�„�Ö�—�q�‰�í�%�t�S�Z�” � � 1 �w�>��

�Š
…�p�x�z�¤�Ê�”�Å�t�S�Z�”�Ž
\�Ö�—�x�0�¯�¥�„�Ö�—�w�ˆ�p�K�”�¢ Gbulk
i (t; T ) � 0�£�q�`�z�b�‚�o�w�Ê�”�Å

�U�‰�°	��w TAD �â�Ç�¿�Ä�T�’�Ï
R�^�•�” �‰�í�%�›�{�O�{�\�w	Ô�ù�z

ˆ �¤�Ê�”�Å�p�{�˜�•�”�”�x�‰�°�w
ú�g�$�~	Ø�C�$�o�•�›�‹�m

ˆ �Ê�”�Å���p	!�Z�I�^�•�”�”�x�o�•�!�õ�›
ž�A�q�`�s�M

�h�Š�z�µ�­�”�ç��
: � �x�F�¨�=�`�o

� � 1

�q�S�X�\�q�U�p�V�”�{

�°�M�z�Ÿ�í�s�Ž
æ�%�¢�A�‹�!�õ�~�o�•�!�õ�›
P�O�%�£�q
€���b�”	Ô�ù�t�x�z�Ê�”�Å���K�”�M�x�Ž
æ�½�ß�É�ç

�t�0� �b�”�!�õ��
: � �›�‹�Ö�b�”
ž�A�U�K�”�{�Š
…�p�x�z�%�º�A�ù�w�,�Š�Ï���›�Ì�¬�t�b�”�h�Š�z � � 1 �w	Ô

�ù�t�v���b�”�{�\�w�q�V�z (6.5) �x

Pi;k f i (t) = Pi;k

Z t

T1

f i (t; T ) dT = Pi;k

Z t

T1

� i (t; T ) gi (t; T ) dT (6.10)

�q	V�ÿ�p�V�z�^�’�t (6.6) �x

gi (T; T) = Gi (T) +
X

k

Pk;i f k (T) (6.11)

�q	V�ÿ�^�•�”�w�p�z (6.9) �x

_ni (t) = �
Z t

T1


 i (t; T )gi (t; T ) dT + Gi (t) +
X

k

Pk;i

Z t

T1

� k (t; T ) gk (t; T ) dT � f i (t) (6.12)

�q�s�”�{

� i ; 
 i �U T �t�‘���`�s�M	Ô�ù�w	B�ÿ�!
: ni (t) �w�Ì��
C�2

�›�t � i ; 
 i �U T �t�‘���`�s�M�q�>���b�”�q�z

f i (t) = � i (t)ni (t);
Z t

T1

� k (t; T ) gk (t; T ) dT = � k (t) nk (t);
Z t

T1


 i (t)gi (t; T ) dT = 
 i (t)ni (t)
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6.3. TAD �w
Ó�'�$
Q�í�¢�¤�ï�Ä�é�Ð�”�z DC 
M�ÿ�z�q�-�Ã�s�Ü�£

�U
R�“�q�m�w�p�z

_ni = � 
 i ni + Gi +
X

k

Pk;i � k nk � � i ni (= � 
 i ni + Gi +
X

k

Pk;i f k � f i ) (6.13)

�q�s�”�{�\�•�’�w
¯�Ü�t�S�Z�”�Ê�”�Å i; k �x
ú�g�$�Ù
€�t�‘�”
ì�“�^�;�•�“�æ�$�‘�m�~�Š
Ú�~	Ý�6�å�Õ�ç�s�r

�°
`�w	Ý�6�í���›
¯�`�˜�”�h�Š�z
Z�;
Q�w�ô�M
¯�Ü�p�K�”�\�q�U
ü�T�”�{

TAD

�y i

k1

k2

k3

j 1

j 2

j 3

G i (T )

Pk 1 ;i f k 1 (t )

Pk 2 ;i f k 2 (t )

Pk 3 ;i f k 3 (t )

Pi;j 1 f i (t )

Pi;j 2 f i (t )

Pi;j 3 f i (t )

� f i (t )� 
 i n i (t )


$ 6.1 �°
`	Ý�6�í���¢�¬�å�Ñ�£	Í�w�A�ù�•���Ê�”�Å�T�’�w�v�Ö�q���Ê�”�Å�•�w�v	Z�¢�‰�í�%�• � � 1�£

6.3 TAD �w
Ó�'�$
Q�í�¢�¤�ï�Ä�é�Ð�”�z DC 
M�ÿ�z�q�-�Ã�s�Ü�£

6.3.1 �¤�ï�Ä�é�Ð�”
��=

TAD �p�x�d�º�µ�S�q�¤�ï�Ä�é�Ð�”�U

p(t; T ) =
g(t; T )

Z t

T1

g(t; T 0) dT0

; S(t) = �
Z t

T1

p(t; T ) log p(t; T ) dT

�q���[�^�•�”�{��	·�p���[�`�h�¤�ï�Ä�é�Ð�”�w
C�2�M���Ü (5.21) �x � (t; T ) ) � (t; T ) + 
 (t; T ) �q�”�V�õ

�Q�o�z

dS(t)
dt

+ p(t; t ) (S(t) � 1)+
Gtot (t)
N (t)

S(t) = Cov( � + 
; logp)� p(t; t ) log p(t; t )�
1

N (t)

Z t

T1

Gbulk (t; T ) log p(t; T ) dT

(6.14)

�q�s�”�{�\�\�p Gtot (t) :=
Rt

T1
Gbulk (t; T ) dT �x�º
æ���V	Z�`�w
ï�è�›
¯�b�{�0�¯���V	Z�`�p�x Gbulk (t; T ) �

0; Gtot (t) � 0 �s�w�p�z�Ž�<�w�‘�O�t�s�”�{

dS(t)
dt

+ p(t; t ) (S(t) � 1) = Cov( � + 
; logp) � p(t; t ) log p(t; t ) (6.15)

�¤�ï�Ä�é�Ð�”�› KPI �t�b�”
C
Ý

�¤�ï�Ä�é�Ð�” S(t) �x�®�q�O�w
R�L�U�r�•�i�Z���7�s�a�ˆ�t�§�Q�’�•�o�M�”�T� �̄›
¯�b���ù�S�¦
ª�p�K�“�z��

�Ü�$�t�x
ú�g�¶�w�¤�ï�Ä�é�Ð�”�q�‰���p�K�”�{�Ù� �ï�Ä�x	Z�— f (t) �•�º
æ	Ý�6�w
ï�è N (t) �U�‰�°�p�K�l�o

�‹�z�¤�ï�Ä�é�Ð�” S(t) �x�°
`�t�Ÿ�s�”�‹�t�s�”�:�p�K�”�{ S(t) �x�f�w�Ì�:�w
R�L�›�Ï
R�b�”�d�º T �M�²�w

�Ù�”�Ä�Ñ�¥�æ�¦�¢���7
Q�•�í�$���Ø�£�›
°�A�b�”�¦
ª�q�s�“�O�”�{
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6.3. TAD �w
Ó�'�$
Q�í�¢�¤�ï�Ä�é�Ð�”�z DC 
M�ÿ�z�q�-�Ã�s�Ü�£

�y	H�l�o�z�\�w S(t) �x�f�w�‡�‡�¤
ü�ú�w�î�¿�t�S�M�o�á�;�¦
ª�¢ KPI �£�q�`�o�8�;�p�V�O�”�{�­�­�s�’�®�G�1

�U�°�÷�î�Z�‘���T�z���Ø�$
î	6�p�†���=�`�o�M�”�T��̄z�Ú�”�­�Â�Ÿ�ï�¬�s�’�®
�	Í�U�o
C�ª�f�t	B�¤�`�o�M�s�M

�T��̄z�&�A�s�’�®
R�Õ�U�›���·�«�»�”�t� �l�o�M�s�M�T�¯�q�M�l�h�é�ù�p�K�”�{

�b�s�˜�j�¤�ï�Ä�é�Ð�”�x�z TAD �w�î
Ê�ˆ�›�è�a�o
ú�g�¶�T�’�o���Ö�^�•�z�î�¿�~�þ�q�J�¶�w�–�¬�t�S�M�o

�‹�®
R�L�›�§�Q�”�d�º�w���7
Q�¯�›���”
Ó�'�¦
ª�¢�Š	·�p�t�O
Ó�'�$
Q�í�£�q�s�“�Q�”�{

�Š�Ø�p�x�\�•�Ž	Í
��X�q�j�Ö�’�s�M�U�z���™�w�Z�€
C�2�w�M�²
Q�q�`�o�ô�M�Ù�Â�ï�³�ß�ç�U�K�”�q�¥�˜�•�”�{

6.3.2 � �t��
:�w�°
`�=�q DC 
M�ÿ�¢ Distributional Constraint 
ü
�
M�ÿ�£

�°
`�w TAD 
C�2�M���Ü

@g(t; T )
@t

= � [� (t; T )+ 
 (t; T )] g(t; T )+ Gbulk (t; T ) (T < t ); g(T; T) = G(T); g(t; T ) = 0 ( T > t )

�w�°
`�r g(t; T ) �x

g(t; T ) = G(T) exp
�
�

Z t

T

�
� (s; T) + 
 (s; T)

�
ds

�
+

Z t

T
Gbulk (�; T ) exp

�
�

Z t

�

�
� (s; T) + 
 (s; T)

�
ds

�
d�

(6.16)

�p�K�”�{�\�\�p�z�0�¯�¥�„�Ö�—�q
‡�0�¯���V	Z�`�Ö�—�›�ù�˜�d�h�°
`�=�Ö�—�›

G(t; T ) = G(T)� (t � T) + Gbulk (t; T )

�q���[�b�”�{�\�•�›�;�M�”�q�z
ü
Í�$�G�O�t�‘�“ (6.16) �x

g(t; T ) =
Z t

T
G(�; T ) exp

�
�

Z t

�

�
� (s; T) + 
 (s; T)

�
ds

�
d� (6.17)

�q
¯�^�•�”�{ * 6 �\�w�q�V�z	Z�— f (t) �x���o�w�h�Š � �ù 1 �q�b�”�q

f (t) =
Z t

T1

� (t; T ) g(t; T ) dT =
Z t

T1

� (t; T )
� Z t

T
exp

�
�

Z t

s

�
� (u; T ) + 
 (u; T )

�
du

�
G(s; T)ds

�
dT

=
Z t

T1

� Z t

T
� (t; T ) exp

�
�

Z t

s

�
� (u; T ) + 
 (u; T )

�
du

�
G(s; T)ds

�
dT (6.18)

�q�s�”�{�\�\�p� �t��
: K (tjs; T) �›

K (tjs; T) = � (t; T ) exp
�

�
Z t

s

�
� (u; T ) + 
 (u; T )

�
du

�
(6.19)

�q	{�X�q�z

f (t) =
Z t

T1

Z t

T
K (tjs; T)G(s; T) ds dT

* 6 ���S�›�;�M�o
Y�¬�t	{�X�s�’�z�0�¯�¥�„�Ö�—�q
‡�0�¯���V	Z�`�Ö�—�›�ù�˜�d�h�°
`�=�Ö�—���S�›

dG(s; T ) = G(T )� T (ds) + Gbulk (s; T ) ds

�q���[�b�”�q�r�x

g(t; T ) =
Z

[T;t ]
exp

�
�

Z t

s

�
� (u; T ) + 
 (u; T )

�
du

�
dG(s; T )

�q�s�“�z (6.17) �q�s�A�q�s�”�{
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Ó�'�$
Q�í�¢�¤�ï�Ä�é�Ð�”�z DC 
M�ÿ�z�q�-�Ã�s�Ü�£

�q�s�”�{�\�\�p�z

S(tjs; T) = exp[ �
Z t

s

�
� (u; T ) + 
 (u; T )

�
du]

�q�b�”�q�z

K (tjs; T) = � (t; T )S(tjs; T)

�p�K�“�z s; T �›�{���`�z S(tjs; T) �› t �t���`�o
•
ü�b�”�q

S0(t js; T) = �
�
� (t; T ) + 
 (t; T )

�
S(tjs; T)

�s�w�p�z 
 (t; T ) � 0 �w
M�ÿ�w�‹�q

Z 1

s
K (tjs; T) dt =

Z 1

s
� (t; T )S(tjs; T) dt

=
Z 1

s

�
� (t; T ) + 
 (t; T )

�
S(tjs; T) dt �

Z 1

s

 (t; T )S(tjs; T) dt

= �
Z 1

s
S0(t js; T)dt �

Z 1

s

 (t; T )S(tjs; T)dt

= 1 � S(1j s; T) �
Z 1

s

 (t; T )S(tjs; T) dt � 1 (6.20)

�q�s�”�{�0�¯�Ö�—�w�ˆ�p
‡�0�¯���V	Z�`�U�s�M	Ô�ù�x Gbulk (t; T ) � 0 �s�w�p�z� �t��
:�x K (tjT; T) �q�s�“�z

Z 1

T
K (tjT; T) dt =

Z 1

T
� (t; T ) S(tjT; T) dt =

�
1 � S(1j T; T)

�
�

Z 1

T

 (t; T ) S(tjT; T) dt � 1 (6.21)

�q�s�”�{ * 7 �\�•�’�x�Ö�— G(t; T ) �t�0�b�”� �t��
: K (tjs; T) �w
M�ÿ	Ú�E�¢ DC 
M�ÿ�£�p�K�”�{�\�•�x�z�o�•�Ö

�—�t�0�`�o�z TAD �%�T�’�Â�p	Z�—�q�`�o�s	)�^�•�”
ï� �t�”�U 1 �›�Ò�Q�s�M�\�q�›�™�¯�b�”�{�b�s�˜�j�z DC


M�ÿ�x�z�Ö�—�^�•�h�d�º
R
ü�U�Â�p	Z�—�~�×
µ	«�„�~�’���w�M�c�•�T�t
ü
��^�•�”�\�q�›
¯�b�Ï��
M�ÿ�p�K�”�{

6.3.3 TAD �w�q�-�Ã�s�Ü

�Ž�<�w�‘�O�t�
���” N (t); f (t); f � (t); L (t) �›���[�b�”�{

N (t) =
Z t

T1

g(t; T ) dT

f (t) =
Z t

T1

f (t; T ) dT =
Z t

T1

� (t; T ) g(t; T ) dT

f � (t) =
Z t

T1

� (t; T )f (t; T ) dT =
Z t

T1

� (t; T )� (t; T ) g(t; T ) dT

L(t) =
Z t

T1


 (t; T ) g(t; T ) dT

(6.22)

ˆ N (t)�•�Ì�� t �Ì�:�w�º
æ�d�º�w
ï�”

ˆ f (t)�•�Ì�� t �Ì�:�w�%�T�’�w � �õ�‰
²�w�î�.	Z�—�v�”

ˆ f � (t)�•�Ì�� t �Ì�:�w�%�T�’�w � �õ�‰�™�w�õ�‰	Z�—�v�”

* 7 �s�ø�x�|	—�s�X�q�‹�p�˜�&�Ï	Í�p 
 (t; T ) = 0 �T�m S(1j s; T ) = 0 �w�q�V
R�q�b�”�{�Ú�ò�$�t�x�×
µ	«�„�U�Á�X�z�M�m�T�x
ž�c


¶
æ�Â�“�p�o�p	Z�o�M�X� �Ý�”�´�p�K�”�{
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Q�í�¢�¤�ï�Ä�é�Ð�”�z DC 
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ˆ L (t)�•�Ì�� t �Ì�:�w�%�º�p�n
0�`�o	«�„�`�h�v�”

(6.1) �t�‘�l�o�¥�„�Ö�—	Ú�E�U�Ì�Ô�^�•�o�M�”�w�p�z�å� �Ó�Ç�¿�À���t�‘�“

d
dt

N (t) = g(t; t ) +
Z t

T1

@
@t

g(t; T ) dT

= G(t) +
Z t

T1

[� (� (t; T ) + 
 (t; T ))g(t; T ) + Gbulk (t; T )]dT

= G(t) �
Z t

T1

� (t; T )g(t; T )dT �
Z t

T1


 (t; T )g(t; T )dT +
Z t

T1

Gbulk (t; T )dT

= G(t) +
Z t

T1

Gbulk (t; T )dT � f (t) � L (t)

�m�‡�“�z�q�-�Ã�s�Ü�q�‹�t�Q�”
Ó�'�Ü

d
dt

N (t) = G(t) +
Z t

T1

Gbulk (t; T )dT � f (t) � L (t) (6.23)

�U
R�“�q�m�{�›�t�0�¯�¥�„�Ö�—�w�ˆ�¢ g(T; T) = G(T); Gbulk (t; T ) � 0�£�s�’�z

d
dt

N (t) = G(t) � f (t) � L (t) (6.24)

�q�s�”�{
d
dt

N (t) = 0 �w��	×	Ý�6�p�x�z�®�%�•�w�Ö�—�v�” G(t) �¹�%�T�’�w	Z�—�v�” f (t) �´�%�º�w	«�„�v�”

L(t)�¯�w�ü�“�ù�M�w	Ý�6�t�s�”�¢�K�”�M�x�-�����U
R�“�q�m�£�q�M�O�Ú�ò�$�t�‹�×
µ�s�<�A�U�˜�’�•�”�{

�Ž	Í�w�‹	Z�T�’
ü�T�”�‘�O�t�z TAD �t�S�Z�”�q�-�Ã�s�Ü�x�z
ü�ú�]�q�t�x���t
Œ�g�$�t�)�Q�’�•�”	)�§�Ü

�p�x�s�M�{�‰�`�–�z�Ö�—�Ì�����w�d�º	Ý�6�” g(t; T ) �›�,�Š	Ý�6�”�q�`�o���[�`�z�f�•�›�Ö�—�Ì���M�²�t
u
ü

�`�z�^�’�t�
���Ì�� t �p
•
ü�b�”�\�q�t�‘�“�z�Š
Ú�$�t�˜�’�•�”�Ï���M���Ü�p�K�”�{

�b�s�˜�j�z TAD �p�x

g(t; T ) �! N (t) =
Z t

T1

g(t; T ) dT �!
d
dt

N (t) = G(t) +
Z t

T1

Gbulk (t; T ) dT � f (t) � L (t)

�q�M�O�Š
Ú�Ï���U
R�“�q�m�{�\�\�p�z g(t; T ) �x�7�‹�r
þ�S�w�ô�M�d�º	Ý�6�”�p�K�“�z N (t) �x�f�w	B�ÿ�
���”�z

�Ü (6.23) �x�f�w�Ì��
C�2�t���b�”�ù�è�M���Ü�p�K�”�{�`�h�U�l�o�z�Ü (6.23) �x�z
ï�” N (t) �t�0�b�”	)�§�Ü

�›� �q�t�>���`�h�‹�w�p�x�s�X�z�d�º
ü
Í g(t; T ) �w
C�2�M���Ü�T�’�‹�T�•�”�q�-�Ã�s�Ü�p�K�”�{

�\�w�:�x�z�7���w
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�a�s�M�{�\�w	Ô�ù�z	Z�—�S�‘�|	«�„�x

f (t) =
Z t

T1

� (t; T )g(t; T ) dT; L(t) =
Z t

T1


 (t; T )g(t; T ) dT

�p�)�Q�’�•�”�h�Š�z�‰�a
ï�” N (t) �›�‹�m	Ý�6�p�K�l�o�‹�z�d�º
ü
Í g(t; T ) �w��	Ý�U�Ÿ�s�•�y f (t) �• L(t)

�x�Ÿ�s�“�O�”�{�`�h�U�l�o�z�\�w	Ô�ù�t�x

N (t) =
Z t

T1

g(t; T ) dT

�i�Z�›	Ý�6�”�q�`�o�-�Ë�`�o�‹�z	•�R�w
C�2�›�°
`�t�x�>���p�V�s�M�{
ï�”�Þ�Ã�ç�›���a�”�h�Š�t�x�z � (t; T )

�• 
 (t; T ) �w�d�º�‘��
Q�›�Á�¹�b�”�T�z�K�”�M�x�?�’�T�w���É�=�~�Ù�Å�›�‹�Ö�b�”
ž�A�U�K�”�{

TAD �w�q	Ô�p�x�z�\�w
‡���A
Q�x�=�:�p�x�s�X�z�d�º	Ý�6�” g(t; T ) �›�-�Ë�b�”�g���f�w�‹�w�p�K�”�{�b�s

�˜�j�z � (t; T ) �• 
 (t; T ) �U T �t�‘���b�”	Ô�ù�z�%�w	Ý�6�x
ï�” N (t) �i�Z�p�x
¯�q�`�V�•�c�z�r�w�Ö�—�Ì��

�t���R�b�”
R
ü�U�r�•�i�Z�’���`�o�M�”�T�q�M�O�d�º�Ï���U�Š�í�$�s	Ø�C�q�s�”�{�\�w�™�¯�p�z TAD �x�z
ï

�”�Þ�Ã�ç�U���a�”	Ô�ù�t�x�7���w	B�ÿ�Þ�Ã�ç�›�6�q�`�z
ï�”�Þ�Ã�ç�U���a�s�M	Ô�ù�t�x�z�f�w
��™�t�K�”�d�º

�‘���Ï���›�Ì�Ô�$�t�G	\�b�”�î
Ê�ˆ�p�K�”�{

�^�’�t�z � (t; T ) �• 
 (t; T ) �U T �t�‘���b�”	Ô�ù�t�x�z���a�h
ï�”�M���Ü�t�‘�”�r
s�U���É�t�s�”�°�M�p�z

TAD �w
ƒ�-�×���S�U�7�‹�‘�X�q�•�”�{�b�s�˜�j�z�0	Å�q�b�”�%�w
ú�g�$�~
\
ú�¶�$�~�þ�q�$�›
Q�•�z�º
æ�w�d

�º�Ï���t�,�n�M�o�z � (t; T ) �• 
 (t; T ) �w��
:���›�º
\�$�t�>���`�z�d�º
ü
Í g(t; T ) �w�Ì��
C�2�›
:�‹�$�t�å


{�b�”�\�q�U�p�V�”�{�«�Q�y�z�y�M�d�º
R
ü�„�r	Z�—�^�•�•�b�M�%�z�o�t	ý�`�M�d�º
R
ü�„�r��
Œ�$�t	Z�—�^

�•�”�%�z�K�”�d�º�å�¸�p	Z�—�p�U�7�G�q�s�”�%�s�r�x�z � (t; T ) �w T �‘��
Q�q�`�o�×
µ�t
¯�q�p�V�”�{

�\�w�‘�O�s	Ô�ù�z�Þ�Ã�ç�Ï�™�x
ž�c�`�‹�����Ü�r�w�‹	Z�›�è�$�q�`�s�M�{�‰�`�–�z�ð�J�q�b�”�%�t�0�`�o�>


†�$�s � (t; T ) �• 
 (t; T ) �›
ƒ���`�z�˜�’�•�h g(t; T )�z
Y�F�=�d�º
ü
Í p(t; T )�z���É�d�º�å�¸�z�¤�ï�Ä�é�Ð�”�z

	Z�— f (t) �s�r�›�
�o�`�s�U�’�z��
:���›	.
Y�`�o�M�X�\�q�U�p�V�”�{�\�•�x�z
ï�”�M���Ü�w�ˆ�›�{�O�Þ�Ã�ç

60



6.4. TAD �ž�è�w� �;�Ä	Å�¢�ð�Ÿ�ï�Â�”�´�®�L�q
¢��
R�Õ�3�z�§
u� �t��
:�£

�p�x���É�p�K�”�{ TAD �p�x�z�d�º
ü
Í�f�w�‹�w�U�D�¹�=�^�•�”�h�Š�z�>���`�h � (t; T ) �U�r�w�‘�O�s�d�º�Ï��

�›
\�ˆ	Z�b�T�›�Ú
€�¬�Ý�p�V�”�{

�`�h�U�l�o�z T �‘���b�” � (t; T ) �• 
 (t; T ) �x�z�r
s�$�s���A
Q�›�æ�˜�d�”�A�¼�p�K�”�q�‰�Ì�t�z�%�w�º
æ

�Ï���›
¯�q�b�”�h�Š�w	O�A�s
ƒ�-�!
:�p�‹�K�”�{�\�w�:�t�S�M�o�z TAD �x�z���a�h
ï�”�Þ�Ã�ç�›�6�q�b�”�i�Z

�p�s�X�z�d�º�‘���$�s	Z�—�~	«�„�~
¬���a���›�>
†�Ï�™�q
:�‹�î�g�›�è�a�o�s�g�b�”�h�Š�w	J�È�s�Þ�Ã�æ�ï�¬

�,
k�›�)�Q�”�{�\�w�™�¯�p�z TAD �x�z�r
s�r�›�˜�”�h�Š�w�î
Ê�ˆ�t�q�r�‡�’�c�z�d�º�‘��
Q�›�‹�m�ˆ�$�³�µ�Â

�Ü�t�0�`�o�z�>
†
ƒ���z
:�‹�-�‰�z�D�¹�=�z�Þ�Ã�ç	.
Y�›
S
î�b�”�h�Š�w�s�g�$�Þ�Ã�æ�ï�¬�w�î
Ê�ˆ�p�‹�K�”�{

�Ž	Í�w�^�æ�x�z�î�.	Z�— f (t) �q	«�„ L(t) �t���b�”�q�-�Ã�s�Ü�w�Š
Ú�$�‹	Z�q���A	Ú�E�›�Ô�`�o�M�”�{�°�M

�p�z�õ�‰��
: � (t; T ) �›�è�a�o���[�^�•�”�õ�‰	Z�— f � (t) �x�z�î�.�”�w�q�-	)�§�f�w�‹�w�p�x�s�X�z	Z�—�›��

�o�•�t�!�õ�`�h�
���”�p�K�”�{�f�w�h�Š�z f � (t) �›�;�M�o�q�-�Ã�s�Ü�›	{�X	Ô�ù�t�x�z � (t; T ) �w�d�º�‘��
Q�t

�«�™�b�”
ž�A�U�K�”�{

�m�‡�“�z�õ�‰	Z�— f � (t) �p�x � �t�‘�l�o�q�-	)�§�¢�-�����£�w�Ž���p	Z�—�U�µ�­�”�ç�¢
ÿ
ï�—	V	–�£�^�•�o

�`�‡�O�h�Š�z�f�w�‡�‡�p�x	Í�G�w�q�-�Ã�s�Ü�x�¬�h�^�s�M�{�`�T�`�z�›	��­�”�µ�q�`�o � (t; T ) �U T �t�‘���`

�s�M�z�b�s�˜�j � (t; T ) = � (t) �›�>���b�”�q�z

f � (t) =
Z t

T1

� (t; T )� (t; T )g(t; T )dT = � (t)
Z t

T1

� (t; T )g(t; T )dT = � (t)f (t)

�q�s�”�w�p�z
d
dt

N (t) = G(t) +
Z t

T1

Gbulk (t; T )dT �
f � (t)
� (t)

� L (t) (6.27)
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Ó�'�$�s�Ï���”�p�K�”�{

�`�h�U�l�o�z TAD �w�î
Ê�ˆ�t�S�M�o�z�§
u� �t��
:�x�z�Ö�—�z	Z�—�z�’���z�×
µ	«�„�›�A�•�Ï���$�s�¦
ª�q

�`�o�•�”�n�Z�’�•�”�{�\�•�x�z DC 
M�ÿ�U�o�•�Ö�—�t�0�b�”
ï� �t�w	Í�v�›�)�Q�”�w�t�0�`�z�§
u� �t��
:�U

�î�M�t�r�•�i�Z�w	Z�—�U	•�R�t�˜�h�l�o�s	)�^�•�”�T�›���”�”�p�K�”�z�q�M�O�����t�K�”�{�b�s�˜�j�z DC 
M

�ÿ�x�§
u� �t�w�Ï���$	Í�v�›�)�Q�z�§
u� �t��
:�x�f�w	Í�v�w�‹�q�p�î�q�^�•�”���®� �t�›
¯�b�{

6.5 ��	×�¦
:�©�•�w���è�q�d�º���É	«�æ�p

�Š
…�p�x�z TAD �%�t�S�M�o�z��	×�¦
:�©�U�r�w�‘�O�t�q�•�”�T�z�‡�h�f�w��	×���•�¸�”�a�I�8�w�d�º�Ï��

�›�r�w�‘�O�t�G	\�p�V�”�T�›�ß�o�b�”�{

TAD �w	O�A�s�›�Ã�x�z�Ì�� T �t
\
R�‡�h�x�Ö�—�^�•�h
R
ü�U�z�
���Ì�� t �t�S�M�o�r�w���S�’���`�o�M�”

�T�›�z�d�º
ü
Í g(t; T ) �q�`�o�Ì�Ô�$�t�-�Ë�b�”�:�t�K�”�{�\�w�h�Š�z TAD �p�x��	×	Ý�6�w
ü
Í�i�Z�p�s�X�z

��	×	Ý�6�•�¸�”�a�I�$�s�d�º�ê�ˆ�‹�‰�°�w�î
Ê�ˆ�p�{�O�\�q�U�p�V�”�{

�¦�Á TAD �t�S�M�o�z	Z�—�•�w�Â�p�p � (t; T ) �q�×
µ	«�„�p 
 (t; T ) �›�‡�q�Š�h
ï	«�æ�p�›

� (t; T ) := � (t; T ) + 
 (t; T ) (6.40)
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:�©�•�w���è�q�d�º���É	«�æ�p

�q���[�b�”�{�0�¯�¥�„�Ö�—�w�ˆ�¢ g(T; T) = G(T); Gbulk (t; T ) � 0�£�›�>���b�”�q�z�d�º
ü
Í�w
C�2�M���Ü�x

@
@t

g(t; T ) = � � (t; T )g(t; T ); g(T; T) = G(T) (6.41)

�q	{�Z�”�{�\�\�p�z g(T; T) = G(T) �x�Ì�� t = T �t�S�Z�”�0�¯�¥�„	Ú�E�p�K�”�{

�\�w�q�V�z T < t �w�–�¬�p�w�°
`�r�x

g(t; T ) = G(T) exp
�

�
Z t

T
� (s; T) ds

�
(6.42)

�p�)�Q�’�•�”�{

�\�\�p�z��	×�Ã�v�t�S�Z�”�,	j	«�æ�p�› � st > 0 �q�`�z
ï	«�æ�p�›�f�w
ì�0�$�ê�ˆ " (t; T ) �t�‘�l�o

� (t; T ) = � st " (t; T ); " (t; T ) > 0 (6.43)

�q
¯�b�{ " (t; T ) �x�z��	×�,	j�p � st �t�0�`�o�z�Ì�� T �t
\
R�^�•�h
R
ü�U�
���Ì�� t �t�S�M�o�r�•�i�Z���X�z

�‡�h�x�—�X	«�æ�`�o�M�”�T�›
¯�b
ì�0�$�ê�ˆ�p�K�”�{

�^�’�t�z�Ì�� T �t
\
R�^�•�h
R
ü�U�Ì�� t �‡�p�t	!�Z�h
ì�0�$�ê�ˆ�w�d�º���É�›

�" (t; T ) :=
1

t � T

Z t

T
" (s; T) ds (6.44)

�q���[�b�”�{�\�w�q�V�z�‰�a
R
ü�U�Ì�� t �‡�p�t	!�Z�h�d�º���É	«�æ�p�x

� (t; T ) :=
1

t � T

Z t

T
� (s; T) ds = � st �" (t; T ) (6.45)

�p�K�”�{

�`�h�U�l�o�z (6.42) �x

g(t; T ) = G(T) exp f� � (t; T )( t � T)g (6.46)

�q	{�Z�”�{�\�w
¯�q�p�x�z � (t; T ) �x�z�Ì�� T �t
\
R�^�•�h
R
ü�U�
���Ì�� t �‡�p�t�&�g�`�h���É�$�s	«�æ�p

�›
¯�b�{�b�s�˜�j�z � (t; T ) �x	`���$�s	«�æ�p�p�x�s�X�z�d�º�à�� [T; t] �t�
�l�o
u
ü�^�•�h	«�æ�a���›���É�`

�h�î�®�p�p�K�”�{

�›�t�z

� (t; T ) = � st + �( t; T ) (6.47)

�q	{�Z�y�z

g(t; T ) = G(T)e� � st ( t � T ) e� �( t;T )( t � T ) (6.48)

�q�s�”�{�H 1 �¼� �x��	×�¦
:�©�›
¯�`�z�H 2 �¼� �x��	×�¦
:�©�T�’�w�d�º�ê�ˆ�›
¯�b�{�`�h�U�l�o�z �( t; T )

�x�z�Ì�� T �t
\
R�^�•�h
R
ü�U�,	j��	×�p�t
z�‚�o�a	Ò�t�_�’�•�h�T�z�K�”�M�x�’�“�•�b�T�l�h�T�›
¯�b�d�º

���É�$�s�ê�ˆ	Ô�p�K�”�{


Y�F�=�d�º
ü
Í�› T1 = �1 �q�`�o

p(t; T ) =
g(t; T )

Z t

�1
g(t; T 0) dT0

(6.49)
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:�©�•�w���è�q�d�º���É	«�æ�p

�p���[�b�”�q�z (6.46) �‘�“

p(t; T ) =
G(T) expf� � (t; T )( t � T)g

Z t

�1
G(T0) expf� � (t; T 0)( t � T0)gdT0

(6.50)

�q�s�”�{

�\�\�p�«�™�b�‚�V�\�q�x�z � (t; T ) �U�Õ�Ì���Ã�v�p��
:�=�b�”�i�Z�p�x�z	×�t
Y�F�=�d�º
ü
Í�U�o	m�s�¦
:
ü


Í�t�s�”�q�x�v�’�s�M�z�q�M�O�:�p�K�”�{��	×�Ã�v�t�S�M�o

� (t; T ) ! � st (6.51)

�U t; T �t�‘���`�s�M��
:�q�`�o
R�q�`�o�‹�z�Ö�— G(T) �w�d�º�‘��
Q�U�’�l�o�M�”	Ô�ù�t�x�z

p(t; T ) =
G(T)e� � st ( t � T )

Z t

�1
G(T0)e� � st ( t � T 0) dT0

(6.52)

�q�s�”�{�\�•�x�z�o�°�w�¦
:
ü
Í�p�x�s�X�z�Ö�—�d�º G(T) �t�‘�l�o	O�ˆ
Ç�Z�^�•�h�¦
:�©�p�K�”�{

�°�M�z�¥�„�Ö�—�‹��	×�=�`�z

G(T) = Gst (6.53)

�q�ˆ�s�d�”	Ô�ù�t�x�z

pst (t; T ) = � st expf� � st (t � T)g (6.54)

�›�˜�”�{�b�s�˜�j�z��	×	Ý�6�t�S�M�o�z
ï	«�æ�p�U��
:�=�`�z�T�m�Ö�—�‹��	×�=�b�”�7	– TAD �%�p�x�z
Y�F

�=�d�º
ü
Í�x�¦
:
ü
Í�t�Æ���^�•�”�{

�\�w�q�V�z�¥�„�µ�S�x

pst (t; t ) = � st (6.55)

�p�K�“�z TAD �¤�ï�Ä�é�Ð�”

S(t) = �
Z t

�1
p(t; T ) log p(t; T ) dT (6.56)

�w��	×�‹�x

Sst = �
Z t

�1
� st e� � st ( t � T ) log

h
� st e� � st ( t � T )

i
dT

= 1 � log � st

= 1 � logpst (t; t ) (6.57)

�q�s�”�{

�\�w�A�L�x�z�¤�ï�Ä�é�Ð�”
C�2�M���Ü�w�
�:�T�’�‹�g�r�p�V�”�{
ï	«�æ�p � = � + 
 �U�d�º�Ì�� T �t�‘��

�`�s�M	Ô�ù�z�¤�ï�Ä�é�Ð�”
C�2�Ü�t�q�•�”�ž
ü�„�ò

Cov(�; logp) (6.58)

�x	«�Q�”�{�`�h�U�l�o�z��	×	Ý�6�p�x�¥�„�µ�S pst (t; t ) �t�‘�l�o�¤�ï�Ä�é�Ð�”�U�>�‡�“�z

Sst = 1 � logpst (t; t ) (6.59)
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:�©�•�w���è�q�d�º���É	«�æ�p

�U�˜�’�•�”�{�\�•�x�z TAD �M���Ü�w��	×�r�q�`�o�˜�’�•�”�¦
:
ü
Í�w�¤�ï�Ä�é�Ð�” (6.57) �q�°�•�b�”�{

�°�M�z � (t; T ) �‡�h�x G(T) �w�d�º�‘��
Q�U��	×	Ý�6�t�S�M�o�‹�’�”	Ô�ù�z
Y�F�=�d�º
ü
Í�x�°
`�t�o�°�w

�¦
:
ü
Í�t�x�s�’�s�M�{�\�w	Ô�ù�z TAD �x��	×�¦
:
ü
Í�T�’�w�³�d�›�z�d�º���É	«�æ�p � (t; T ) �q�Ö�—�d�º

G(T) �w�†�M�t
ü�r�`�o�G	\�b�”�{

�Ž�<�p�x�z�\�w�°
`�Ï���›�Ô�b�h�Š�z	Å�Ã�$�s��
:�«�›�•�[�”�{

�« 1�•���¥���è�t�‘�”�¦
:
ü
Í�•�w	)��

�‡�c�z�Ö�—�U��	×�=�`�o�S�“�z

G(T) = Gst (6.60)

�q�ˆ�s�d�”	Ô�ù�›�ß�Q�”�{�‡�h�z
ï	«�æ�p�U�
���Ì�� t �w�ˆ�t�‘���`�z�Õ�Ì���Ã�v�p��	×�‹�•���è�b�”�«�q

�`�o�z

� (t; T ) = � st
�
1 + �e � �t �

; � > � 1; � > 0 (6.61)

�›�ß�Q�”�{�\�w�Þ�Ã�ç�p�x�z�a�I�8�t�x
¶�o�w�d�º
R
ü�t�ž�è�`�o�å�C�$�s	«�æ�p�4
Y�U�T�T�”�U�z�f�w�4
Y

�x�Ì���q�q�‹�t	«�Q�”�{

�\�w�q�V�z

Z t

T
� (s; T) ds = � st (t � T) +

� st �
�

�
e� �T � e� �t �

(6.62)

�p�K�”�{�`�h�U�l�o�z

g(t; T ) = Gst exp
�
� � st (t � T) �

� st �
�

�
e� �T � e� �t �

�
(6.63)

�q�s�”�{

�\�•�x�z��	×�¦
:�©

e� � st ( t � T ) (6.64)

�t�0�`�o�z���¥���è�t���R�b�”�a�I�$�s�d�º�ê�ˆ�¼� 

exp
�
�

� st �
�

�
e� �T � e� �t �

�
(6.65)

�U�»�T�”�\�q�›�Ô�`�o�M�”�{ * 8

� > 0 �w�q�V�z	s�8�t�x�,	j�‘�“	«�æ�p�U�ô�X�z�d�º
R
ü�x�a	Ò�t�_�’�•�”�{ � < 0 �w�q�V�z	s�8�t�x�,	j

�‘�“	«�æ�p�U�ÿ�X�z�d�º
R
ü�x�’�“�•�b�M�{�M�c�•�w	Ô�ù�‹�z t ! 1 �p�x � (t; T ) ! � st �q�s�“�z�Ö�—�U��	×

�p�K�•�y
Y�F�=�d�º
ü
Í�x�¦
:
ü
Í (6.54) �•���è�b�”�{

�« 2�•�å�¸�‘���$�s	s�8	«�æ�U�’�”	Ô�ù

�Í�t�z
ï	«�æ�p�U�å�¸ a = t � T �t�‘���b�”	Ô�ù�›�ß�Q�”�{�«�Q�y�z

� (t; T ) = � st

�
1 + �e � � ( t � T )

�
; � > � 1; � > 0 (6.66)

* 8 �\�w�Þ�Ã�ç�x�z�9�S�z�¿�o���¥�z
M�S�z���g	Ý�6�z�¢	Ô	Ý�6�s�r�w�Ž
æ���¥�U�z�a�I�8�t�x��	×	Ý�6�T�’�c�•�o�M �”�U�z�Ì���q�q�‹

�t�†���=�`�o�M�X	Ô�ù�t�0� �b�”�{
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:�©�•�w���è�q�d�º���É	«�æ�p

�q�”�X�{�\�w�Þ�Ã�ç�p�x�z�Ö�—�Ú�™�t�x�,	j�‹�q�x�Ÿ�s�”	«�æ�p�›�Ë�m�U�z�¤
R
ü�x�å�¸�›	O�v�”�t�m�•�o�,

	j	«�æ�p�•���è�b�”�{

�\�w�q�V�z

Z t

T
� (s; T) ds = � st (t � T) +

� st �
�

�
1 � e� � ( t � T )

�
(6.67)

�p�K�”�{�`�h�U�l�o�z

g(t; T ) = G(T) exp
�
� � st (t � T) �

� st �
�

�
1 � e� � ( t � T )

� �
(6.68)

�q�s�”�{

�\�w	Ô�ù�z�¤�d�º
R
ü�x	G
ü�y�X�s�”�q�,	j	«�æ�p � st �t	H�O�{�`�T�`�z	ý�`�M
R
ü�x	×�t�0�¯ T = t �T

�’�v�Ö�b�”�h�Š�z�Ö�—�Ú�™�w�å�¸�‘���$�s�ê�ˆ�x��	×	Ý�6�t�S�M�o�‹�™�…�^�•���Z�”�{�f�w�h�Š�z��	×�Ö�—

G(T) = Gst �›�>���`�o�‹�z
Y�F�=�d�º
ü
Í�x�°
`�t	m
.�s�¦
:
ü
Í�t�x�s�’�s�M�{

�\�•�x�z	`���$�t�x�,	j	«�æ�p�•���è�b�”�;�Ï�p�K�l�o�‹�z�å�¸�‘��
Q�U��	×�$�t�6
\�ˆ�^�•�”	Ô�ù�t�x�z

��	×
ü
Í�t
‡�¦
:�$�s�ê�ˆ�U�’�”�\�q�›�Ô�`�o�M�”�{ * 9

�« 3�•�¦
:
ü
Í���›�-�m�›���s�a�I���è

�7�™�t�z�a�I�8�t�S�M�o�‹
Y�F�=�d�º
ü
Í�U�¦
:
ü
Í���w�¤�t�y�‡�”�›���s�«�›�Ô�b�{��	×�Ö�—

G(T) = Gst (6.69)

�›�>���`�z�Ì���‘���è�”�Ä � (t) > 0 �›�‹�Ö�b�”�{�f�`�o�z

� (t; T ) = � (t) + _� (t)( t � T) (6.70)

�q�”�X�{�\�w�q�V�z

� (s; T) = � (s) + _� (s)(s � T) =
d
ds

f (s � T)� (s)g (6.71)

�p�K�”�T�’�z Z t

T
� (s; T) ds = ( t � T)� (t) (6.72)

�›�˜�”�{�`�h�U�l�o�z

g(t; T ) = Gst expf� � (t)( t � T)g (6.73)

�p�K�“�z

N (t) =
Z t

�1
g(t; T ) dT =

Gst

� (t)
(6.74)

�q�s�”�{�‘�l�o�z
Y�F�=�d�º
ü
Í�x

p(t; T ) = � (t) exp f� � (t)( t � T)g (6.75)

�p�K�”�{

* 9 �\�w�Þ�Ã�ç�x�z�Ö�•�Ú�™�w	s�8
Æ�‘�z	Z
\�Ú�™�w
l	�
Q�z�¶	6�Ú�™�w�x���s�h�k�z�¿��
€	î�Ú�™�w�x���s�®�L�n
0�s�r�t�0� �b�”�{
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:�©�•�w���è�q�d�º���É	«�æ�p

�\�w�q�V�z TAD �¤�ï�Ä�é�Ð�”�x

S(t) = �
Z t

�1
p(t; T ) log p(t; T ) dT = 1 � log � (t) (6.76)

�q	s�s�$�t	{�Z�”�{

�«�Q�y�z�Ì���q�q�‹�t�Ë	ý�ó�—�U�ÿ�<�b�”�%�p�x

� (t) =
� 0

1 + �t

�w�‘�O�s���U�ß�Q�’�•�”�{�\�w	Ô�ù�z
ï�”�U�°���p�K�l�o�‹���É�d�º�å�¸

Et [a] =
1

� (t)
=

1 + �t
� 0

�x
ÿ�C�`�z�d�º
ü
Í�x�y�M
R
ü�›���X���‰�‘�O�t�s�”�{�\�•�x�z
ï�”�†���U�d�º	Ý�6�w�†���›�™�¯�`�s�M�\�q

�›�Ô�b�o	m�s�«�p�K�”�{

�‡�h�z�Ž
æ	Ú�E u(t) �t�0�`�o � (t) �U�—�•�o�å
5�b�”	Ô�ù�z

_� (t) = � � f � (t) � � eq(u(t))g

�w�‘�O�s���è�M���Ü�›�ß�Q�”�\�q�U�p�V�”�{	s�8	Ú�E�›

� (t0) = � 0

�q�b�”�q�z�f�w�r�x

� (t) = e� � ( t � t 0 ) � 0 + �
Z t

t 0

e� � ( t � s) � eq(u(s)) ds

�p�)�Q�’�•�”�{�`�h�U�l�o�z � (t) �x�Ž
æ	Ú�E u(s) �t�‘�l�o���‡�”�a�ˆ�w�è
ª�‹

� eq(u(s))

�›�z�¦
:	O�ˆ

e� � ( t � s)

�p�G�1�`�h�d�º���É�q�`�o
¯�^�•�”�{�b�s�˜�j�z�\�w�Þ�Ã�ç�p�x�z�d�º
ü
Í�›�›�Ã�n�Z�”�Í�å�Ý�”�» � (t) �×
�

�U�z�Ž
æ	Ú�E�w�d�º�›�-�Ë�b�”�º
æ	Ý�6�!
:�q�`�o	ü�”
ã�O�{

�›�t�z�Ž
æ	Ú�E�U�°���p�K�“�z

� eq(u(t)) = � eq

�q�S�Z�”	Ô�ù�t�x�z

� (t) = � eq + f � 0 � � eqge� � ( t � t 0 )

�q�s�”�{�`�h�U�l�o�z � (t) �x�Ì��
:

� = � � 1

�p���ç�‹ � eq �t�¦
:���è�b�”�{
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6.5. ��	×�¦
:�©�•�w���è�q�d�º���É	«�æ�p

�\�w�q�V�z�¦
:
ü
Í���t�S�Z�”���É�d�º�å�¸�x

Et [a] =
1

� (t)

�p�K�”�h�Š�z � (t) �w�—�•�x�z���É�d�º�å�¸�w�—�•�q�`�o�q�•�”�{�b�s�˜�j�z�Ž
æ	Ú�E u(t) �U�!�=�`�o�‹�z�d

�º
ü
Í�x�h�i�j�t	ý�`�M���ç���•� �”�w�p�x�s�X�z � � 1 �w�Ì���µ�­�”�ç�p�—�•�o�Ë	ý�^�•�”�{

	H�l�o�z�Ú�«�é�s
ï�”�•�
���”�U�‰�°�‹�t�a�`�o�M�o�‹�z�º
æ�w � (t) �U�Ÿ�s�•�y�z�d�º�å�¸
ü
Í

pt (a) = � (t)e� � ( t )a

�x�°�•�`�s�M�{�`�h�U�l�o�z�f�w�™�w	Z�—�z���É�d�º�å�¸�z�K�”�M�x�d�º
ü
Í�w���è�a���x�Ÿ�s�”�Ì��
C�2�›

�Ô�`�O�”�{ * 10

�\�w�™�¯�p�z � (t) �x�o�s�”	`�Ì�Í�å�Ý�”�»�p�x�s�X�z�Ž
æ	Ú�E�w�d�º�›
S�é�b�”�º
æ	Ý�6�!
:�p�K�”�{ � �U

�G�V�M	Ô�ù�z � (t) �x�Ž
æ	Ú�E�t�„�…���Ì�å
5�`�z�d�º�®�L�x	–�^�M�{�°�M�z � �U	–�^�M	Ô�ù�z � (t) �x�a�ˆ�w�Ž


æ	Ú�E�›�Õ�X�¾�V�c�“�z
ï�”�°�•�q�d�º	Ý�6�°�•�w
‡�‰�‹
Q�U�f�O�=�`�•�b�X�s�”�{

�Ž	Í�w�«�T�’
ü�T�”�‘�O�t�z TAD �p�x�z��	×�¦
:
ü
Í�x�°�m�w�Ã�v���q�`�o�q�•�”�t�b�W�s�M�{�‘�“�°
`

�t�x�z�d�º���É	«�æ�p � (t; T ) �q�Ö�—�d�º G(T) �w
Ê�ˆ�ù�˜�d�t�‘�l�o�z�¦
:�©�T�’�w���7�s�a�I�ê�ˆ�U
\�a

�”�{ TAD �x�z�\�•�’�›�‰�°�w�Ë�Ì���Ï�� g(t; T ) �w�¤�p�w�°�$�t�G	\�b�”�î
Ê�ˆ�p�K�”�q�t�Q�”�{

�Š	·�‡�p�t�z TAD �x�z�d�º
ü
Í g(t; T ) �›�,�Š	Ý�6�”�q�`�z�f�\�T�’
ï�”�z	Z�—�z�¤�ï�Ä�é�Ð�”�z
±�S�¦
ª�z

�q�-�Ã�s�Ü�›�‹�X�Š
Ú�$�î
Ê�ˆ�q�`�o���Ü�=�^�•�h�{�^�’�t�z�4
Y�ò 
 �q�µ�­�”�ç�!�õ � �w�‹�Ö�t�‘�“�z	Z

�—�q�`�o�
���^�•�”�n
0�z�
���^�•�s�M�×
µ	«�„�z�A�‹�~�o�•�!�õ�›
ü�m�`�o�{�O�\�q�U�D�ó�q�s�l�h�{�\�•

�t�‘�“�z TAD �x�O�•
±�S�Þ�Ã�ç�›�Ò�Q�o�z�d�º�›�‹�m�Ö	Z�—�a���°
`�›�G	\�b�”�h�Š�w
:�g�,
k�q�`�o�•�”

�n�Z�’�•�”�{

* 10 �\�w�Ï���x�z�™�w	·�p�^�æ�b�” Kovacs ���w�d�º�®�L�› TAD �w�
�:�T�’
†�Ì�b�”�7	–�Þ�Ã�ç�w�°�m�q�r	
�p�V�”�{
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�H 7 	· TAD �t�‘�”�Ä	Å�w�6�q�¢�'���£�~�o
ƒ�-�•�w� �;

�Š	·�w�è�$�x�z TAD �›	q�ð�J�z�o�ð�J�z�7�&�=�ð�J�w�~�m�w�
�:�T�’
T�g�b�”�\�q�p�K�”�{	q�ð�J�p�x�z�Ö

�—�%�»�q��
:��
:�T�’�d�º
ü
Í�S�‘�|	Z�—�›�6�q�b�”�{�o�ð�J�p�x�z�
���^�•�h�Ö	Z�—�T�’� �t�©�•�Â�p��
:

�›�‰���b�”�{�7�&�=�ð�J�p�x�z	t�l�w	Z�—�•
M�ÿ	Ú�E�w�‹�q�p�z�Ö�—�z�Â�p�z�4
Y�ò�›
ƒ�-�b�”�{�\�•�t�‘�“�z

TAD �x�o�s�”�d�º�G	\�Þ�Ã�ç�p�x�s�X�z�6�q�z�'���z�‰���z�o
ƒ�-�›�w�°�b�”�î
Ê�ˆ�q�`�o�•�”�n�Z�’�•�”�{

TAD �x�z�Ö�—�%�» Gbulk (t; T ) �q�Â�p��
: � (t; T ) �t�|�4
Y��
: 
 (t; T ) �t�‘�l�o�º
æ	Ý�6 g(t; T ) �U�Ï
R

�^�•�z
@g(t; T )

@t
= � [� (t; T ) + 
 (t; T )] g(t; T ) + Gbulk (t; T ); g(T; T) = G(T)

�q�M�O
C�2�M���Ü�t	H�O�{�7	4�$�t�õ�‰	Z�—

f � (t) =
Z t

T1

� (t; T ) � (t; T ) g(t; T ) dT

�q�`�o�
���^�•�”�q�M�O�¼� �Æ�Û�«�µ�›�Ë�m�{�\�\�p � (t; T ) �x�Ö�—�q	Z�—���w�o�•�!�õ�•�µ�­�”�æ�ï�¬��
:

�p�K�”�{�°�M�z�õ�‰
²�w�î�.	Z�—�x

f (t) =
Z t

T1

� (t; T ) g(t; T ) dT

�p
¯�^�•�”�{

�\�w�Ï���x�Ž�<�w�:�p�™�[�›�Ë�m�{

ˆ �¼�L�o�w�-�Ë �• g(t; T ) �x T � t �t�0�`�o�w�ˆ
‡�¸�é�p�K�“�z�a�ˆ�T�’�q�O�•�w�¼�L�Ï���›
S�é�b�”�{

ˆ �d�º�Ï���w�Ë	ý �• � (t; T )�z 
 (t; T ) �t�‘�l�o g(t; T ) �U�ž�Í�Ë	ý�^�•�”�{

ˆ �d�º�Ï���w�-�� �•�º
æ	Ý�6 g(t; T ) �U�d�º
¶�.�›�-�Ë�`�z�r
s�~�D�¹�=�~
ƒ�-�w�,
k�q�s�”�{

ˆ �Ö	Z�—�w�A�ù �•�Ö�— Gbulk (t; T ) �q�õ�‰	Z�— f � (t) �t�|�î�.	Z�— f (t) �w�����U g(t; T ) �›�p�`�o�Ì�Ô�$

�t�A�ù�^�•�”�{

7.1 �6�q�¢�'���£�•�w� �;

�6�q�¢�'���£�ð�J�p�x�z�Ö�—�%�» f Gbulk (t; T )g �t�,�n�V�z�Ä	Å�›�6�q�`�°�R�w	Z�— ^f � (t) �›
*���b�”�\�q

�›�è�$�q�b�”�{ TAD �w�î
Ê�ˆ�p�x�z
*���^�•�h�Â�p��
: �̂ (t; T )�z�4
Y�ò 
̂ (t; T ) �S�‘�|�µ�­�”�æ�ï�¬��
:

�̂ (t; T ) �›�;�M�”�\�q�p�z

@g(t; T )
@t

= � [�̂ (t; T ) + 
̂ (t; T )] g(t; T ) + Gbulk (t; T )



7.2. �o
ƒ�-�•�w� �;

�t�‘�l�o�z g(t; T ) �›�Ì�� t �‡�p
C�2�^�d�h�™�z

^f � (t) =
Z t

T1

�̂ (t; T ) �̂ (t; T ) g(t; T ) dT

�›�˜�”�\�q�U�p�V�”�{

�y	H�R�w�6�q�¢�'���£�Þ�Ã�ç�p�x�z�0	Å�–�¬�]�q�t�;�™�^�•�h�x���w��
:�t�›���w���›�>���b�”�\�q�p�6�q

�¢�'���£�›�æ�O�w�t�0�`�z TAD �x�ž�è�w��
: �̂ (t; T ) �• 
̂ (t; T ) �›�‘�“	J�È�t
*���p�V�”�h�Š�z���7�s�î�¿	Ý�¯

�t�0� �D�ó�p�K�”�{�‡�h�z�º
æ	Ý�6 g(t; T ) �›�D�¹�=�b�”�\�q�p�z�r�w�Ö�—�U�M�m	Z�—�t�/�)�`�h�T�›�Ì�%�»

�$�t�r	
�b�”�\�q�‹�D�ó�q�s�”�{

7.2 �o
ƒ�-�•�w� �;

7.2.1 
M�ÿ
Ç�V�7�&�=�ð�J

�o
ƒ�-�w�]�J�x�z	t�)�w�Ö�—�%�» f Gbulk (t; T )g �T�’	t�l�w�è
ª	Z�— f �
� (t) �›�î�q�b�”�h�Š�t�z�r�w�‘�O�s

�Â�p � (t; T )�z�4
Y 
 (t; T )�z�µ�­�”�æ�ï�¬ � (t; T ) �›
ƒ�-�b�‚�V�T�›�r�X�ð�J�p�K�”�{ TAD �w�î
Ê�ˆ�p�x�z

@g(t; T )
@t

= � [� (t; T ) + 
 (t; T )] g(t; T ) + Gbulk (t; T )

f �
� (t) =

Z t

T1

� (t; T ) � (t; T ) g(t; T ) dT

�q�M�O
M�ÿ	Ú�E�w�<�p�z�Â�p � (t; T )�z�4
Y 
 (t; T ) �t�| � (t; T ) �›�o�‰�b�”�\�q�t�s�”�{

�\�w�q�V�z�o�t f �
� (t) �›�6�q�¢�'���£�b�”�i�Z�p�s�X�z�7�&�=�w�
�:�T�’�è�$��
:�›�å�C�`�z�‘�“�ù�g�$�s


ƒ�-�›�æ�O�\�q�‹�p�V�”�{�°
`�t�x�‰�°�w f �
� (t) �›�6�q�¢�'���£�b�” � (t; T ); 
 (t; T ); � (t; T ) �x
ó
:���O�b�”

�h�Š�z�è�$��
:�w�7�&�=	Ú�E�›
Ç�C�b�”�\�q�p�Ü�“���‰�q�ß�Q�o�‹�‘�M�{�è�$��
:�w�«�q�`�o�x�Ž�<�U�•�[�’

�•�”�{

ˆ �§
u	Z�—�w�7�G�= �•

J1 =
Z t 1

t 0

f � (t) dt

ˆ 	Z�—
ü
Í�w�¤�ï�Ä�é�Ð�”�7�G�= �•

J2 = �
Z t

T1

p(t; T ) log p(t; T ) dT

�\�\�p p(t; T ) =
g(t; T )

Rt
T1

g(t; T 0) dT0
�x�F�¨�=�^�•�h�d�º�µ�S�p�K�”�{

ˆ �f�w���w�è�$��
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:�›
Ê�ˆ�ù�˜�d�”�\�q�p�z�o
ƒ�-�ð�J�x�®
M�ÿ
Ç�V�7�&�=�ð�J� �̄q�`�o���Ü�=�p�V�z�™�w
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	Ä	\�b�”�r
s�$�ž�Ó�é�”�½�¢�!
ü�O�t�‘�”�è�$��
:�7�&�=�£�•
:�‹�7�&�=	��O�t�‘�l�o�r�X�\�q�U�D�ó�q�s�”�{

�‡�h�z�o
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���t�S�M�o	ý�F�d�Ö G(t) �›�™
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7.3. �å�Ó�å�µ�r
s�t�‘�”�6�q�¢�'���£�q�o
ƒ�-�w�°
`�=

�w�ˆ�›�;�M�o�z � �w
Œ�w���¢�¦
:�—�‚�V�—	*�8�$�s�£�›�î�g�$�t�‰���b�”	��O�p�K�”�{���­�Â�µ�Ä�p � �w
Œ�w

���›�Ü�“���ˆ�z�f�w�A�L�›�Ä
²	Ø�C�q�`�o�o
*���¢�o
ƒ�-�£�w�s�g�©�4�›�K�’�T�a�Š�Ü�“���‰�\�q�U�p�V�”�{

7.3 �å�Ó�å�µ�r
s�t�‘�”�6�q�¢�'���£�q�o
ƒ�-�w�°
`�=

7.3.1 	j��	×	Ý�6�t�S�Z�”�å�Ó�å�µ�r
s

TAD �x t �q T �q�M�O���m�w�Ì���›�Í�å�Ý�”�»�q�b�”�g�æ�p�K�”�h�Š�z�Ì�����æ� �ˆ�0	¶
Q�¢ t � T �w�ˆ�t

�‘���£�U
R�“�q�m	j��	×	Ý�6�›�ß�Q�”�w�x�×
µ�p�K�“�z�f�w	Ô�ù�z���X�w�­�”�µ�p	Þ�ˆ���ˆ�w���t�s�”�\�q�T

�’�å�Ó�å�µ�r
s�t�‘�”
:�g
ü
s�U���®�p�K�”�q�ß�Q�’�•�”�{�Ž�ñ�w�^�æ�p�x���t�=�w�h�Š

� � 1

�q�`�o�2�‰�`�z�0�¯�¥�„�Ö�—�w�ˆ�¢ g(T; T) = G(T); Gbulk (t; T ) � 0�£�›�>���b�”�q�z�%�w
C�2�M���Ü�x

@g(t; T )
@t

= �
�
� (t; T ) + 
 (t; T )

�
g(t; T ); g(T; T) = G(T)

�q�s�”�{

7.3.2 	j��	×	Ý�6�w���[�q�°
`�%�w
ƒ��

�Â�p��
: � (t; T ) �t�|�4
Y�ò 
 (t; T ) �U
ì�0�Ì�� t � T �w�ˆ�w��
:�q�`�o
¯�^�•�”	Ý�6�z�b�s�˜�j	j��	×	Ý

�6�q�b�”�{

� (t; T ) = � (t � T); 
 (t; T ) = 
 (t � T) (7.1)

�\�•�x �; 
 �t�m�M�o�Ì�����æ� �ˆ�0	¶
Q�U
R�“�q�j�z
ˆ�0�Ì���p�x�s�X�Ì���)�w�ˆ�t�‘���b�”�\�q�›�™�¯

�b�”�{

7.3.3 �å�Ó�å�µ�í���p�w
þ�M���Ü

�d�º�Ï���w�°
`�r

�\�w�q�V�z TAD �w�,�Š�r�x

g(t; T ) = G(T) exp
�
�

Z t

T

�
� (s � T) + 
 (s � T)

�
ds

�

�p�)�Q�’�•�”�{

	Z�—�Ü�q�!
:�!�õ

	Z�— f (t) �x

f (t) =
Z t

T1

� (t � T) G(T) exp
�
�

Z t

T

�
� (s � T) + 
 (s � T)

�
ds

�
dT
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7.3. �å�Ó�å�µ�r
s�t�‘�”�6�q�¢�'���£�q�o
ƒ�-�w�°
`�=

�q�s�”�{�¦
:
æ�w
u
ü�t�m�M�o � = s � T �q�S�X�q

Z t

T
� (s � T) ds =

Z t � T

0
� (� ) d�;

Z t

T

 (s � T) ds =

Z t � T

0

 (� ) d�

�U
R�“�q�m�{

� �t��
:�w�‹�Ö

�Ž	Í�‘�“�z	j��	×	Ý�6�T�m�0�¯���V	Z�`�Ö�—�w	Ô�ù�w� �t��
:�›

K (t � T) := � (t � T) exp

"

�
Z t � T

0

�
� (� ) + 
 (� )

�
d�

#

(7.2)

�q���[�b�”�{�\�w�q�V�z

f (t) =
Z t

T1

G(T) K (t � T) dT (7.3)

�q	{�Z�”�{

	Þ�ˆ���ˆ���q�å�Ó�å�µ�!�õ

	s�8�Ì���› T1 = 0 �q�b�”�q	Þ�ˆ���ˆ

f (t) =
Z t

0
G(T) K (t � T) dT

�q�s�“�z	Þ�ˆ���ˆ���g�‘�“

F (s) = G(s) K (s) (7.4)

�›�˜�”�{

�7	4�‹���g

�å�Ó�å�µ�r
s�t�S�Z�”�7	4�‹���g�t�‘�“

f (1 ) = lim
s! 0

s F (s) = lim
s! 0

s G(s) K (s) (7.5)

�U
R�“�q�m�{�b�s�˜�j�Õ�Ì���•�ˆ�x s = 0 �Ù�c�w�Ã�Ï���¢�›�t G(s) �q K (s) �w s = 0 �p�w�•�ˆ�£�T�’�>���^

�•�”�{ * 1

7.3.4 �6�q�¢�'���£�q�o
ƒ�-�w�°
`�=

�Ž�<�p�x���o�w�h�Š�z�n
0�s�` 
 � 0 �›�>���`�o�^�æ�›
��Š�”�{

Debye���w�6�q�¢�'���£

���o�s�«�q�`�o�z Debye ���w���è��
:�¢� �t��
:�£�t�m�M�o�ß�Q�”�{�°���Â�p � (t � T) = � > 0 �t�0�`�o�z

K (t � T) = �e � � ( t � T )

* 1 �å�Ó�å�µ�!�õ�w�7	4�‹���g�¢	)��	Ú�E�~�È
R���Ø�w�Ã
��”�w�>���›���‰�£�t�Œ�”�{
ª	j�$�‹�Ö�x [80, 61] �€	°�w�\�q�{
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7.3. �å�Ó�å�µ�r
s�t�‘�”�6�q�¢�'���£�q�o
ƒ�-�w�°
`�=

�‘�“

K (s) =
�

s + �

�U�Ú�j�t	H�M�z * 2

F (s) = G(s)
�

s + �
(7.6)

�q�s�”�{�«�Q�y�z�Ö�— G(t) �›

G(t) = 1 + e� �t (� > 0)

�q�b�”�q�z�\�w�Ö�—�w�å�Ó�å�µ
þ�x

G(s) =
1
s

+
1

s + �

�p�K�“�z�`�h�U�l�o

F (s) =
� 1

s
+

1
s + �

� �
s + �

(7.7)

�U�˜�’�•�”�{	H�l�o�z
æ
ü
ü
:
ü�r�›�ª�`�o�å�Ó�å�µ�o�!�õ�b�”�\�q�p�\�w	Ô�ù�w�Ö�— G(t) �t�0�b�”	Z�—

f (t) �w�é�.�$�s
¯�Ü�‹�˜�’�•�”�{�¢�p
µ�s�U�’�z�A�L�x Debye �����è��
:�¢� �t��
:�£�t�°�•�b�”�{�£

�y�‡�h�z K (s) �w�Ã�U�(
R���Ø�t�K�“�z sF (s) �U�•�à	Í�t�Ã�›�Ë�h�s�M�q�V�z�7	4�‹���g�‘�“�Ž�<�U�˜�’�•�”�{

lim
t !1

f (t) = lim
s! 0

s F (s) = lim
s! 0

s G(s)
�

s + �

	Í�w�«�p�x sG(s) ! 1 �s�w�p

lim
t !1

f (t) = 1

�f�w���w���è��
:�¢� �t��
:�£�w�6�q�¢�'���£�q�o
ƒ�-

	j��	×�w�<�p�x	×�t

F (s) = G(s) K (s)

�p�K�”�T�’�| f F (s); G(s); K (s)g �w�O�j�Ú�™�w�Ë�m�›�)�Q�•�y

F (s) = G(s) K (s); G(s) =
F (s)
K (s)

; K (s) =
F (s)
G(s)

�t�‘�“�’�“�°�m�U
þ�í���p�°�™�t�>�‡�”�{
ž�A�t� �a�o�o�å�Ó�å�µ�!�õ�›�ª�b�\�q�p�z�Ì���–�¬�w f (t) �•

G(t)�z�^�’�t�x K (t � T) �›�&���`�h � (t � T) �›
î�i�p�V�”�{	j��	×�¢�Ì����
��0	¶�£�• a = t � T �t�S�M�o

�x�z	Z�—�w
þ�x	×�t

F (s) = G(s) K (s); K (a) = � (a) exp
h
�

Z a

0
� (� ) d�

i
; K (s) = Lf K g(s) (7.8)

�p�A�y�•�”�{�\�w���?�s�����x�z�7�Œ�w���è���w�6�q�¢�'���£�z�
���Ã�”�»�T�’�w�o
ƒ�-�z�S�‘�|�Ö�—
T���w�~

�•�°�.�w�î
Ê�ˆ�›�)�Q�”�{

1. �7�����è��
:�w�k�µ�6�q�¢�'���£ �•�•�Ú�™�w���è��
: S?(a) �›�)�Q�•�y

� (a) = �
d
da

ln S?(a); K (a) = � (a) S?(a) = � S0
?(a); K (s) = Lf� S0

?g(s)

* 2 Debye �w�Ã
Q
ü� �Þ�Ã�ç�t�,�n�X�o�°�Ì��
:�w���è�{�y�/�$�‹�Ö�x [17] �€	°�w�\�q�{
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7.4. �o
ƒ�-�t�S�Z�”�è�$��
:�7�&�=�¢�!
ü�O�£

�t�‘�“�z�Ù�Å�s�`�p TAD �w�Â�p � �q�© K �›�Ï
R�p�V�”�{�/���«�q�`�o

Debye : S(a) = e� �a ) � (a) = �; K (s) =
�

s + �

KWW : S(a) = exp
�
� (a=� ) � �

) � (a) =
�
�

� a
�

� � � 1
; K (a) = � (a)S(a) (0 < � � 1)

�Þ KWW [53, 110] �w K (s) �x	s�s��
:�t�x�X�j�s�M�U�z	Í�Ü�T�’�Ú
€�t � �q K (a) �›�)�Q�”�{

2. �
���µ�Ö�«�Ä�ç�T�’�w���è��
:�w�o
ƒ�- �•�•�Ö�—�q	Z�—�w
þ G(s); F (s) �U�����T�’�7�Œ�¢	*�þ
:� �t

s = i! 	Í�p�‹�D�£�p�K�•�y

K (s) =
F (s)
G(s)

; K (a) = L � 1
�

F
G

�
(a); S(a) = 1 �

Z a

0
K (u) du; � (a) =

K (a)
S(a)

(S > 0)

�t�‘�“�¼�L�~�†���w	Ú�E�w�<�z�°�Œ�w���è�›�°�™�t�›���p�V�”�{ * 3

3. �Â�p � �T�’�º
æ�¼� �Æ�Û�«�µ�›�‰�� �•�• � �¢�`�h�U�l�o K �q S�£�U���‡�•�y�z�d�º
ü
Í�x

g(t; T ) = G(T) S(t � T) ( t � T)

�q�r
s�$�t
î�i�p�V�”�{�º
æ�å�¸
ü
Í�s�z�
���w
��™�t�K�”�d�º�¼� �Æ�Û�«�µ�›�Ú
€
°�A�p�V�”�{

4. � �t��
:�›�{���`�h�Ö�—
T���¢
M�š�£ �•�•
ƒ�-	Í K (s) �›	t�)�q�b�”�q�V�z	t�l�w	Z�—
þ F (s) �t�0�`

�o�Ö�— G(s) �x

G(s) =
F (s)
K (s)

�›
¬�‚�y�‘�M�{�`�h�U�l�o TAD �x�®� �t��
:�w�<�p�w
¢���Ñ�Ÿ�ç�»�¯�q�`�o�z�Ö�—
ƒ�-�t�Ú
€�;�M�’

�•�”�{

5. �Õ�Ì���Ã�v�q�7	4�‹���g �•�•

lim
t !1

f (t) = lim
s! 0

s F (s) = lim
s! 0

s G(s) K (s)

�t�‘�“
þ�í���w s = 0 �Ù�c�w�Ã�Ï���i�Z�T�’
Q���p�V�”�{

�Ž	Í�t�‘�“�z	j��	×�w�>���x�z�7�����è�w�k�µ�6�q�~�‰���~
M�š�›�o�°�w�î
Ê�ˆ�t�w�ù�b�”�{ TAD �U�d�º�Ï��

�›�-�Ë�`�m�m�z�7���w���è��
:�¢� �t��
:�£�›�°
`�=�b�”�î
Ê�ˆ�p�K�”�\�q�U
ü�T�”�{

7.4 �o
ƒ�-�t�S�Z�”�è�$��
:�7�&�=�¢�!
ü�O�£

7.4.1 �¦�Á
Z��
:�¢�°
`���£�w���[

�°
`�w TAD 
C�2�M���Ü�x

@
@t

g(t; T ) = �
�
� (t; T ) + 
 (t; T )

�
g(t; T ) + Gbulk (t; T ); g(T; T) = G(T) (7.9)

f � (t) =
Z t

T1

� (t; T ) � (t; T ) g(t; T ) dT (7.10)

* 3 �A�‹�õ�‰ � (t; T ) �›���Š�”	Ô�ù�x�z F = G � (��e �
R

� ) �q�s�”�U�z � (t; T ) �›�7�Œ�q�ˆ�s�b�q�‰���U�°�™�=�`�•�b�M�{
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7.4. �o
ƒ�-�t�S�Z�”�è�$��
:�7�&�=�¢�!
ü�O�£

�p�K�”�U�z�\�\�p

J [�; �; 
; g; G; G bulk ] =
Z t 1

t 0

Z t

T1

L (�; �; 
; g; G; G bulk ) dTdt

�›�è�$
Z��
:�q�`�o���[�`�z L (�; �; 
; g; G; G bulk ) �› TAD �å�¬�å�ï�´�ž�ï�q�z	¶�b�”�\�q�t�b�”�{�\�w�Ì�z

�«�Q�y L (�; �; 
; g; G; G bulk ) = � � g �q�b�•�y�z

J [�; �; g ] =
Z t 1

t 0

Z t

T1

� (t; T ) � (t; T ) g(t; T ) dT dt =
Z t 1

t 0

f � (t) dt

�q�s�“�z�\�•�x�§
u	Z�—�7�G�=�›�™�¯�`�z J �›�×���¤�É�ç�ª�”�•�^�;�q�ß�Q�•�y�z�r
s�—�¶�w�!
ü�j�g�q�‰��

�p�K�”�{ * 4

�‡�h�z �; �; 
; g; G; G bulk �x	G
ü�s
Y��
Q�¢�0�¯�Ù�c�w�È��
Q�s�£�›�¬�h�b�q�>���`�z�¦�Á
Z��
:�w�°
`���›

J [�; �; 
; g; G; G bulk ;  ] =
Z t 1

t 0

Z t

T1

n
L (� (t; T ); � (t; T ); 
 (t; T ); g(t; T ); G(T); Gbulk (t; T ))

�  (t; T )
�

@
@t

g(t; T ) + � (t; T )g(t; T ) + 
 (t; T )g(t; T ) � Gbulk (t; T )
� o

dT dt

(7.11)

�q���[�¢	Ð
:	Ô  (t; T )�£�b�”�{ * 5�z�:�{���w�¥�„	Ú�E�q�`�o

g(t0; T) �{�� ;  (t1; T) = 0 (7.12)

�›�]�b�‹�w�q�`�z (7.11) �t�S�M�o �; �; 
; g; G; G bulk ;  �t���b�”�H�°�!
ü�›	��”�\�q�›�ß�Q�”�{�Š�Ø�p�x�j��

�q�`�o �; 
; g; G; G bulk �x�x���w�Æ��	Ú�E�x�s�M�‹�w�q�`�z � �x�®�”�´�¢�Ž
\�£�q�ˆ�s�`�o�7�&�=�0	Å�t���Š

�”�w�x�Æ���¢
Y�‹
M�ÿ�~
Y���=�~�{��	Ú�E�s�£�›�]�b	Ô�ù�t�v�”�q�b�”�{ * 6

�Ž�<�t L �t�0�b�”�!
ü�›�ß�Q�”�q�V�z
M�š�0	Å�q�Ž
\�!
:�w�E
¯�$�s
ƒ���«�›�Ž�<�t�Ô�b�{

* 4 J �›�^�;�q�_�•�y�z�M�˜�•�”�7	–�^�;�w�j�g�t
ì�p�b�”�{
* 5 �!
ü�O�q
5
P�M���Ü�¢�7�&
M�š�w�y�/�$�‹	Z�£�x [30, 82] �›�€	°�w�\�q�{
* 6 �; 
; g; G; G bulk �t�x���w�Æ��	Ú�E�›�]�b	Ô�ù�x�z�f�•�g�•�t�{���w	Ð
:	Ô�›�]�`�h�!
ü�›�q�”
ž�A�U�K�”�{
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ƒ�-�t�S�Z�”�è�$��
:�7�&�=�¢�!
ü�O�£


¯ 7.1 L �t�0�b�”�!
ü�t�S�Z�”
M�š�0	Å�q�Ž
\�!
:�w�E
¯�$�s
ƒ���«

�­�”�µ �!
ü�0	Å�¢
M�š�£ �Ž
\�¢	t�)�£ �E
¯�$�s�r	
�~�;�M

A G(T); Gbulk (t; T ) �; 
; � �Ö�—�Ì�%�»�‡�h�x�d�º�»� �Ó�]�q

�w	ý�F�d�Ö�”�w�7�&�=�{ G(T) �x

�0�¯�¥�„�T�’�w	ý�F�Ö�—�›
¯�`�|

Gbulk (t; T ) �x�7���d�º T �t�0�b

�”
‡�0�¯���V	Z� �̀~�6�p�Ö�›
¯�b�{

�¿���d�Ö�|�­�­�d�Ö�|�¿�Š�d�Ö�|� 

�½�v�Ö�|
î	6�Ö�—�s�r�|�®�M�m�|�r

�\�t�|�r�•�i�Z�Ö�•�”�T�¯�›
M�š

�b�”�ð�J�t�0� �b�”�{

B � (t; T ) G(T ); Gbulk ; 
; � 
ï�d�Ö�”�x�{���`�|�d�º�•�w
�
ü�~

�Â�p�F���w�ˆ�›�7�&�=�{
�
Ü�|	ù

�*�|��
Œ	q�•
Ç�Z�ð�J�q�`�o�r	


�p�V�”

C 
 (t; T ) G(T ); Gbulk ; �; � �n
0�~�h�k�~�m�d�p�›
â�^�D�ó�q

�`�h
ƒ�-�ð�J�{�¡�Ë�ª�f�|�s
î�ª

�f�|�n
0�4	ˆ�w�g�æ�=

D � (t; T )�¢	Ú�E
Ç�V�£ G(T); Gbulk ; �; 
 �
���~�õ�‰�µ�­�”�ç�w
ƒ�-�~�±
Y

�ð�J�{�h�i�`�Æ���•
Y���=�›�]�^

�s�M	Ô�ù�|�!
ü	Ú�E�x�@�=�`�•�b

�M�:�t�«�™�U
ž�A

E (G(T); Gbulk ; � ) 
; � �d�Ö�§�S�q�Â�p�F���w�‰�Ì�7�&�=�{

�ª�f�”�q�0	Å
¬�R�›�‰�Ì�t
ƒ�-�b

�”
ó�ù
M�š�ð�J

F (G(T); Gbulk ; 
 ) �; � 
ÿ�C�ª�f�q�n
0�H
M�ª�f�w�Ä�è�”

�Å�¦�Ñ�7�&�=�{�«�˜�q�r�ÿ�H
M�|

�¶	6�q�h�k�H
M�s�r�t�0� 

G (�; 
; � )�¢
*���£ G(T); Gbulk �7�&�=�p�x�s�X�|�Ã�”�»�T�’�Þ�Ã

�ç�Ï���›�‰���b�”
*���ð�J�{�ò�S

�r
s�•�o�ð�J�q�`�o�w�b�;

H �¢�s�`�£ G(T); Gbulk ; �; 
; � 
M�š�›
P�˜�s�M	q�ð�J�{�)�Q�’�•

�h�ª�f�w�‹�q�p�d�º
ü
Í�w�Ì��
C

�2�›�G	\�~�³�Û�á�è�”�³�ã�ï

�«�• 	Ý�6�!
: g(t; T ) �S�‘�|
5
P��
:  (t; T ) �x�z�M�c�•�w�­�”�µ�t�S�M�o�‹
M�š�0	Å�q�x�s�’�c�z g �x TAD 
C�2�M���Ü�›�¬�h�b	Ý�6�z

 �x�f�•�t�0� �b�”�ò�S�q�`�o�7�&
Q	Ú�E�T�’�×�ˆ�$�t�‹�Ö�^�•�”�{

� �t���b�”�!
ü�¢���y	Ú�E�£

� J [� ] =
Z t 1

t 0

Z t

T1

@L
@�

�� dT dt = 0 (7.13)

)
@L
@�

= 0

�q�s�”�{�\�\�p�z
@L
@�

= 0 �U � �t�m�M�o
‡�×�Ì�s�Æ��	Ú�E�q�s�”	Ô�ù�x�{���w	Ð
:	Ô�›�]�`�h�!
ü�›�q�”
ž�A

�U�K�”�{
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:�7�&�=�¢�!
ü�O�£

� �t���b�”�!
ü�¢���y	Ú�E�£

� J [� ] =
Z t 1

t 0

Z t

T1

n @L
@�

�  (t; T ) g(t; T )
o

�� dT dt = 0

)
@L
@�

�  (t; T )g(t; T ) = 0

	Í�Ü�!
ü�x � � 0 �w�"��
M�ÿ�w�<�p�w�!
ü�q�s�”�h�Š�z�„�…�¸�”	t g > 0 �q�`�o

(i) � > 0�¢�Æ
Q	B�ù�£�w�º�:�p�x �� �›
Y
Û�r�j�’�t�‹	��“�˜�”�h�Š�z�7�&
Q�t�x
@L
@�

=  g �U
ž�A�q�s�”�{

(ii) � = 0 �w�¥�„�¢
Æ�Æ
Q	B�ù�£�p�x �� � 0 �w�!�=�w�ˆ�•�^�•�”�h�Š�z�7�&
Q�t�x
@L
@�

�  g �U
ž�A�q�s�”�{

�‘�l�o�z g > 0; � > 0 �t�S�M�o�x�z�Ž�<�U���y	Ú�E�q�s�”�{

@L
@�

=  g


 �t���b�”�!
ü�¢���y	Ú�E�£

� J [
 ] =
Z t 1

t 0

Z t

T1

n @L
@


�  (t; T ) g(t; T )
o

�
 dT dt = 0

)
@L
@


�  (t; T )g(t; T ) = 0

	Í�Ü�!
ü�x 
 � 0 �w�"��
M�ÿ�w�<�p�w�!
ü�q�s�”�h�Š�z�„�…�¸�”	t g > 0 �q�`�o

(i) 
 > 0�¢�Æ
Q	B�ù�£�w�º�:�p�x �
 �›
Y
Û�r�j�’�t�‹	��“�˜�”�h�Š�z�7�&
Q�t�x
@L
@


=  g �U
ž�A�q�s�”�{

(ii) 
 = 0 �w�¥�„�¢
Æ�Æ
Q	B�ù�£�p�x �
 � 0 �w�!�=�w�ˆ�•�^�•�”�h�Š�z�7�&
Q�t�x
@L
@


�  g �U
ž�A�q�s�”�{

�‘�l�o�z g > 0; 
 > 0 �t�S�M�o�x�z�Ž�<�U���y	Ú�E�q�s�”�{

@L
@


=  g

g �t���b�”�!
ü�¢���y	Ú�E�£

� J [g] =
Z t 1

t 0

Z t

T1

n @L
@g

�g �  (t; T )
@
@t

�g �  (t; T ) � (t; T )�g �  (t; T ) 
 (t; T )�g
o

dT dt

=
Z t 1

t 0

Z t

T1

n @L
@g

+
@
@t

 (t; T ) �  (t; T ) � (t; T ) �  (t; T ) 
 (t; T )
o

�g dT dt = 0

)
@
@t

 (t; T ) = �
@L
@g

+
�
� (t; T ) + 
 (t; T )

�
 (t; T )

�`�`�z�Ì���M�²�w
æ
ü
u
ü�t�‘�“

Z t 1

t 0

Z t

T1

 
@
@t

(�g ) dT dt =
hZ t

T1

 �g dT
i t 1

t 0

�
Z t 1

t 0

Z t

T1

(
@
@t

 ) �g dT dt

�q�s�“�z�¥�„�ò�x (7.12) �w�‹�q�p	«�Q�”�\�q�›�;�M�h�{ * 7�-�‰�M�¤�p�q�•�”�Ì�� t �M�²�w
æ
ü
u
ü�t�‘�“�˜�’

* 7 �Ì���M�²�w
æ
ü
u
ü�q�¥�„	Ú�E�w
T�ù�¢���„
Q�~�D
u
ü
Q�£�t���b�”�U	[	Ú�E�x [30] �›�€	°�w�\�q�{
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5
P�M���Ü�q�z�y�•�”�{

Gbulk �t���b�”�!
ü�¢���y	Ú�E�£

� J [Gbulk ] =
Z t 1

t 0

Z t

T1

n @L
@Gbulk

+  (t; T )
o

�G bulk dT dt = 0

)
@L

@Gbulk
+  (t; T ) = 0

G(T) �t���b�”�!
ü�¢���y	Ú�E�£

G(T) �w�!
ü�x�z�0�¯�¥�„	Í�w	Ý�6�!
: g(T; T) �w�!
ü�q�`�o�d�º�Ï���t�;�û�b�”�{�\�w�¥�„�!
ü�t�0� �b

�”
5
P�A�‹�x�z
5
P��
:�w�0�¯�‹  (T; T) �t�‘�l�o
°�A�^�•�”�{�`�h�U�l�o�z G(T) �t���b�”���y	Ú�E�x

� J [G] =
Z t

T1

�
@L
@G

+  (T; T)
�

�G (T) dT

)
@L
@G

+  (T; T) = 0

�q�s�”�{�0�¯�¥�„	Í�p�w�Ö�—
ƒ�-	Ú�E�p�K�”�{

 �t���b�”�!
ü�¢���y	Ú�E�£

� J [ ] =
Z t 1

t 0

Z t

T1

n
�

�
@
@t

g(t; T ) + � (t; T )g(t; T ) + 
 (t; T )g(t; T ) � Gbulk (t; T )
�

� 
o

dT dt = 0

)
@
@t

g(t; T ) = �
�
� (t; T ) + 
 (t; T )

�
g(t; T ) + Gbulk (t; T )

�q�s�“�z TAD �w
C�2�M���Ü�f�w�‹�w�q�s�”�U�z�!
ü�j�g�›�&�;�b�”�M�w�Æ��	Ú�E�q�M�O�™�¯�ù�M�q�s�”�{

�!
ü�7�&	Ú�E

�Ž	Í�w�ß�o�T�’�z�!
ü�7�&	Ú�E�q�`�o�Ž�<�U
R�“�q�m�{

@L
@�

= 0 (7.14)

@L
@�

=  (t; T )g(t; T ) (7.15)

@L
@


=  (t; T )g(t; T ) (7.16)

@
@t

 (t; T ) = �
@L
@g

+
�
� (t; T ) + 
 (t; T )

�
 (t; T ) (7.17)

@L
@Gbulk

+  (t; T ) = 0 (7.18)

@L
@G

+  (T; T) = 0 (7.19)
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@
@t

g(t; T ) = �
�
� (t; T ) + 
 (t; T )

�
g(t; T ) + Gbulk (t; T ) (7.20)

�î�M�t�x L �w��
:���•�¤�Í�å�Ý�”�»��
:�›�Ž
\�q�”�X�T�z
M�š�0	Å�q�b�”�T�s�t�‘�l�o�z
ž�A�s	Ú�E�w�ˆ
¬�R

�b�•�y�‘�M�{

7.4.2 TAD �å�¬�å�ï�´�ž�ï L (�; �; 
; g; G; G bulk ) �t���b�”�Ã�s�Ü

�\�\�p�z	Ð
:	Ô  (t; T ) �t�‘�”	O�ˆ
Ç�V�d�º
ï�”

W (t) :=
Z t

T1

 (t; T ) g(t; T ) dT

�›���Š�”�{�\�•�x�z�d�º
ü
Í g(t; T ) �t	Ð
:	Ô  (t; T ) �›�»�Z�ù�˜�d�o�ù�-�`�h�Ì�: t �t�S�Z�”�d�º
ü
Í�¢�d

�º�O�•�£�w
ï�”�p�K�”�{�b�”�q�z W (t) �w�Ì��
•
ü�x�å� �Ó�Ç�¿�À���t�‘�“�z

dW
dt

=  (t; t ) g(t; t ) +
Z t

T1

@
@t

 (t; T ) � g(t; T ) dT +
Z t

T1

 (t; T ) �
@
@t

g(t; T ) dT

=  (t; t ) G(t) +
Z t

T1

h
�

@L
@g

+ ( � (t; T ) + 
 (t; T ))  (t; T )
i

g(t; T ) dT

+
Z t

T1

h
 (t; T )f� (� (t; T ) + 
 (t; T ))g(t; T ) + Gbulk (t; T )g

i
dT

=  (t; t ) G(t) �
Z t

T1

g(t; T )
@L
@g

dT +
Z t

T1

 (t; T )Gbulk (t; T ) dT (7.21)

�M�¤�z TAD �w�!
ü�7�&	Ú�E (7.17) �t�| (7.20) �›�;�M�h�{�•�Q�t�z

Z t

T1

g(t; T )
@L
@g

dT =  (t; t ) G(t) +
Z t

T1

 (t; T )Gbulk (t; T ) dT �
dW
dt

(7.22)

�U�˜�’�•�”�{�\�•�x�Ú�™�w TAD �å�¬�å�ï�´�ž�ï L (�; �; 
; g; G; G bulk ) �t�0�`�o
R�“�q�m�Ã�s�Ü�p�K�”�{ * 8

7.4.3 
5
P�M���Ü�t�S�Z�”  (t; T ) �w�r	


(7.17) �› t �T�’ t1 �t�²�Z�o�r�X�q

 (t; T ) =
Z t 1

t

@L
@g

exp
�

�
Z s

t

�
� (u; T ) + 
 (u; T )

�
du

�
ds (7.23)

�›�˜�”�{�b�s�˜�j  (t; T ) �x�®�Ì�� t �t�d�º g(t; T ) �› 1 �i�Z
ÿ�•�`�h�q�V�z	•�R s > t �t�˜�’�•�”�v�„�b�˜
@L
@g

�›�z�Â�p � �q�¼�= 
 �t�‘�”
\���¬�p exp(�
Rs

t (� + 
 )) �p�Â�“�¾�M�h
ï�è�¯�q�r	
�p�V�”�{�Â�¾�U
ž�A�s

�w�x�z�×
µ�¼�= 
 �t�‘�“�A�‹�U�Ì���p�n�”�\�q�z�Â�p � �t�‘�“
ã�X�–�O�„�r	•�R�t�’�’�c	•�R�/�)�U	–�^�X

�s�”�\�q�z�q�M�O�Ë�m�w�g���t�‘�”�‹�w�p�K�”�{

* 8 �!
ü�7�&	Ú�E�w�O�j�z �; �; 
; G; G bulk �t���b�”�!
ü�7�&	Ú�E�x L �w���t�‘�l�o�x�@�=�b�”	Ô�ù�U�K�”�{�°�M�p�z g;  �t���b�”�!


ü�7�&	Ú�E (7.17)(7.20) �T�’�‹�T�•�”�\�w�Ã�s�Ü�x�@�=�b�”�\�q�s�X
‡�×�Ì�s�Ã�s�����›�)�Q�”�{
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7.4.4 �è�$��
:�U�§
u	Z�—�7�G�=�w	Ô�ù

�\�\�p�x�z�è�$��
:�w�é�.�$�s�«�q�`�o�§
u	Z�—�7�G�=�w�­�”�µ�›�ß�Q�”�{ TAD �w
C�2�M���Ü�›�6���b�”�q

@
@t

g(t; T ) = �
�
� (t; T ) + 
 (t; T )

�
g(t; T ) + Gbulk (t; T ); g(T; T) = G(T) (7.24)

f � (t) =
Z t

T1

� (t; T ) � (t; T ) g(t; T ) dT (7.25)

�s�w�p�z�§
u	Z�—�7�G�=�w�è�$
Z��
:�x

Z t 1

t 0

f � (t)dt =
Z t 1

t 0

Z t

T1

L (�; �; g ) dTdt

�q�s�”�{	H�l�o�z TAD �å�¬�å�ï�´�ž�ï�x

L (�; �; g ) = � (t; T )� (t; T )g(t; T ) (7.26)

�q�s�”�{�\�w�Ì�z�¦�Á
Z��
:�x

J [�; �; g;  ] =
Z t 1

t 0

Z t

T1

n
� (t; T ) � (t; T ) g(t; T )

�  (t; T )
�

@
@t

g(t; T ) + � (t; T )g(t; T ) + 
 (t; T )g(t; T ) � Gbulk (t; T )
� o

dT dt (7.27)

�q���[�^�•�”�{

�!
ü�7�&	Ú�E


²
…�p�‹	Z�`�h�!
ü�7�&	Ú�E�x �; �; g;  �t�‘�”�!
ü�w�ˆ�q�s�“�z�Ž�<�w�‘�O�t�s�”�{

@L
@�

= �g = 0 (7.28)

@L
@�

= � (t; T )g(t; T ) =  (t; T )g(t; T ) ) � (t; T ) =  (t; T ) (7.29)

@
@t

 (t; T ) = � � (t; T )� (t; T ) +
�
� (t; T ) + 
 (t; T )

�
 (t; T ) (7.30)

@
@t

g(t; T ) = �
�
� (t; T ) + 
 (t; T )

�
g(t; T ) + Gbulk (t; T ) (7.31)

(7.28) �x � �w�!
ü�T�’�˜�’�•�”�º�:�w���y	Ú�E�p�K�”�{�`�T�`�Š
…�w�å�¬�å�ï�´�ž�ï�x � �t���`�o
¢���p

�K�“�z � �›�×���!
:�q�`�o�7�&�=�b�”�q�¢�Æ���U�Á�M�v�“�£�ð�J�x�@�=�`�z�º�:	Ú�E �g = 0 �x
‡�×�Ì�r�q�†

�q�`�s�M�{	H�l�o�z�\�\�p�x � �x�Ž
\�Í�å�Ý�”�»�q�`�o�{�O�{ * 9

�y (7.29) �x�z � �w�!
ü�T�’�‹�T�•�”�7�&
Q	Ú�E�p�z	Z�—�›
\�‰ f �g > 0g �w�§
�	B�ù�p�x�®  = � �w�°�•�¯�U

�7�&�w
ž�A	Ú�E�p�K�”�\�q�›�Ô�`�o�M�”�{

�y (7.30) �x�z g �w�!
ü�T�’�‹�T�•�”
5
P�M���Ü�p�z	•�R�t�˜�h�l�o�˜�’�•�”	Z�—�w� �Â�¾�ù�-�‹�¡�t���b�”	Ú

�E�p�K�”�{�¢�™	\�£

�y (7.31) �x�z  �w�!
ü�T�’�‹�T�•�” TAD �w
C�2�M���Ü�¢
M�ÿ�q�`�o�w	Ý�6�M���Ü�£�p�K�”�U�z�î�6�q�`�o�x

* 9 � �x�j���q�`�o�
���~�õ�‰�µ�­�”�ç�p�K�“�z
M�š�0	Å�p�x�s�X�Ž
\�Í�å�Ý�”�»�q�`�o�{�O�{�h�i�`
M�ÿ
Ç�V
ƒ�-�ð�J�p�x
M�š �0	Å

�q�s�“�˜�”�{
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�!
ü�j�g�›�&�;�b�”�M�w
M�ÿ	Ú�E�q�M�O�™�¯�ù�M�q�s�”�{


Y�¯�w�!
ü�7�&	Ú�E

(7.29) �q (7.30) �›
Ê�ˆ�ù�˜�d�”�q�| � > 0 �w�–�¬�p�x

@
@t

� (t; T ) = � � (t; T ) � (t; T ) +
�
� (t; T ) + 
 (t; T )

�
� (t; T ) = 
 (t; T )� (t; T ) (7.32)

) � (t; T ) = � (t0; T) exp
� Z t

t 0


 (s; T) ds
�

(7.33)

�q�s�“�z�§
u	Z�—�›�7�G�=�b�”�è�$��
:�t�S�M�o�x�z (7.20) �q (7.32) �U
Y�¯�w�!
ü�7�&	Ú�E�q�s�”�{�§
u	Z�—

�›�7�G�=�b�”�è�$��
:�t�S�M�o�x�z � (t; T ) �x�n
0 
 (t; T ) �›
ì�t�b�”�M�²�t�^�;�b�”�\�q�U�7�&�r�q�s�”�{ * 10

�‡�h�›���s�­�”�µ�q�`�o

ˆ � �U t 
‡�‘�� () 
 �ù 0�¢�õ�‰ � �U t 
‡�‘���w	Ô�ù�x�n
0 
 �x�¸�é�U�A
e�^�•�”�£

ˆ � �U T 
‡�‘�� () 
 (t; T ) = 
 (t)�¢�õ�‰ � �U T 
‡�‘���w	Ô�ù�x�n
0 
 �‹ T 
‡�‘���U�A
e�^�•�”�£

�q�M�O�§�M
M�ÿ	Ú�E�‹���™�`�o�M�”�\�q�U
ü�T�”�{

�§
u	Z�—�7�G�=
M�ÿ�<�t�S�Z�” TAD �å�¬�å�ï�´�ž�ï�w�Ã�s�Ü


²
…�p���[�`�h	O�ˆ
Ç�V�d�º
ï�”

W (t) :=
Z t

T1

 (t; T ) g(t; T ) dT

�x�z�d�º
ü
Í g(t; T ) �t�Â�¾�§�”�É�ç  (t; T ) �›�»�Z�ù�˜�d�o�ù�-�`�h�Ì�: t �t�S�Z�”�d�º
ü
Í�¢�d�º�O�•�£�w

�Â�¾�™�A�‹�w
ï�¹ * 11�p�K�”�{�b�s�˜�j�®�d�º T �]�q�w�d�º
ü
Í�¢�d�º�O�•�£ g(t; T ) �U�z	•�R s > t �t
\�‰�v

�„	Z�—�w�Â�¾�ù�-�¯�w
¶�d�º�t�˜�h�”
ï�è�p�K�”�{

�\�w�Ì�z�§
u	Z�—�7�G�=�›�è�$��
:�q�`�h	Ô�ù�w
²
…�w TAD �å�¬�å�ï�´�ž�ï�w�Ã�s�Ü (7.22) �x�z (7.29) �w

� (t; T ) =  (t; T ) �‘�“

W (t) :=
Z t

T1

 (t; T ) g(t; T ) dT =) V (t) :=
Z t

T1

� (t; T ) g(t; T ) dT

�q�6���[�w	Í�z

Z t

T1

� (t; T )� (t; T )g(t; T ) dT =  (t; t ) G(t) +
Z t

T1

 (t; T ) Gbulk (t; T )dT �
dW
dt

=) f � (t) =  (t; t ) G(t) +
Z t

T1

� (t; T ) Gbulk (t; T )dT �
dV
dt

(7.34)

�U�˜�’�•�”�{

* 10 
 �t�‘�”�n
0�;�Ï�U�’���b�”�q�z�§
u	Z�—�›�7�G�=�b�”�è�$�›�a
R�p�V�s�M�\�q�T�’�×
µ�t�g�r�p�V�”�{
* 11 �è�w�A� �̈¢ shadow value�£�q�‹�z�y�•�z
M�ÿ�›�˜�c�T�t���Š�h�q�V�è�$��
:�U�r�•�i�Z�‘�X�s�”�T�q�M�O� �v�„�A�‹�¡�›�¦�b�{�¢�å

�¬�å�ï�´�á	Ð
:�¹
5
P�!
:  �w�r	
�£
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7.4.5 �è�$��
:�U�7	–
ì�0�¤�ï�Ä�é�Ð�”
Y���=�¢���S KL �£�w	Ô�ù

�Š
…�p�x�z�è�$��
:�w�Ë�m�è�w�é�.�«�q�`�o�d�º
ü
Í g(t; T ) �×�.�¢
‡
Y�F�=�µ�S�£�t�0�`�o�z�€	°�µ�S

g0(t; T ) �T�’�w�³�d�›���”�7	–
ì�0�¤�ï�Ä�é�Ð�”�¢���S KL �z I-divergence�£�›�è�$��
:�q�b�”	Ô�ù�›�ß�Q�”�{

�b�s�˜�j�è�$�µ�S�›

L (t; T ) = �
h
g(t; T ) log

g(t; T )
g0(t; T )

� g(t; T ) + g0(t; T )
i
; � > 0 (7.35)

�q�S�X�{ * 12

�!
ü�7�&
Q	Ú�E

���S KL �µ�S (7.35) �x
@L
@g

(t; T ) = � log
g(t; T )
g0(t; T )

(7.36)

�›�¬�h�b�¢ � g �ò�t�‘�“ +1 �U
ì�t�^�•�”�£�{

�`�h�U�l�o�z�H�Ë�,�Š�j�g�t�S�Z�” g �w�7�&
Q	Ú�E

@ (t; T )
@t

= �
@L
@g

(t; T ) +
�
� (t; T ) + 
 (t; T )

�
 (t; T ) (7.37)

�x
@
@t

 (t; T ) = � � log
g(t; T )
g0(t; T )

+
�
� (t; T ) + 
 (t; T )

�
 (t; T ) (7.38)

�q�s�”�{�b�s�˜�j
5
P	Ô  �x�z�€	°�µ�S�T�’�w�0
:���m log(g=g0) �t�‘�“�æ�ˆ�^�•�z�Â�p � �t�|�n
0 
 �t�‘

�“
ÿ
ï�¢�K�”�M�x�n
0�£�^�•�”�{

�7	–
ì�0�¤�ï�Ä�é�Ð�”
Y���=�¢���S KL�£
M�ÿ�<�t�S�Z�” TAD �å�¬�å�ï�´�ž�ï�w�Ã�s�Ü

TAD �å�¬�å�ï�´�ž�ï�w�Ã�s�Ü (7.22) �x�z (7.36) �›�E�Ö�b�”�q�z

U(t) :=
Z t

T1

 (t; T ) g(t; T ) dT

�q�6���[�w	Í�z

Z t

T1

�g (t; T ) log
g(t; T )
g0(t; T )

dT =  (t; t )G(t) +
Z t

T1

 (t; T ) Gbulk (t; T )dT �
dU
dt

(7.39)

�q�s�”�{

7.4.6 �›�m�w�Ã�s�Ü�w�����q
•�g�$�™�¯�w
ï�Å

�Š
…�p�x�z�›�m�w�Ã�s�Ü

(1) TAD �q�-�Ã�s�Ü

(2) �°
`�w�è�$��
:�w	Ô�ù�w�Ã�s�Ü

(3) �§
u	Z�—�7�G�=�w	Ô�ù�w�Ã�s�Ü

* 12 g �x�¬�p
ü
Í�p�x�s�X
‡
Y�F�=�µ�S�p�K�”�h�Š�z�è	×�w�¬�p
[ KL
R

q log(q=q0 ) �p�x�s�X�z�°�•�p 0�z	×�t
‡
Û�z�T�m g �t���`

�o�¤�q�s�”���S
[
R

[g log(g=g0 ) � g + g0 ] �›�;�M�”�{�\�w�q�V�!
ü�U log(g=g0 ) �t���ÿ�^�•�”�:�U	O�A�p�K�”�{
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(4) �7	–
ì�0�¤�ï�Ä�é�Ð�”
Y���=�¢���S KL �£�w	Ô�ù�w�Ã�s�Ü

�w�����›
T�g�`�z�f�•�g�•�U
¯�b
•�g�$�™�¯�q
ì�“
T�ù	Ú�E�›
ï�Å�b�”�{

(1) TAD �q�-�Ã�s�Ü�²�H�°�,�Š�j�g�³


ï�” N (t) =
Rt

T1
g(t; T ) dT �›�;�M�”�q�z TAD �w�q�-�Ã�s�Ü�x (6.23) �‘�“�z�Í�w�‘�O�t	{�Z�”�{

d
dt

N (t) = G(t) +
Z t

T1

Gbulk (t; T )dT � f (t) � L (t)
�
L (t) =

Z t

T1


 (t; T )g(t; T ) dT
�

(7.40)

�\�\�p�z f (t) �x�õ�‰	Z�—�p�x�s�X�z�î�.	Z�—�p�K�”�:�t�«�™�b�”�{

�›���s�­�”�µ�q�`�o � (t; T ) �U T �t�‘���`�s�M	Ô�ù�x�z (6.27) �‘�“

d
dt

N (t) = G(t) +
Z t

T1

Gbulk (t; T )dT �
f � (t)
� (t)

� L (t) (7.41)

�q�s�”�{ f � (t) �x�õ�‰	Z�—�p�K�”�{�\�•�’�x�z�Ö�—�~�n
0�~	Z�—�w�~�ò�t�‘�” �x
:�æ���w�ì
¶�Ã�s�Ü �p�K�“�z

TAD �w�”�$
T�ù
Q�›�-	Â�b�”�h�Š�z �H�°�,�Š�j�g �q�z�‚�”�‹�w�p�K�”�{

(2) �°
`�w�è�$��
:�w	Ô�ù�w�Ã�s�Ü�²�H�Ë�,�Š�j�g�w�¨	Å�Ã�s�Ü�³

�Ú�™�w�è�$��
:�¢ TAD �å�¬�å�ï�´�ž�ï�£ L [�; �; 
; g; G; G bulk ] �t�0�`�o�z TAD �w�Ï���M���Ü

@
@t

g(t; T ) = �
�
� (t; T ) + 
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�›�¬�h�b�q�V�z
5
P	Ð
:	Ô  (t; T ) �w�‹�q�p�”�$�Ã�s�Ü
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8.1.1 
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¢��� �t�g�æ�w�“�A


¢��� �t�g�æ�x�z���ç	Ý�6�t�K�”�%�t
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@g(t; T )
@t

= � � (t; T ) g(t; T ); g(T; T) = G(T)

�f�w�r�x
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: � �U�°�™�t���‡�“�z TAD �x�7���w���è���¢ Debye ���z KWW ���s�r�£�›�Ù�Å�s

�`�t�6�q�b�”�î
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Q�»�¶�•
\���Ì���r
s�t�S�Z�”
\����
: S(a) �q�Ë�²�”�Å��
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:�q�d�º�k�!��

�\�•�’�x	H�R�z�&�g�$���è��
:�q�`�o�{�˜�•�”�\�q�U���T�l�h�U�z TAD �w�
�:�T�’�x�d�º�k�!���w�é�.�«

�q�`�o�.�%�$�t�g�r�p�V�”�{

�'�t�$�s���è��
:

�o�t�z�d�º�k�!�� � (a) �›
Œ�t�>���b�”�q�z

S(a) = exp
�

�
Z a

0
� (s) ds

�

�t�‘�“	ý�`�M���è��
:�›�'���b�”�\�q�U�p�V�”�{
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�Â�p��
:�¢�k�!�p�£ � (a) ���è��
: S(a) �r	

� 0

1 + a=�
(1 + a=� ) � � 0 � �k�!�p�›
u
ü�b�”�q�y�M�d�º�„�r���•�T

�t�k�!�U�ÿ�<�b�”�%�q�`�o�‹�T�•�”�{

� 0 + � 1a exp(� � 0a � � 1a2=2) 
¢���t
ÿ�C�b�”�k�!�p�›
u
ü�b�”�q�¨�¢

�µ���¦
:�n
0�q�s�“�z�å�¸�q�q�‹�t�k�!

�U�C���b�”�%�›
¯�b�{
� 0

1 + ( a=� )2 exp
�
� � 0� tan � 1(a=� )

�
�k�!�p�›
u
ü�b�”�q�o
Y
€��
:�U�q�•�z

�¤���å�¸�p�k�!�U���‰�d�º�Ï���›�‹�m�%

�q�s�”�{


¯ 8.2 �d�º�k�!���T�’�'���^�•�”���è��
:


¢��� �t�g�æ�q�w�§�M

�Ž	Í�w
T�g�T�’�z TAD �q	H�R�w
¢��� �t�g�æ�w�§�M�U�Ì�¬�t�s�”�{
¢��� �t�g�æ�p�x���è��
: S(a) �x	��q

�`�o�&�g�$�‡�h�x�µ�Ö�«�Ä�ç
ü�r�t�‘�l�o�)�Q�’�•�”�{�°�M�z TAD �p�x

� (a) = �
d
da

logS(a) (8.5)

�q�M�O�����t�‘�“�z���è��
:�›�d�º�w�k�!���q�`�o�r	
�b�”�\�q�U�p�V�”�{�b�s�˜�j�z
¢��� �t�g�æ�U� �t

��
:�w�Ì����	Ý�›�G	\�b�”�g�æ�p�K�”�w�t�0�`�z TAD �x�f�w
��™�t�K�”�d�º
ü
Í�w�ˆ�¶�q�k�!���›�Ì�Ô�$�t�)

�Q�”�g�æ�p�K�”�{�\�w�™�¯�p�z TAD �x
¢��� �t�g�æ�›�d�º�Ï���w�
�:�T�’�6�r	
�`�z�f�w
��™�t�K�”�ˆ�¶�$�;

�Ï�›�Ì�¬�=�b�”�î
Ê�ˆ�q�•�”
Ç�Z�’�•�”�{�‡�h�Þ�Ã�ç�w
¯�q�—�q�`�o�x�z
¢��� �t�g�æ�t�S�Z�” RLRT (t � T)

�x�{���$�p�z�Ö�—�q	Z�—�w�����U�o	m	Þ�ˆ���ˆ
u
ü�p
¯�^�•�”�U�z TAD �p�x RT AD (t; T ) �w�Ï���U�Ì���‘���~

�d�º�‘���p�!�=�`�O�”�h�Š�z
ƒ�-�Í�H�p
‡
¢���Ñ�Ÿ�”�Å�Ì�¿�«�~�d�º�§�=�~���ˆ� �t�›�Þ�Ã�ç�=�D�ó�q�s�”�{

8.2 ���Ì
¶�”�Â�p�¢�ì
¶�D�o�a���£�w�•�ˆ

8.2.1 �d�º�µ�S p(t; T ) �w � ��
:�=

TAD �%�U���Ì
¶�”�Â�p�p�æ�ˆ�`�o�M�”�q�V�x�7	ý�Ö�—�U�f�w	`���t
¶�”	«
…�^�•�o�M�”	Ý�6�p�K�”�{�\�w

	Ý�6�x � � =
1
�

�q�`�o�z � ! +0 �w�Ã�v�›�q�l�h�q�V�z � � g �U � �©�q�`�o	ü
ã�O�\�q�q�‰�‹�p�K�”�{

�\�w�Ì�z�d�º�µ�S p(t; T ) �x�z

p(t; T ) =
g(t; T )
N (t)

; N (t) =
Z t

T1

g(t; T )dT

�q���[�^�•�z

p(t; T ) = 0 ( T > t );
Z t

T1

p(t; T )dT = 1

�q�M�O�¼�L�o�t�|
Y�F�=�w�<�p�z�Ú�™�w�È����
: ' �t�0�`�o�Ž�<�w�‘�O�s���Ì
Q�¢�f�w	`���w�Ö�—�`�T�®�T�s

�M�£�U
R�“�q�m�{ Z t

T1

' (T) p(t; T ) dT = ' (t)
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�\�w�Ì�z
ü
Í�w���[�‘�“ p(t; T ) = � (t � T) �q�s�”�{�\�w�‘�O�s p(t; T ) �q�`�o�«�Q�y�z

p� (t; T ) =
1
�

e� t � T
�

�›�ß�Q�”�q�z p(t; T ) = lim � ! +0 p� (t; T ) �t�0�`�o

Z t

T1

p(t; T ) dT = lim
� ! +0

Z t

T1

p� (t; T ) dT = lim
� ! +0

�
e� t � T

�
� t

T1
= lim

� ! +0

�
1 � e� t � T 1

�
�

= 1

�U
R�“�q�j�z

Z t

T1

' (T) p(t; T ) dT = lim
� ! +0

Z t

T1

' (T) p� (t; T ) dT = lim
� ! +0

Z t

T1

' (T)
1
�

e� t � T
� dT

= lim
� ! +0

Z t � T 1
�

0
' (t � �u ) e� u du = ' (t)

Z 1

0
e� u du = ' (t)

�q�s�”�w�p�z

p(t; T ) = lim
� ! +0

p� (t; T ) = lim
� ! +0

1
�

e� t � T
� = � (t � T) (8.6)

�q�s�”�{ * 2

8.2.2 p(t; T ) = � (t � T) �t�S�Z�”�¤�ï�Ä�é�Ð�”�!�=

�H 5 	·�p���[�`�h�¤�ï�Ä�é�Ð�”�x (5.9) �‘�“�z

S(t) = �
Z t

T1

p(t; T ) log p(t; T ) dT (8.7)

�q���[�^�•�”�{ [13] �\�\�p�z p(t; T ) = � (t � T) �x�:	B�¤�w
ü
Í�p�K�”�h�Š�z
Y���=�© p� (t; T ) �›�‹�Ö�`�o�^

�æ�›
��Š�”�•

p� (t; T ) =
1
�

�
�

t � T
�

�
(T � t);

Z 1

0
� (u) du = 1 (8.8)

�\�\�p � > 0 �x
ü
Í�w
ï�›
¯�b	–�Í�å�Ý�”�»�p�K�”�{�\�w�q�V�z

p� (t; T ) ����!
� ! +0

� (t � T)

�q�s�”�{ * 3 * 4

* 2 �M�¤
u
ü�-�‰�t�S�M�o�x�z
t � T

�
= u �w�!
:�!�õ�›�î�ª�`�h�{�‡�h�z�Š
…
¶
`�t�I�l�o��	)�����g�w
R�q�›�>���`�h�{�¢��	)����

�g [91] �q�Ù�Å�Ã�s�©�¢ approximate identity �£�w
ª	j�Ï
R [91, 100] �t�Œ�”�{�£

* 3 p� (t; T ) :=
1

�
� (

t � T

�
) ( T � t ) �q�S�X�q�z�Ú�™�w�È�����„��
:  �t�0�`

Z t

T1

 (T ) p� (t; T ) dT =
Z ( t � T1 ) =�

0
� (u)  (t � �u ) du ����!

� ! +0

Z 1

0
� (u)  (t ) du =  (t )

�‘�l�o p� (t; T ) ) � (t � T ) �¢
ü
Í�w�™�¯�£�p�K�”�{
* 4 
ü
Í�w�Ã�v�›	��”�M�w�D
u
ü
Q�~�§
�	)���w�{�M�x [91, 100, 94, 28] �›�€	°�w�\�q�{
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�!
:�!�õ u = ( t � T)=� �t�‘�“

S� (t) = �
Z t

T1

p� (t; T ) log p� (t; T ) dT = �
Z t � T 1

�

0

1
�

� (u) log
�

1
�

� (u)
�

� du (8.9)

= �
� Z t � T 1

�

0
� (u) log � (u) du � log �

Z t � T 1
�

0
� (u) du

�
(8.10)

�‘�l�o�z

S(t) = lim
� ! +0

S� (t) = �
Z 1

0
� (u) log � (u) du + lim

� ! +0
log �

Z 1

0
� (u) du (8.11)

= �
Z 1

0
� (u) log � (u) du + lim

� ! +0
log � (8.12)

�È�%�x t �t�‘���d�c�z�`�h�U�l�o
dS(t)

dt
= 0 (8.13)

�q�s�”�{�\�w�q�V�¤�ï�Ä�é�Ð�”�w�‹�×�.�x S(t) = lim � ! +0 log � �
R

� log � = �1 �t
C�„�b�”�U�z�f�w�Ì

��
•
ü�x	×�t 0 �p�K�”�{�\�•�x�z�d�º�µ�S�U�Ì���q�q�‹�t���›�!�Q�c�t�0�¯
¢	Í�›���æ� �ˆ�b�”�i�Z�p�K�“�z

�¿�U�“�¢	Ø�C�w���ù�£�U
\�a�s�M�h�Š�p�K�”�{ S(t) �x�È���¤�ï�Ä�é�Ð�”�w�h�Š�z�Ã�ç�»�Ã�v�p �1 �t
C�„�b

�”�w�x
ª	j�$�q�t�Q�”�U�z�Š�Ø�p�w	��«�x�K�X�‡�p�D�o
Q�w�¦
ª�q�`�o
dS
dt

�¢�K�”�M�x
ì�0�¤�ï�Ä�é�Ð�”�£�›

�_�”�:�t�K�”�h�Š�z�¤�ï�Ä�é�Ð�” S(t) �w�‹�×�.�x�Š�í�$�p�x�s�M�:�t�«�™�b�”�{�‡�q�Š�”�q�z���Ì
¶�”�Â�p�w

	Ô�ù�x�d�º�µ�S p(t; T ) �x � ��
:�=�`�o p(t; T ) = � (t � T) �q�s�”�{�\�w�q�V�z�¤�ï�Ä�é�Ð�” S(t) �w�Ì���!�=

�x
d
dt

S(t) = 0 �q�s�“�z�ì
¶�D�o�a���q�s�”�{�‡�h�z�\�\�p�w�^�æ�p�x 
 �t�0�b�”
M�ÿ�x�s�M�\�q�t�«�™�b�”�{

8.2.3 f (t) �q G(t) �w����

�0�¯���V	Z�`�w TAD �w
C�2�M���Ü

@g(t; T )
@t

= � [� (t; T ) + 
 (t; T )] g(t; T ); g(T; T) = G(T) ( t � T)

f � (t) =
Z t

T1

� (t; T ) � (t; T ) g(t; T ) dT

�t�S�M�o�z�Â�p�q�`�o�Ž�<�›�>���b�”�{

� � (t; T ) =
1
�

> 0

�\�w�Ì�z TAD �w�°
`�r�x

g(t; T ) = G(T) exp
�

�
Z t

T

�
� (s; T) + 
 (s; T)

�
ds

�
= G(T) exp

�
�

t � T
�

�
exp

�
�

Z t

T

 (s; T) ds

�

�q�s�”�{�b�”�q�%�w�õ�‰	Z�— f � �x�z	Í�Ü�›�;�M�o

f � (t) =
Z t

T1

� (t; T )� � (t � T)g(t; T ) dT =
Z t

T1

� (t; T )G(T)
1
�

e� t � T
� exp

�
�

Z t

T

 (s; T) ds

�
dT (8.14)

!
Z t

T1

� (t; T )G(T)� (t � T) exp
�

�
Z t

T

 (s; T) ds

�
dT = � (t; t )G(t) ( � ! +0) (8.15)

�\�\�p�z (8.14) �t�S�Z�” � �x�%�U�Ö�—�t
S� �¢	Z�—�£�b�”�‡�p�w�—���µ�­�”�ç�›
¯�`�o�M�”�\�q�U
ü�T�”�{
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� ! +0 �w�Ã�v�p�x�z�—���µ�­�”�ç�U�¸�é�z�‰�Ì�t�Â�p � ! 1 �›�™�¯�b�”�{�\�•�x���Ì
¶�”�Â�p�m�‡�“�ì
¶

�D�o�a���t
ì�p�b�”�{�^�’�t�\�w�Ì�z�„�³ 
 (t; T ) �w�®�L�U�æ�˜�•�o�M�”�\�q�U
ü�T�”�{�\�•�x�„�³�;�Ï�U��

�v�w�Ì��
ï�w�‹�q�p�®�L�›
C�4�b�”�\�q�T�’�z�Ú�ò�$�t�‹�g�r�p�V�”�<�A�p�K�”�{ TAD �%�U�n
0�;�Ï 
 �›�º

�O�^�d�o�M�h�q�`�o�‹���Ì
¶�”�Â�p�¢�ì
¶�D�o�a���¹�d�º
ü
Í�w
ï�U�¸�é�£�w�‹�q�p�x�f�w�®�L�U	V�@�`�o�S

�“�z
Æ�D�o
Q�U�s
î�b�”�q�¢�d�º
ü
Í�t���v�w
ï�U	Z�”�q�£�n
0�®�L�U�s
î�b�”�q�M�O�r	
�U�p�V�”�{

8.2.4 �µ�­�”�ç�õ�‰��
: � (t; t ) �w�Ì���‘��
Q

���Ì
¶�”�Â�p�¢�ì
¶�D�o�Ã�v�£�t�S�M�o�z � (t; t ) �x�°
`�t�x�Ì�� t �‘���q�s�”�U�z�\�•�x�‹�q�‹�q�w�µ�­�”

�ç�õ�‰��
: � (t; T ) �w t; T �‘��
Q�t�‘�l�o�G�V�X�•�ˆ�U�!�˜�”�{

ˆ � (t; T ) �U t �‡�h�x T �t�E�t�‘���b�”	Ô�ù �•�\�•�x TAD �%�T�’�_�h�Ž
æ���¥�w�q�O�¢ t �£�•�a�ˆ�¢ T �£

�w	Ý�6�t�‘�l�o TAD �%�T�’�w	Z�—�t�0�b�”�ò	!
Q�U�!�ˆ�b�”	Ô�ù�t
ì�p�b�”�{�A�L�$�t���Ì
¶�”�Â�p

�¢�ì
¶�D�o�Ã�v�£�w�0�¯	B�¤�t�‘�“ T �x T ! t �t	V�@�`�z�0�¯�µ�­�”�ç�!�õ��
:�x � (t; t ) = � � (t) �q

�s�“ t �t�‘���b�”�{

ˆ � (t; T ) �U t � T �¢�å�¸�£�w�ˆ�t�‘���b�”	Ô�ù �•�\�•�x TAD �%�T�’�_�h�Ž
æ���¥�w�Ì�%�»�$�s	Ý�6�!�=

�w�è�¹�x	!�Z�c�z TAD �%�t�0�b�”�Ö�—�Ì�� T �q	Z�—�Ì�� t �w�Ì���) t � T �w�ˆ�t�‘���b�”	Ô�ù�t
ì�p

�b�”�{�A�L�$�t���Ì
¶�”�Â�p�¢�ì
¶�D�o�Ã�v�£�w�0�¯	B�¤�t�‘�“ T �U	V�@�`�z�0�¯�µ�­�”�ç�!�õ��
:�x

� (t � t) = � (0)�¢��
:�£�q�s�”�{

8.2.5 �Ç�á�”�Ä�ï�M���Ü�q�w���Ü�$�0� 

� (t; T ) �t�0�`�o	j��	×	Ý�6�›�>���b�”�q�z � (t; T ) = � (t � T)�¢�å�¸�‘���£�q�s�”�{�\�w�Ì�z � (t; t ) �w t �‘

��
Q�x	«�æ�`�o � (t � T) ! � (t � t) = � (0) �q�s�“��
:�q�s�”�{�b�s�˜�j f � (t) = � (0) G(t) �q�s�”�{�\�w�Ì�z

�0� �b�” TAD �%�w�¥�„�›�í�:�w�á�ˆ�¶�×���S�¢���S�£�›�-�Ë�b�”�>
Ý�Ê�”�Å�q�`�o���[�b�”�{�b�s�˜�j�º
æ

	Ý�6�›���S v(t) �t�‘�“�E
¯�^�d�z�¥�„�›�#
~�”�Ö�— G(t) �›�Ž�— F (t) �q�‰���b�”�{�°�M�z	Z�—�Ñ�å�¿�«�µ

f � (t) �x�Ö�—�U���S�Ë	ý�½�ß�É�ç�•�C���S�q�`�o�Â�“�p�o�’�•�”�q�ß�Q�z

f � (t) � _v(t) = a(t) (8.16)

�q�¡�‰�q�z a(t) = � (0)F (t) �›�˜�”�{�Ç�á�”�Ä�ï�w�á�ˆ�M���Ü [32, 60]

F (t) = m a(t)

�q
z�±�b�”�q�z

� (0) =
1
m

(8.17)

�U�˜�’�•�”�{	H�l�o�z TAD �x���Ì
¶�”�Â�p�¢�ì
¶�D�o�Ã�v�£�t�S�M�o�y�/�—�¶�q�w���Ü�$�s�0� �����U�K�”

�q�ß�Q�’�•�”�{�\�w�A�L�‘�“�z � (0) �x TAD �w�D�o�a���t�S�Z�”�Ö�— G(t)�•�Ž�— F (t) �›	Z�— f � (t)�•�C���S

a(t) �t�!�õ�b�”�M�w�o�•�!�õ�t�|�µ�­�”�ç�!�õ�›�r�l�o�M�”�q�r	
�b�”�\�q�U�p�V�”�{ [32] �\�•�x TAD �%�w

�º
æ�q�Ž
æ�› � �U�(�M�p�M�”�\�q�›�™�¯�`�o�S�“�z � �U
•�g�$�t�‹�G�V�s�™�¯�›�Ë�l�o�M�”�\�q�›�Ô�&�`�o�M
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�”�{ * 5

8.2.6 �¥�„
ï�Ã�v�q���Ì�Â�p�w
³
þ

�H 6 	·�w�¥�„�w�¬�g�t�S�M�o�z TAD �%�x�Ž
æ�q�à���^�•�h�¥�„�›�‹�m�–�¬�q�`�o���[�^�•�”�{�\�w�–�¬�p

�x
\
R�^�•�h�”�U�°�Ì�$�t�:�y�`�z�f�w�™�t	Z�—�Ñ�å�¿�«�µ�q�`�o�Ž
æ�•�L	Z�^�•�”�{

�\�\�p�z�\�w�¥�„�–�¬�w
ï�› � a �q�`�z�¥�„�º
æ�t�S�Z�”���®�s�;�û���S�K�”�M�x�6
�
ü���S�› v �q�b�”�{

�\�w�q�V�z�¥�„�º
æ�w�E
¯���è�Ì���x

� relax �
� a
v

(8.18)

�q�_
u�‹�”�\�q�U�p�V�”�{�`�h�U�l�o�z TAD �t�S�Z�”���Ì
¶�”�Â�p�x�z�\�w�E
¯���è�Ì���U

� relax ! 0 (8.19)

�q�s�”�Ã�v�q�`�o�g�r�p�V�”�{

�‡�c�7�‹�o	m�s	Ô�ù�q�`�o�z�¥�„�–�¬�w
ï�›

� a ! 0 (8.20)

�q�b�”�Ã�v�›�ß�Q�”�{�\�w�Ã�v�p�x�z�¥�„�t�S�Z�”�:�y�Ì���x	«�æ�`�z�¥�„�–�¬�T�’�Ž
æ�•�w
­� �p�x���Ü

�$�t

� ! 1 (8.21)

�q�s�”�°�M�p�z�¥�„�–�¬�º�w�•
u�” g �x

g ! 0 (8.22)

�•�q	V�@�b�”�{

�`�T�`�s�U�’�z�¥�„�T�’�Ž
æ�•�w�Ñ�å�¿�«�µ

f = �g (8.23)

�x���v�‹�›�-�m�{�`�h�U�l�o�\�w�Ã�v�p�x�z
\
R�^�•�h�”�x�¥�„�–�¬�t�î�í�$�t�:�y�b�”�\�q�s�X�z
\
R�Ì��

�t�S�M�o�Ú�j�t�Ž
æ�•�q
�
ü�^�•�”�{

�\�w�™�¯�p�z�¥�„�–�¬
ï�›�Á�v	–�t	V�Š�”�Ã�v�x�z
\
R�”�U	`�Ì�t	Z�—�•�Â�“�p�o�’�•�”���Ì
¶�”�Â�p�w�g


Ý�=�q
T�ù�b�”
³
þ�›�)�Q�”�{�\�•�x�z
²
…�p�Ô�`�h�í�:�%�w�D�o�—�¶�¢�Ç�á�”�Ä�ï�M���Ü�£�q�w���Ü�$�0� 

�q�‹
T�ù�`�o�M�”�{

�°�M�z�Ü (8.18) �T�’
ü�T�”�‘�O�t�z���Ì
¶�”�Â�p�q
T�ù�b�”�Ã�v�x�z
ž�c�`�‹�2�?�¶�$�t�¥�„
ï�›�Á�v	–�t

�b�”	Ô�ù�t�v�’�•�s�M�{�¥�„
ï � a �U���v�p�K�l�o�‹�z�¥�„�º
æ�w�;�û���S�K�”�M�x�6
�
ü���S�U

v ! 1 (8.24)

�q�g
Ý�=�^�•�”�s�’�y�z

� relax �
� a
v

! 0 (8.25)

* 5 �\�•�x�í�”�› TAD �T�’�‹	Z�`�h�q�M�O�‘�“�z���Ì
¶�”�Â�p�Ã�v�p�z�Ö�—�›�Ž�—�z�õ�‰	Z�—�›�C���S�q�¡�‰�q�z�µ�­�”�ç�!�õ��
:

� (0) �U�o�í�”�w�þ�Â�›�r�O�q�M�O�™�¯�p�K�”�{
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8.3. �r
s�—�¶�q�w���Ü�$�0� 

�q�s�“�z�•�x�“�î�®�$�s���Ì
¶�”�Â�p�U
R�q�b�”�{�\�•�x�z�g
Ý�=�^�•�h�È���.�Ã�v�q�`�o�ì
¶�ö�.�•
‡�y	V


Q�ì
¶�v�.�t�¨
z�$�t�0� �n�Z�”�\�q�U�p�V�”�{�h�i�`�z�K�X�‡�p�º
æ�6
�
ü�U�î�®�$�t	`�Ì�q�ˆ�s�^�•�”�Ã

�v
³
þ�q�`�o�p�K�”�\�q�t�«�™�b�”�{�`�h�U�l�o�z TAD �t�S�Z�”�D�o�Ã�v�x�z

� relax ! 0 (8.26)

�q�M�O	Ú�E�w�‹�q�p�z

(i) �¥�„
ï�›�Á�v	–�t�b�”�Ã�v � a ! 0�|

(ii) ���v
ï�¥�„�w�‡�‡�º
æ�;�û���S�›�Á�v�G�q�b�”�g
Ý�Ã�v v ! 1

�w�M�c�•�T�q�`�o�î�q�^�•�”�q
T�g�p�V�”�{

�o�t�z���v
ï�›�‹�m�¥�„�–�¬�U���O�`�z�T�m�º
æ�;�û�U���v�Ì���›�A�b�”	Ô�ù�t�x�z�°
`�t���v�w�:�y�U�’

�”�h�Š�z���Ì
¶�”�Â�p�T�’�w�c�•�U�q�•�”�{�\�w�\�q�x�z TAD �%�t�S�M�o�d�º
ü
Í�U���v
ï�›�-�j�z
Æ�D�o

�$�s	ü�”
ã�M�U
\�a�O�”�h�Š�w�×
µ�s�Ï���$	Ú�E�›�Ô�`�o�M�”�{�`�h�U�l�o�z�¥�„
ï�Ã�v�K�”�M�x�º
æ�;�û�Ì

��	«�æ�Ã�v�U���Ì
¶�”�Â�p�q
T�ù�b�”�w�t�0�`�z�q�î�w���v
ï�~���v�;�û�Ì���›�‹�m�¥�„�–�¬�x�z�°
`�t���v

�w�:�y�›�•�`�z�d�º�‘���$�T�m
Æ�D�o�$�s	ü�”
ã�M�›�)�Q�”�{ * 6

8.3 �r
s�—�¶�q�w���Ü�$�0� 

�Š
…�p�x�z���Ì
¶�”�Â�p�¢�ì
¶�D�o�Ã�v�£�t�S�M�o f � (t) = � (t; t )G(t) �U
M�ÿ
Ç�V�!
ü�j�g�T�’�˜�’�•�”�\

�q�›�Ô�`�z�f�w	{�Ü�U�r
s�—�¶�w���Ü�¢ Euler{Lagrange �M���Ü�£�t�0� �b�”�\�q�›	\�‚�”�{�Ž�ñ�z�0�¯	Í�w

�µ�­�”�ç�õ�‰��
:�› � � (t) := � (t; t ) �q	{�X�{

8.3.1 	Z�—�w�°
`���q�Ã�s
ü�r

�µ�­�”�ç�!�õ�™�w	Z�— f � (t) �t�|�µ�­�”�ç�!�õ
²�w	Z�— f (t) �x

f � (t) =
Z t

T1

� (t; T ) � (t; T ) g(t; T ) dT; f (t) :=
Z t

T1

� (t; T ) g(t; T ) dT

�p�)�Q�’�•�”�{�0�¯�‹ � � (t) := � (t; t ) �›�;�M�”�q�Ã�s�$�t

f � (t) = � � (t) f (t)
| {z }

�0�¯
°�A�ò

+
Z t

T1

�
� (t; T ) � � � (t)

�
� (t; T )g(t; T ) dT

| {z }
=: R � ( t )

(8.27)

�q�s�”�{�\�\�p R� (t) �x�’�)�¢
‡�0�¯�/�)�£�p�K�”�{�\�w�q�V�z���Ì
¶�”�Â�p�¢�ì
¶�D�o�Ã�v�£�p�x�z

� (t; T )g(t; T ) ! G(T)� (t � T)

�s�w�p�z

R� (t) !
�
� (t; t ) � � � (t)

�
G(t) = 0

* 6 �\�\�p	\�‚�h�Ë�m�w�Ã�v�x�M�c�•�‹�g
Ý�=�p�K�”�{���v
ï�¥�„�w�‡�‡�º
æ�;�û���S�›�Á�v�G�q�b�”�Ã�v�x�z
ì�0�æ�$�¼ �L�o�w�
�:

�T�’
ú�g�$�î�O�q�`�o�x�>�“�t�X�M�{���M�z�¥�„
ï�›�Á�v	–�t�b�”�Ã�v�‹�z�”� �æ�t�S�Z�”�Á�O�=�w
M�v�•�z�^�’�t�”� 	O �—�$�s

�7	–�Õ�^�w�D�ó
Q�›�ß�Q�”�q�z
ú�g�$�î�O�q�`�o�x�×�Ì�p�x�s�M�{�`�h�U�l�o�z�\�\�p�w���Ì
¶�”�Â�p�x�z�q�î�%�q�M�O�‘ �“�x�D

�o�Ã�v�›
¯�b�g
Ý
³
þ�q�`�o�g�r�^�•�”�{
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8.3. �r
s�—�¶�q�w���Ü�$�0� 

�q�s�”�w�p�z

f � (t) = � � (t) f (t) + R� (t) �! � � (t) f (t) (8.28)

�q�s�”�{�m�‡�“�z���Ì
¶�”�Â�p�¢�ì
¶�D�o�Ã�v�£�p�x

f � (t) =
Z t

T1

� (t; T ) � (t; T ) g(t; T ) dT ! � � (t) f (t) (8.29)

�w�‘�O�t f � (t) �x � � (t) �q f (t) �w
u�t�Ã�s
ü�r�p�V�”�{

8.3.2 �r
s�—�¶�q�w���Ü�$�0� 


M�ÿ
Ç�V�!
ü�j�g

�\�\�p�z�¢�µ�­�”�ç�õ�‰�s�`�w�£�§
u	Z�—�”

q(t) :=
Z t

t 0

f (� ) d� ) _q(t) = f (t) = G(t)

�›�‹�Ö�b�”�{�\�w�Æ�� _q(t) = G(t) �›�å�¬�å�ï�´�á	Ð
:  � (t) �p�]�`�h�^�;�” L � (q; _q; t) �› * 7

L � (q; _q; t) = � � (t) _q(t) �  � (t)
�

_q(t) � G(t)
�

(8.30)

�q�”�X�{ q �x
ˆ�0�È���z  � ; � � ; G �x�Á	t�D
u
ü�¢	G
ü�s
Y��
Q�£�q�b�”�{

�\�\�p�Æ��	Ú�E�¢ _q(t) = G(t)�£�m�V�p	Z�— � � (t) _q(t) �w�Ì��
u
ü�¢�§
u	Z�—�£�w���y�‹�›�{�Š�”�!
ü�ð�J�›

�ß�Q�”�{  � �t���b�”�!
ü�¢���y	Ú�E�£�T�’ * 8

@L �

@ �
= 0 ) _q(t) = G(t)

�¢�Æ���w
î�i�£�U�˜�’�•�”�{

�y�/ Euler{Lagrange�M���Ü�q�w���Ü�$�0� 

�°�M�z (8.30) �t�0�b�” _q(t) �t���b�”�!
ü�¢���y	Ú�E�£�‘�“

@L �

@_q(t)
= 0 ) � � (t) �  � (t) = 0 (8.31)

�U�˜�’�•�”�{�\�\�p�z

q(t) := �§
u	Z�—�” =
Z t

t 0

f (� ) d�; _q(t) := �0�¯	Z�—�v�” = f (t) = G(t) (8.32)

�›�f�•�g�•�°
`�=�2
ª�~���S�q�ˆ�s�b�q�z (8.31) �‘�“�z

d
dt

� @L �

@_q

�
�

@L �

@q
=

d
dt

�
� � (t) �  � (t)

�
= 0 (8.33)

* 7 �r
s�—�¶�p�M�O�®�^�;�”�¯�q�°�•�b�”�Í�i�›�‹�m�q�x�v�’�s�M�U�z�f�•�t�¨�b�”
ú�g�”�q�ß�Q�•�y�‘�M�{
* 8 �Æ��	Ú�E�›�å�¬�å�ï�´�á	Ð
:�p�‹�Ö�b�”
ª	j���w�‹	Z�x [30] �›�€	°�w�\�q�{
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8.4. �µ�­�”�ç�!�õ � �w
•�g�$�™�¯�q	ý�h�s�Œ�_

�q�s�“�z�r
s�—�¶�w Euler{Lagrange �M���Ü�›�¬�h�b�\�q�U
ü�T�”�{�\�•�x�Æ��	Ú�E�¢ _q(t) = G(t)�£�m�V�w	Z

�—� � (t) _q(t) �w�Ì��
u
ü�¢�§
u	Z�—�£�w���y�‹�›�{�Š�”�!
ü�ð�J�q�z�°
`�=�2
ª�~���S�w
ƒ�� (8.32) �w�‹�q�p

�y�/ Euler{Lagrange �M���Ü (8.33) �›�r�X�\�q�t���Ü�$�s�0� �����U�K�”�\�q�›�Ô�`�o�M�”�{ * 9

�É�”�»�”�¢ Noether�£�w���g�q�-���”

(8.31) �x�z q �U	e���2
ª�p�K�”�\�q�¢ L � �U q �t�‘���`�s�M�£�\�q�T�’�‹�T�•�” q �t�ž�þ�s�°
`�=�á�ˆ�” p(t)

�U�-���^�•�”�\�q�¢�M�˜�•�”�É�”�»�”�¢ Noether�£�w���g�£�t���Ü�$�t�0� �`�o�M�”�{ [78, 32, 79]�6�|	{�V�<

�b�q

p(t) :=
@L �

@_q
(t) = � � (t) �  � (t) = 0 ; _p(t) = 0 (8.34)

�p�K�”�{�b�s�˜�j �µ�­�”�ç�!�õ � � �q 
5
P�¢�Â�¾�t�‘�”
°�A�£  � �w�ª�ß�¿�Ó p �U�Ì���›�è�a�o�°���¢�¸�é

�-���£�p�K�”�\�q�›
¯�`�o�M�”�{ * 10

�\�•�x�Ú�ò�$�t�x���Ì
¶�”�Â�p�¢�ì
¶�D�o�Ã�v�£�t�S�Z�” TAD �w�ˆ�—�¶�U

�y�® q�¢�§
u	Z�—�”�£�w���æ� �ˆ�0	¶
Q�•�§
u�§�¢�ï�Ä�w�¸�é�:�w	��“�M�t�‘�’�s�M�\�q�¯

=�®
L �

@_q
�¢�o�•	Z�— _q �K�h�“�w�^�;�”�£�U�Ì���t�0�`�o
Æ�!�p�K�”�\�q�¯

�›�]�b�\�q�¢�0	¶
Q�U�-���”�›
\�‰�\�q�£�›
¯�`�o�M�”�{ * 11

8.4 �µ�­�”�ç�!�õ � �w
•�g�$�™�¯�q	ý�h�s�Œ�_

�Š
…�p�x�z�0	Å�q�s�”
ú�g�%�•
M�š�%�U�H��	·�p�‹	Z�`�h�§
u	Z�—�7�G�=�›�è�$��
:�q�`�o�æ�ˆ�^�•�o�M�”

�>���w�‹�q�z�µ�­�”�ç�!�õ��
: � (t; T ) �t�m�M�o�ß�Q�”�{ � (t; T ) �x TAD �%�w�º�q�Ž�›�(�Y�µ�­�”�ç�!�õ�›
¯

�b�U�z�f�w
•�g�$�s�™�¯�q	ý�h�s�Œ�_�t�m�M�o�ß�o�b�”�{

8.4.1 ���Ì
¶�”�Â�p�¢�ì
¶�D�o�Ã�v�£�t�S�Z�” f � (t) = � (t; t )G(t) �w�6�q


²
…�p�‹	Z�`�h f � (t) = � (t; t )G(t) �x�z
²	·�w�§
u	Z�—�7�G�=
M�ÿ�<�t�S�Z�” f � (t) �w�q�-�Ã�s�Ü (7.43)

f � (t) = � (t; t )G(t) +
Z t

T1

� (t; T ) Gbulk (t; T ) dT �
dV
dt

�
V (t) :=

Z t

T1

� (t; T ) g(t; T ) dT
�

�T�’�Ú
€�‹	Z�b�”�\�q�U�p�V�”�{

�‡�c�z�0�¯�¥�„�Ö�—�w�ˆ�U�>���^�•�o�M�”�w�p�z Gbulk (t; T ) � 0 �i�T�’

f � (t) = � (t; t ) G(t) �
dV
dt

V (t) :=
Z t

T1

� (t; T ) g(t; T ) dT (8.35)

* 9 �A�b�”�t�Æ��
Ç�V�7�&�=�›�å�¬�å�ï�´�á	Ð
:�p	{�X�q�z���Ü�U EL �t�Å�”�q�M�O�\�q�p�K�”�{
* 10 �Š
…�p�x _q �›� �q�s�®
M�š�¯�q�`�o�{�M�z���y	Ú�E @L � =@_q = 0 �T�’ � � (t ) �  � (t ) = 0 �›�Ú�t�˜�”�¢�b�s�˜�j p(t ) :=

� � �  � � 0�£�{�\�w�‹	Z�t�x	4�z	Ú�E�x
Æ�A�p�K�”�{�°�M�z�y�/�$ Euler{Lagrange �w�q	Ô�¢ q �›�!
:�q�`�o�!
ü�£�p�x
d
dt

�
@L � =@_q

�
� @L � =@q= _p = 0 �‘�“ p = const �‡�p�U�°
`���p�K�“�z�×
µ�¥�„�¢�×��	4�z�£�›�>���b�”�q�¥�„�ò [p �q ]t 1

t 0
= 0

�T�’ p � 0 �U�>�‡�”�{�†	��x p � 0 �t�<�£�b�”�:�p
T�ù�$�p�K�”�{

* 11 �ö�.�w�¯�S � �t�0�` L ( _� ) �U�s�8�0	¶�›�‹�m�q�¯�á�ˆ�” p� =
@L

@_�
�U�-���^�•�”�w�q�‰�7�p�K�”�{
ú�g�O���U�®�•�:�w	��“�M�t�‘

�’�s�M�¯�0	¶
Q�›�‹�m�\�q�x�Æ�È�Ž	Í�t�§�M
M�ÿ�¢�f�w�E	ˆ�q�`�o�w�-�����w���O�£�q�s�”�«�Ô�p�‹�K�”�{
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8.4. �µ�­�”�ç�!�õ � �w
•�g�$�™�¯�q	ý�h�s�Œ�_

�q�s�”�{
²
…�q�‰�7�t

� (t; T ) =
1
�

> 0

�›�>���b�”�q�z

g(t; T ) = G(T) exp
�

�
t � T

�

�
exp

�
�

Z t

T

 (s; T) ds

�

�s�w�p�z

jV (t)j = j
Z t

T1

� (t; T ) g(t; T ) dTj = j
Z t

T1

� (t; T )G(T) exp
�

�
t � T

�

�
exp

�
�

Z t

T

 (s; T) ds

�
dTj

� sup
T 2 [T1 ;t ]

j� (t; T )G(T)j
Z t � T1

0
e� a=� e�

Rt
t � a 
 (s;t � a) ds da

� M
Z t � T1

0
e� a=� da = M � (1 � e� t � T 1

� ) ����!
� ! +0

0; M := sup
T 2 [T1 ;t ]

j� (t; T )G(T)j

�‘�“�z���Ì
¶�”�Â�p�¢�ì
¶�D�o�Ã�v�£�p�x

V(t) =
Z t

T1

� (t; T ) g(t; T ) dT �! 0;
dV
dt

�! 0

�q�s�”�{�‘�l�o�z (8.35) �T�’

f � (t) = � (t; t ) G(t)

�q�s�”�{�b�s�˜�j�z�ì
¶�D�o�Ã�v�t�S�M�o�z TAD �w�!
ü�7�&	Ú�E�T�’�‹ f � (t) = � (t; t ) G(t) �U�Ô�^�•�h�{

V(t) �x�®�d�º T �]�q�w�d�º
ü
Í�¢�d�º�O�•�£ g(t; T ) �U�z	•�R�t
\�‰�v�„	Z�—�w�Â�¾�ù�-� �̄w
¶�d�º�t�˜�h

�”
ï�è�s�w�p�z���Ì
¶�”�Â�p�¢�ì
¶�D�o�£�w�Ã�v�U�Ë���`�o�M�”���x�z

ˆ �Ö�—�›
¶�”	Z�—�t�K�o�”�w�p�z�Â�p � �U	•�R�t
\�‰�v�„	Z�— V(t) �•�w�/�)�x�s�M�{

ˆ �Ö�—�›	`���$�t	Z�—�t�K�o�”�w�p�z�n
0 
 �U	•�R�t
\�‰�v�„	Z�— V(t) �•�w�/�)�x�s�M�{

�q�M�O�\�q�T�’�‹�×
µ�p
T�ù
Q�w�K�”�<�A�p�K�”�{�‡�h�z���Ì 
¶�”�Â�p�¢�ì
¶�D�o�£�w�Ã�v�t�S�M�o�x
d
dt

V (t) = 0 �i�Z�p�s�X�z�Ã�v�q�`�o V(t) ! 0 �q�s�l�o�M�”�\�q�U�Ù� �ï�Ä�p�K�”�{

f � (t) = � (t; t ) G(t) �›�‹�X���m�w�ç�”�Ä

�Ž	Í�z�_�o�V�h�‘�O�t f � (t) = � (t; t ) G(t) �x�§
u	Z�—�7�G�=	Ú�E�T�’�‹	Z�^�•�”�‘�O�t�_�Q�”�U�z (8.15) �w

�‘�O�t�§
u	Z�—�7�G�=	Ú�E�›�&���d�c�q�‹�‹	Z�^�•�”�{�\�•�x���Ì
¶�”�Â�p�¢�ì
¶�D�o�Ã�v�£�t�S�M�o�x�§
u

	Z�—�7�G�=	Ú�E�U�î�í�$�t	V�@�`�o�M�”�h�Š�q�ß�Q�’�•�”�{�Ú�ò�$�t�x���Ì
¶�”�Â�p�p�x�Ö�—�U�»� �Ü�å�¬�s

�X
¶�”	Z�—�t�s�”�w�p�z�§
u	Z�—�w�×
µ�s	Í�v�›�a
R�b�”�¢�`�h�U�l�o�7�G�=�q
T�ù�$�p�K�”�£�\�q�T�’�‹�g

�r�p�V�”�{
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8.4.2 ���Ì
¶�”�Â�p�¢�ì
¶�D�o�Ã�v�£�›�>���`�s�M f � (t) = � (t; t )G(t) �w�6�q

�§
u	Z�—�7�G�=�›�è�$��
:�q�`�h	Ô�ù�w�Ã�s�Ü (8.35) �›�6���b�”�q�z

f � (t) = � (t; t )G(t) �
d
dt

V (t); V (t) :=
Z t

T1

� (t; T ) g(t; T ) dT (8.36)

�p�K�”�{�‡�h�z
²
…�q�‰�7�t

� � (t) := � (t; t ); f (t) :=
Z t

T1

� (t; T ) g(t; T ) dT (8.37)

�q���[�b�”�{�^�’�t�z (8.27) �‘�“

f � (t) = � � (t) f (t)
| {z }

�0�¯
°�A

+ R� (t) (8.38)

R� (t) :=
Z t

T1

�
� (t; T ) � � � (t)

�
� (t; T )g(t; T ) dT (8.39)

�U�Ã�s�$�t
R�“�q�m�{ (8.36) �t�| (8.38) �‘�“�z

d
dt

V (t) = � � (t)
�
G(t) � f (t)

�
� R� (t) (8.40)

�U�˜�’�•�”�{�\�•�x�è�$��
:�•�§
u	Z�—�7�G�=�T�’�‹�T�•�”
Æ�D�o�a���t�S�Z�”�Ã�s�Ü�q�t�Q�”�‹�w�p�K�”�{

(8.40) �t�S�M�o�z V(t) �ù��
: 6= 0 = )
d
dt

V (t) = 0 �U�î�q�^�•�”�Ì�z (8.36) �‘�“

f � (t) = � � (t) G(t) = � (t; t ) G(t)

�U
R�“�q�m�{�\�w�Ì�z

R� (t) = � � (t)
�
G(t) � f (t)

�
(8.41)

�q�s�”�{ f (t) �x�µ�­�”�ç�!�õ
²�w	Z�—�›
¯�`�o�M�”�h�Š�z	Í�Ü�x�O�•�A�‹�¢�d�º�A�‹�£ V(t) �U
‡�¸�é�p��	×�t

�s�”�Ì�x�0�¯�p�w�µ�­�”�ç�!�õ�™�w�Ö	Z�—�w�) � � (t)
�
G(t) � f (t)

�
�q	Z�—�w
‡�0�¯�/�) R� (t) �U�Ì�å�ï�µ�`

�o�M�”�Ì�p�K�“�z�\�w�Ì f � (t) = � � (t) G(t) = � (t; t ) G(t) �U
R�“�q�m�\�q�›�™�¯�b�”�{�\�•�x�m�‡�“�z���Ì


¶�”�Â�p�¢�ì
¶�D�o�Ã�v�£�›�>���d�c�q�‹ f � (t) = � � (t) G(t) = � (t; t ) G(t) �U
R�“�q�j�˜�”�\�q�›
¯�b�{�›

�t � (t; T ) �U	j��	×�w	Ô�ù�x f � (t) = � (t; t ) G(t) = � (0) G(t) �q�s�“�z�Ö�— G(t) �t�0�b�”	Z�— f � (t) �U
¢��� 

�t�b�”�\�q�›
¯�b�{ * 12�\�•�x V(t) �›��	×�t�-�j�m�m�z � (t; T ) �›�O�‡�X
ƒ�-�p�V�•�y�z�Ö�— G(t) �t�0�b�”	Z

�—f � (t) �›
¢���t
M�š�p�V�”�\�q�›�™�¯�`�o�S�“�z
M�š�»�¶	Í�G�V�s�D�ó
Q�›�Ë�m�\�q�›�Ô�&�`�o�M�”�{

8.5 
ú�g�¶�t�S�Z�” TAD �w�H�°�,�Š�j�g�q�H�Ë�,�Š�j�g

�Š
…�p�x�z�0�¯���V	Z�`�Ö�—�›�>���`�h	Ô�ù�t
R�q�b�” TAD �w�,�Š�$�s�Ë�m�w�j�g�›
T�g�`�z�\�•�’�›
ú

�g�¶�$���º�t�S�Z�”�H�°�,�Š�j�g�S�‘�|�H�Ë�,�Š�j�g�q�`�o�•�”�n�Z�”�{�\�\�p	\�‚�”�Ã�s�Ü�x�M�c�•�‹�›��

�w�Þ�Ã�ç
¬�R�•�7�&�=�ð�J�t�‘���d�c�z TAD �w�Ë�Ì���Ï�� (t; T ) �t�,�n�X
Ó�'�$�s�<�A�p�K�”�{�‡�h�z�\�•

�x�ä�—�¶�w�O���q�x�Ÿ�s�“�z TAD �w�Ë�Ì���Ï���T�’�‹�T�•�”�Ï���$�Ã�s�Ü�›
¯�b�:�t�«�™�b�”�{

* 12 �Š
…�p�x�§
u	Z�—�7�G�=�w�!
ü�7�&	Ú�E�‘�“�‹	Z�`�o�M�”�h�Š�z � (t; T ) �U�Ì�� t �t�‘���`�s�M��
: � (0) �q�s�”	Ô�ù�x�z 
 �ù 0 �q

�s�“�z�„�³�;�Ï�U�s�M�\�q�U�A
e�^�•�”�{
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8.5.1 �H�°�,�Š�j�g�•�0�¯���V	Z�`�t�S�Z�”�q�-�Ã�s�Ü

�0�¯�¥�„�Ö�—�w�ˆ�¢ g(T; T) = G(T); Gbulk (t; T ) � 0�£�›�>���`�h	Ô�ù�w TAD �w�q�-�Ã�s�Ü (7.40) �x

d
dt

N (t) = G(t) � f (t) � L (t)
�
L (t) =

Z t

T1


 (t; T )g(t; T ) dT
�

�q�s�”�{�\�\�p f (t) �x�î�.	Z�—�p�K�”�{�\�w�Ü�x�z�Ö�—�^�•�h�x�.
:�z�A
É
:�s�r�U�z	Z�—�q�`�o�æ�˜�•�s�M

�v�“�-���^�•�”�\�q�›
¯�b�‹�w�p�K�“�z TAD 
ú�g�t�S�M�o�7�‹�,�Š�$�s�x
:�æ���w�q�-�Ã�s�Ü�p�K�”�{	O�A

�s�w�x�z�\�w�����U�n
0��
: 
 (t; T ) �•�Â�p��
: � (t; T ) �w�é�.�$���t�‘���d�c�z�0�¯���V	Z�`�q�M�O�Ï���$

�>���w�ˆ�t�,�n�M�o
R�q�b�”�:�p�K�”�{

�`�h�U�l�o�z�\�w�Ã�s�Ü�x TAD �t�S�Z�”�H�°�,�Š�j�g�¢�x
:�æ���Ã�s�Ü�£�q�`�o�•�”�n�Z�’�•�z�Ö�—�z�•


u�z	Z�—�q�M�O�~�A
É�T�’�s�”�K�’�•�”�d�º�‘���%�t�0�`�o
Ó�'�$�t
R�q�b�”�{

8.5.2 �H�Ë�,�Š�j�g�•�¨	Å�Ã�s�Ü�q�`�o�w�”�$�-���Ï���• L �  �®�”�´

�H��	·�p�‹	Z�`�h�è�$��
: L �t���b�”�H�Ë�,�Š�j�g�w�¨	Å�Ã�s�Ü (7.42) �x�z�0�¯�¥�„�Ö�—�w�ˆ�¢ g(T; T) =

G(T); Gbulk (t; T ) � 0�£�›�>���b�”	Ô�ù�x

Z t

T1

g
@L
@g

dT
| {z }

:= M (t )

=  (t; t )
| {z }

���Ì�0�¯
°�A

G(t)
| {z }

���Ì�Ö�—

�
d
dt

� Z t

T1

 (t; T ) g(t; T ) dT
�

| {z }
=: W (t )

(8.42)

�q�s�”�{�\�\�p M (t) �x�®�è�$�Õ�”�µ�w���®�v�„�b�˜��̄z W (t) �x�®�d�º�A�‹�µ�Ä�¿�«�¯�p�K�”�{�\�•�x�0	Å�–

�¬�w�è�$��
: L �›
¬�•�q�z�f�•�t�0� �b�”  �U�>�‡�“�z�f�•�’�w�Ö�ž L �  �t�‘�l�o�ž�!�$�t
R�“�q�m�{

W (t) �q  �t�‘�”�¨���Í�»�”�ï

(8.42) �t�,�n�X�q�z�Ú�™�w�è�$��
: L �t�|�0� �b�”  �t�0�`�o

ˆ W (t) � 0 �x�Ö�—�q���®�v�„�b�˜�w
°�A�”�U	×�t�°�•�`�o�S�“�z�%�x�ì
¶�t�ü�“�ù�l�h�-���Ï���›�‹�m�{

�‡�h�z�d�º�Ï���U���O�`�s�M�ì
¶�D�o�%�t�0� �`�z M (t) =  (t; t )G(t) �x
¶�o�0�¯	B�¤�`�h���Ì
¶�”�Â

�p�w�Ã�v�p�K�”�{�\�w�O�j  �U�Ì�����æ� �ˆ
Æ�!�¢	j��	×�£�p�K�•�y  (t; t ) =  (0) �q�s�“�z
z�«��

M (t) =  (0)G(t) �U
R�q�b�”�{ * 13

ˆ W (t) � C 6= 0 �x��	×�$�t�d�º�A�‹�¢�°���w�¦�Ñ�·�¿�Ä�£�›�-�Ë�b�”
Æ�D�o�%�¢�0�¯�q
‡�0�¯�U�Ì�å�ï

�µ�`�h	Ý�6�£�›
¯�b�{�\�w�q�V
d
dt

W = 0 �w�<�p M (t) =  (t; t )G(t) �U
R�q�`�z�^�’�t  �U	j��	×�s

�’ M (t) =  (0)G(t) �q�s�”�{ * 14

ˆ W (t) �U�Ì���t�‘���b�”	Ô�ù�¢
d
dt

W 6= 0 �£�z��	×�T�’�Ž�•�h�°
`�w
‡���ç�a���q�s�“�z M (t) =  (0)G(t)

�‹ M (t) =  (t; t )G(t) �‹
R�q�`�s�M�{

�q�s�”�\�q�U
ü�T�”�{

* 13 L �U�§
u	Z�—�7�G�=�w	Ô�ù�x M (t) = f (t ) �q�s�“�z�Ç�á�”�Ä�ï�M���Ü�¢�ì
¶�D�o�£�t���Ü�$�t�0� �b�”�{
* 14 L �U�§
u	Z�—�7�G�=�w	Ô�ù�x M (t) = f (t ) �q�s�“�z�¦�”�Ü�w�O���¢
Æ�D�o�i�U��	×�£�t���Ü�$�t�0� �b�”�{
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�›	��­�”�µ�•  (t; T ) �U T 
‡�‘���w	Ô�ù


5
P��
:�U�d�º�!
: T �t�‘���d�c�z

 (t; T ) =  (t)

�q	{�Z�”	Ô�ù�›�ß�Q�”�{�\�w�>���w�<�p�x�z�d�º�A�‹�µ�Ä�¿�«�x

W (t) =
Z t

T1

 (t; T ) g(t; T ) dT =  (t)
Z t

T1

g(t; T ) dT =  (t)N (t)

�q���ÿ�^�•�”�{

�\�\�p
d
dt

W (t) � 0 �›�>���b�”�q�z

W (t) =  (t)N (t) � C 6= 0 ()  (t) =
C

N (t)

�U�˜�’�•�”�{�\�w�q�V�z�H�Ë�,�Š�j�g�‘�“���®�v�„�b�˜

M (t) =  (t)G(t) =
C G(t)
N (t)

�q�s�”�{

�\�w�A�L�x�z�o�•�Ö�—�K�h�“�w���®�s�b�˜�U
ï�” N (t) �t�0�b�”�Ö�— G(t) 
z�t
z�«�b�”�\�q�z�‡�h�x�Ö�—

G(t) �×�.�U
ÿ�G�`�o�‹�z�%�t�•
u�^�•�h
ï�” N (t) �U�G�V�M�„�r�z�o�•�Ö�—�K�h�“�w���®�s�b�˜�U�H
M�^�•�”

�\�q�›�™�¯�`�o�M�”�{ TAD 
ú�g�w���º�p�x�z�\�•�x�1	
�z���v�z�ž���¿�o�w�®�L�t�0� �`�z�°���w�A�‹�µ�Ä�¿

�«�w�<�p�×���S�U
ÿ�Q�”�\�q�t�‘�”�v�„�®�L�w�ÿ�<�q�`�o�r	
�p�V�”�{

	O�A�s�w�x�z  (t; T ) =  (t) �q�M�O�>���U�z
°�A�Ï���t���b�”�§�M
M�ÿ�p�K�”�:�p�K�”�{�°
`�t  (t; T ) �x�z

�Ì�� t �t�S�M�o�d�º
R
ü T �›�‹�m
•	–	Ý�6 g(t; T ) �t
Ç
5�b�”�è�w�A�¨�K�”�M�x�ž�þ	O�ˆ�›
¯�b�{�f�•�U T

�t�‘���`�s�M�q�M�O�\�q�x�z�%�U�d�º�w�º���›�à���d�c�z�‰�Ì���t���O�b�”
R
ü�›�°�7�t
°�A�`�o�M�”�\�q�›

�™�¯�b�”�{

�\�w�>���w�<�p�x�z�Š�R�x�d�º
ü
Í g(t; �) �q�M�O�Á�v�Í�i�w	Ý�6�”�›
ž�A�q�b�”
°�A�U�z
ï�” N (t) �q�M

�O�°�Í�i�w	B�-�”�t	V�ÿ�^�•�”�{�`�h�U�l�o�z  (t; T ) =  (t) �x�®	•�R
°�A�U�d�º
‡�Ý���$�p�K�”�¯�K�”�M�x

�®�d�º�å�¸�t���`�o�á�è�$�p�K�”�¯�q�M�O�™�¯�p�z
°�A�Ï���U�Ú�ç�¯�Ñ�$�t���a�o�M�”	Ý�¯�t�0� �b�”�{

�h�i�`�z�\�\�p�w�Ú�ç�¯�Ñ
Q�x�ˆ�¶�M���Ü�w
Q�í�q�M�O�‘�“�‹�z
°�A��
:�w�Ï���t���b�”�‹�w�p�K�”�:�t�«

�™�U
ž�A�p�K�”�{�d�º�w	Ä�I�U
°�A�t
S�é�^�•�s�M�T�’�\�f�z W (t) =  (t)N (t) �q�M�O�o	m�s�-���Ï���U
R�q

�`�z�f�w�<�A�q�`�o M (t) / 1=N(t) �q�M�O
Ó�'�$�s�ÿ�n���U�q�•�”�{

�\�w�™�¯�p�z  (t; T ) =  (t) �x�§�M
M�ÿ�p�K�”�q�‰�Ì�t�z TAD �H�Ë�,�Š�j�g�w�<�p���v�•�^�è�q�M�l�h�q

	Å�w�Š�í�›�¨	Z�b�”�h�Š�w�E
¯�$�s�Ã�v�q�`�o�•�”�n�Z�”�\�q�U�p�V�”�{

8.5.3 �H�Ë�,�Š�j�g�•�§
u	Z�—�7�G�=�›
¬�œ�i	Ô�ù�w�é	Å�Ã�s�Ü

�è�$��
:�› L = � � g �¢�§
u	Z�—�£�t�›�=�b�”�q

@L
@g

= ��; M (t) =
Z t

T1

g
@L
@g

dT =
Z t

T1

��g dT = f � (t)
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�q�s�“�z�7�&
Q�‘�“  � � �U�˜�’�•�”�w�p�z

f � (t)
| {z }

=
R

��g dT

= � (t; t ) G(t) �
d
dt

� Z t

T1

� (t; T ) g(t; T ) dT
�

| {z }
=: V ( t )

(8.43)

�q�s�”�{�\�•�x�z�§
u	Z�—�7�G�=�q�M�O�è�$��
:�›�>���`�h	Ô�ù�t�z	Z�—�U�Ö�—�q�r�w�‘�O�t�A�|�m�X�T�›�Ô

�b�é	Å�$�s�Ã�s�Ü�p�K�“�z TAD 
ú�g�t�S�Z�”�æ�ˆ���q�`�o�r	
�^�•�”�{

8.5.4 �H�Ë�,�Š�j�g�•�7	–
ì�0�¤�ï�Ä�é�Ð�”
Y���=�›
¬�œ�i	Ô�ù�w�é	Å�Ã�s�Ü

�é	Å�Ã�s�Ü�w
¯�Ü�q�f�w�r	


�è�$��
:�›�7	–
ì�0�¤�ï�Ä�é�Ð�”
Y���=

L (t; T ) = �
h
g(t; T ) log

g(t; T )
g0(t; T )

� g(t; T ) + g0(t; T )
i
; � > 0

�t�›�=�b�”�q�z�0�¯�¥�„�Ö�—�w�ˆ�¢ g(T; T) = G(T); Gbulk (t; T ) � 0�£�›�>���`�h	Ô�ù�w�é	Å�Ã�s�Ü�x

Z t

T1

�g (t; T ) log
g(t; T )
g0(t; T )

dT =  (t; t ) G(t) �
dU
dt

�
U(t) :=

Z t

T1

 (t; T ) g(t; T ) dT
�

(8.44)

�p�)�Q�’�•�”�{

�Ü (8.44) �x�z�€	°�µ�S g0 �T�’�w�0
:���m log(g=g0) �› g �p	O�ˆ
Ç�Z�`�h	Ø�C�$� �)
R

glog(g=g0) �U�z�Ö

�—�ò
R

 G �q�d�º�µ�Ä�¿�«
R

 g �w�Ì���!�=�w�)�q�`�o�q�-�$�t�ü�“�ù�O�\�q�›�Ô�b�{

�\�\�p
@L
@g

= � log
g
g0

�x�z�d�º
ü
Í�U�€	°
ü
Í�T�’���m�`�h�q�V�t
\�a�”�Á	t�$�s	Ø�C�$�¯�µ�Ä�w�¯
��›
¯�b�{�H��	·�p�^�æ�`�h�è

�“�z  (t; T ) �x�®�Ì�� t �t�d�º g(t; T ) �› 1 �i�Z
ÿ�•�`�h�q�V�z	•�R s > t �t�˜�’�•�”�v�„�b�˜
@L
@g

�›�z�Â�p

� �q�¼�= 
 �t�‘�”
\���¬�p exp(�
Rs

t (� + 
 )) �p�Â�“�¾�M�h
ï�è�¯�q�r	
�p�V�”�w�p�z�è�$��
:�U�7	–
ì�0�¤

�ï�Ä�é�Ð�”
Y���=�w	Ô�ù�x�z�®
5
P�!
:  (t; T ) �x�z�\�w�Á	t�$�¯�µ�Ä�¯
��U	•�R�t�˜�h�l�o�r�w���S�è�¹�›�t

�…�b�T�›�z�n
0�¼�  e�
R

( � + 
 ) �t�‘�l�o�Â�“�¾�M�o	B�ÿ�`�h�”�¯�q�`�o�r	
�^�•�”�{

	H�l�o�z�Š
ƒ���t�S�Z�”  �x	Z�—�”�•�®�;�f�w�‹�w�p�x�s�X�z�€	°
ü
Í�T�’�w���m�t�I�¼�b�”	•�R�$�¯�µ�Ä

�w�è�¹�‹�¢ shadow price�£�q�`�o�g�r�^�•�”�{

���Ì
¶�”�Â�p�Ã�v�t�S�Z�”	Ø�C�$� �)�w	«�æ

���Ì
¶�”�Â�p�w�Ã�v � (t; T ) ! 1 �p�x�z�d�º�O�•�U�-�Ë�^�•�c�z�Ú�™�w�{���`�h t �t�0�`�o

g(t; T ) ! 0 (T1 � T < t ) (8.45)

�U
R�“�q�m�{ * 15

* 15 �«�Q�y
@

@t
g = � (� + 
 )g + G �t�S�M�o�z T < t �w�–�¬�p�x G = 0 �p�K�“�z � ! 1 �U�°�7�t�^�;�b�•�y�¦
:�n
0�t�‘�“

g(t; T ) ! 0 �U	H�O�{
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8.5. 
ú�g�¶�t�S�Z�” TAD �w�H�°�,�Š�j�g�q�H�Ë�,�Š�j�g

�\�w�q�V�z	Ø�C�$� �)

D(t) :=
Z t

T1

�g (t; T ) log
g(t; T )
g0(t; T )

dT (8.46)

�x

D(t) ! 0 (8.47)

�q�s�”�{�^�’�t�z	•�R
°�A�¯�µ�Ä

U(t) :=
Z t

T1

 (t; T )g(t; T ) dT (8.48)

�t�m�M�o�‹�z

U(t) ! 0 (8.49)

�U	H�O�{�‘�l�o�z (8.44) �‘�“

0 =  (t; t )G(t)

�›�˜�”�{	H�l�o G(t) > 0 �w�Ì���p�x

 (t; t ) = 0 (8.50)

�U
R�q�b�”�{

�\�•�x�z���Ì
¶�”�Â�p�w�Ã�v�p�x�€	°���m�t�I�¼�b�”	•�R�$�è�¹�U�•
u�^�•�c�z
5
P�!
:�‹�¸�é�t�@�=�b�”

�h�Š�z	Ø�C�$� �)�t�‹�q�n�X
°�A�;�Ï�U�î�í�$�t�Á�®�=�^�•�”�\�q�›�™�¯�b�”�{

d
dt U(t) � 0 �w	Ô�ù�w�r	


	•�R
°�A�¯�µ�Ä U(t) �U��
:�z�b�s�˜�j d
dt U(t) � 0 �w	Ô�ù�t�x

D(t) := �
Z t

T1

g(t; T ) log
g(t; T )
g0(t; T )

dT =  (t; t ) G(t) �
d
dt

U(t) (8.51)

�x

D(t) =  (t; t ) G(t) (8.52)

�q�s�“�z	Ø�C�$� �)�x�Ö�—�t�0�`�o�Ú
€� �t�b�”�{  �U	j��	×�w	Ô�ù�x

 (t; t ) =  (0) =) D(t) =  (0) G(t)

�q�s�“�z	Ø�C�$� �)�x�Ö�—�t�0�`�o
¢���t� �t�b�”�{

G(t) � 0 �w	Ô�ù�w�r	


�Í�t�z G(t) � 0 �w	Ô�ù�t�x

D(t) = �
d
dt

U(t);
d
dt

D (t) = �
d2

dt2 U(t) (8.53)

�q�s�”�w�p�z���a�h�%�t�S�M�o�x�z	Ø�C�$� �)�w�Ì���!�=�x	•�R
°�A�¯�µ�Ä�w�Â�p�t�‘�l�o�§
��^�•�”�{

ˆ d2

dt 2 U(t) = 0 �w�q�V D(t) �x�-���^�•�z

ˆ d2

dt 2 U(t) > 0 �w�q�V D(t) �x�o�Ð�n	—�`�z

ˆ d2

dt 2 U(t) < 0 �w�q�V D(t) �x�o�Ð
ÿ�C�b�”
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8.6. 
ú�g
ü�ú�t�S�Z�”�ð�Ÿ�ï�Â�”�´�®�L�q
¢��
R�Õ�3

	•�R
°�A�¯�µ�Ä U(t) �x�z�€	°
ü
Í�T�’�w���m�t�I�¼�b�”�Á	t�$�¯�µ�Ä�¯
� @L=@g= � log(g=g0) �U	•�R

�t�˜�h�l�o�t�…�b�è�¹�›	B�ÿ�`�h�”�p�K�”�{ d2

dt 2 U(t) > 0 �x�z�\�w�è�¹�w�Ë	ý�U�Ì���q�q�‹�t�C���`�o�M�”�\

�q�›�™�¯�b�”�{�\�w�‘�O�s�Á�Ø�p�x�z�€	°
ü
Í�T�’�w���m�x	•�R�¯�µ�Ä�t�0�`�o�‘�“�§�X
S�é�^�•�”�{�f�w�A

�L�z�‰�a	Ú�E�w�‹�q�p U �w�C���$�!�=�›�î�q�b�”�h�Š�t�x�z���m�w	��A�s�/�)�o�p�K�” log(g=g0) �›	V	–�b

�”�M�²�•�w�6
��”�U�—�¶�$�t���b�q�s�”�{�b�s�˜�j�z d2

dt 2 U(t) > 0 �w�Á�Ø�p�x�z�€	°
ü
Í�T�’�w���m�U	•�R�t

�)�Q�”�è�¹�U
ÿ
ï�^�•�”�h�Š�z	Ø�C�$� �) D(t) �›�ÿ�n�^�d�”�M�²�•�w�º�O�$�æ�ˆ�U
\�a�”�{

�°�M�z d2

dt 2 U(t) = 0 �x�z	•�R
°�A�¯�µ�Ä U(t) �U�°�����S�¢���S�¸�é�‹���‰�£�p�!�=�`�o�M�”	Ý�6�t�0� �b

�”�{�\�w�q�V�z�€	°���m�t�I�¼�b�”	•�R�¯�µ�Ä�w
°�A�Ï���x�Ì���$�t�6�$
R�^�•�o�S�’�c�z�f�w
ÿ�n�x�o�s�”

���æ� �ˆ�t�q�r�‡�l�o�M�”�{	H�l�o�z�d�º
ü
Í�w�6
��”�›���b�æ�ˆ�—�x
C
\�d�c�z	Ø�C�$� �)�›	V	–�K�”�M�x

�¦�G�b�”�y�—�‹
\�a�s�M�{�f�w�A�L�q�`�o�z d
dt D(t) = 0 �U
R�q�`�z D(t) �x�-���^�•�”�{

8.6 
ú�g
ü�ú�t�S�Z�”�ð�Ÿ�ï�Â�”�´�®�L�q
¢��
R�Õ�3

�Š
…�p�x	Ä�I�s�U	Â�x�æ�s�˜�s�M�U�z�H��	·�p
Ó�'�$
Q�í�q�`�o	��“	Í�[�h�ð�Ÿ�ï�Â�”�´�®�L�q
¢��
R�Õ�3

�x�z
ú�g
ü�ú�t�S�M�o�‹���O�`�z TAD �w�î
Ê�ˆ�p
T�ù�$�t
†�Ì�D�ó�p�K�”�q
Ý���^�•�”�{�E
¯�$�s�q	Å�q�`

�o�x

ˆ �Ó�>�ê
Q�¢�°���Ó	Ô�-�Ë�£ �• [37, 67] �°���Ó	Ô�¹�C�<�p�Ó�=�U���«�t�¢�0
:�Ì���‘���p�£�Å�æ�Ñ�Ä�b

�”�q	Å�p�z TAD �p�x�å�¸ a = t � T �‘���w�n
0 
 (a) �q S(a) = exp
�

�
Ra

0 (� + 
 )
�

�›�;�M�z�©

K (a) = � (a)S(a) �t�‘�l�o�d�º�/�)�w�n
0�¢�ð�Ÿ�ï�Â�”�´�£�›
¯�q�`�O�”�{

ˆ �Ó�=�w
¢��
R�Õ�3 �•�Ó	Ô G(t) �›�Ö�—�q�ˆ�s�`�o�°���è�”�Ä�p�!�=�^�d�”�q�z�a�I�™�t�Ó�= M (t) �U�„

�…�°���¯
��p
ÿ�C�b�”�à���U�q�•�”�{ TAD �w	Þ�ˆ���ˆ� �t (K � _G)( t) �w�<�p�z K �U�D
u
ü�p�K�•�y

(K � _G)( t) ! const �q�s�“�z
¢��
R�Õ�3�U
C�q�`�O�”�{

�U�K�”�U�z�Š
…�x�q	Å�æ�$�s�Ô�&�›�)�Q�”�‹�w�p�K�“�z�p�˜�%�t�{���w
ú
Q�•�©�w
¬�R�z�Í�å�Ý�”�»
*���z�S

�‘�|�Ã�”�»�&�ù
Q�w�U	Â�x���™�w�]�J�p�K�”�{

8.7 
\
ú
ú�g�¶�•�w� �;�•�»�ï�Í�«�í�»�”�ï�¦�”�Ì�”

�Š
…�p�x�z
‡���ç�s
\
ú
ú�g�a���w�7	–�«�q�`�o�z�o�°�I�T�º�t�S�Z�”�»�ï�Í�«�í�»�”�ï�¦�”�Ì�”�›	��“	Í

�[�”�{ [1] �è�$�x�z TAD �t�‘�l�o�\�w�q	Å�U�×
µ�t�Þ�Ã�ç�=�p�V�”�\�q�z�y�/�$�s�°�Í
S� �Þ�Ã�ç�U TAD �w

�ù�è�q�`�o�6�q�^�•�”�\�q�z�^�’�t TAD �›���w	ý�`�M�¦
ª�U�‹�Ö�p�V�”�\�q�›�Ô�b�\�q�p�K�”�{

8.7.1 TAD �t�‘�”�»�ï�Í�«�í�»�”�ï�¦�”�Ì�”�w���Ü�=

�o�°�I�T�º�w�K�”�°	��¨�w�»�ï�Í�«�í�›�0	Å�q�`�z�í���$�t�x�ì
¶���ù�p�K�”�q�>���b�”�{�Ì�� T �t�ù
R

�^�•�z�Ì�� t �t�‹�s�S�I�T�º�t���O�`�o�M�”�»�ï�Í�«�í�”�›

g(t; T ) ( t � T)

�p
¯ �b�{�Ì �� T �t �S�Z�” �ù
R�Ñ�å�¿�«�µ�¢�o�• �Ì �� �K�h�“ �ù
R�” �£�› �0�¯ �¥�„ �Ö�—�w�ˆ�¢ g(T; T) =

G(T); Gbulk (t; T ) � 0�£�q�`�z�»�ï�Í�«�í�w
ü�r�è�”�Ä�›�Â�p � (t; T ) �q�`�o��
: � (t; T ) �ù k > 0 �q�>���b
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8.7. 
\
ú
ú�g�¶�•�w� �;�•�»�ï�Í�«�í�»�”�ï�¦�”�Ì�”

�”�{�\�\�p�x�7	–�Þ�Ã�ç�q�`�o�z�!
Q�•
¼�í�ÿ�<�›
¯�b�n
0 
 �x�ß�€�d�c�z
ü�r�w�ˆ�›�Ö	Z�—�q�`�o�{�O�{

�¤�d�º (T) �w�¼� �Æ�Û�«�µ�x
@
@t

g(t; T ) = � k g(t; T ); (t � T) (8.54)

�q	{�Z�”�{�Ü (8.54) �w�r�x

g(t; T ) = G(T) expf� k(t � T)g; t � T (8.55)

�q�s�“�z TAD �w�d�º�Ï�� g(t; T ) �U�z�»�ï�Í�«�í�w�å�¸�Ï���›�f�w�‡�‡
¯�q�`�o�M�”�\�q�U
ü�T�”�{

8.7.2 �y�/�$�°�Í
S� �Þ�Ã�ç�w�6�q

�I�T�º�t���O�b�”�p�˜�»�ï�Í�«�í�w
ï�”�x T1 = �1 �q�`�o�z

P(t) =
Z t

�1
g(t; T ) dT (8.56)

�q
¯�^�•�”�{ P(t) �w�Ì��
•
ü�x�å� �Ó�Ç�¿�À���‘�“�z

dP
dt

= g(t; t ) +
Z t

�1

@
@t

g(t; T ) dT

= g(t; t ) +
Z t

�1
(� k g(t; T )) dT

= G(t) � k
Z t

�1
g(t; T ) dT

= G(t) � kP (t) (8.57)

�U�˜�’�•�”�{�Ü (8.57) �x�z
\
ú
ú�g�•�I�T
\
ú�¶�t�S�M�o�¿�X�;�M�’�•�o�M�”�°�Í
S� ���w�»�ï�Í�«�í�»�”�ï

�¦�”�Ì�”�Þ�Ã�ç
dP
dt

= S(t) � kP (t)

�q�‰���p�K�“�z�ù
R���S S(t) �U G(t) �t�0� �b�”�{�b�s�˜�j�z�y�/�$�s	×
•
ü�M���Ü�Þ�Ã�ç�x�z TAD �t�S�Z

�”�d�º�Ï�� g(t; T ) �›�ù
R�M�² T �t
u
ü�`�h
ï�” P(t) �t�0�b�”�ù�è�M���Ü�q�`�o�•�”�n�Z�’�•�”�{

8.7.3 �’���»�ï�Í�«�í���w
±�S�¢���É�å�¸�£

TAD �w�î
Ê�ˆ�p�x�z
ï�” P(t) �t�C�Q�o�z�¤�Ì���t�S�Z�”�å�¸
ü
Í�•�®
±�S� �̄›�r
s�p�V�”�{�O�•
±�S�Þ�Ã

�ç�q�‰�7�t�z�»�ï�Í�«�í�w���É�å�¸ D(t) �›

D(t) =

Z t

�1
g(t; T ) ( t � T) dT

Z t

�1
g(t; T ) dT

=
1

P(t)

Z t

�1
g(t; T ) ( t � T) dT (8.58)

�p���[�b�”�{

�ù
R�Ñ�å�¿�«�µ�U�Ì���$�t�°�� G(t) � G0 �p�K�“�z	G
ü�Õ�Ì���U�&�a�`�o��	×	Ý�6�t�a�`�h�q�>���b�”�{
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8.7. 
\
ú
ú�g�¶�•�w� �;�•�»�ï�Í�«�í�»�”�ï�¦�”�Ì�”

�\�w�q�V�z�Ü (8.55) �x g(t; T ) = G0 expf� k(t � T)g �q	{�Z�”�w�p�z�å�¸ a = t � T �p�!
:�!�õ�b�”�q�z

P � =
Z t

�1
g(t; T ) dT =

Z 1

0
G0e� ka da =

G0

k
(8.59)

Z t

�1
g(t; T ) ( t � T) dT =

Z 1

0
G0ae� ka da =

G0

k2 (8.60)

�q�s�”�{�`�h�U�l�o�z��	×	Ý�6�p�w���É�å�¸ D � �x

D � =
G0=k2

G0=k
=

1
k

(8.61)

�q�{�‡�”�{

�Ü (8.61) �x�z

��	×	Ý�6�p�x�z�’���`�o�M�”�»�ï�Í�«�í�w���É�å�¸ D � �U�z
ü�r�è�”�Ä k �w�o
:�q�`�o���[�^�•�”	#�Ë

1=k �t�k�µ�t�°�•�b�”�{

�\�q�›�Ô�`�o�M�”�{�b�s�˜�j�z TAD �t�S�Z�”�®
±�S�¯�w�“�æ�x�z
\
ú
ú�g�p�;�M�’�•�”	#�Ë�w�“�æ�q�×
µ�t


€���`�o�S�“�z���É�å�¸�w�����T�’
ü�r�è�”�Ä�›
*���b�”�\�q�U�g�æ�$�t
Y�p�=�^�•�”�{ [89]

8.7.4 
ü�r�Ñ�å�¿�«�µ���w
±�S�¢���É�å�¸�£

�»�ï�Í�«�í�»�”�ï�¦�”�Ì�”�w�7	–�Þ�Ã�ç�p�x�z
ü�r�è�”�Ä�U�°���‹ � (t; T ) �ù k �p�K�“�z
ü�r�^�•�h�»�ï�Í

�«�í�”�›�f�w�‡�‡�³�µ�Â�Ü�w	Z�—�q�ˆ�s�b�¢�b�s�˜�j�µ�­�”�ç��
: � � 1 �q�S�X�£�{�\�w�q�V�z�Ì�� t �t�S�Z

�”
ü�r�Ñ�å�¿�«�µ f (t) �x

f (t) =
Z t

�1
� (t; T ) g(t; T ) dT

�p�)�Q�’�•�”�{�O�•
±�S�Þ�Ã�ç�q�‰�7�t�z
ü�r�Ñ�å�¿�«�µ���w
±�S�¢���É�å�¸�£�›

Dout (t) =

Z t

�1
� (t; T ) g(t; T ) ( t � T) dT

Z t

�1
� (t; T ) g(t; T ) dT

(8.62)

�p���[�b�”�{�\�w�q�V�z

Dout (t) =
k

Z t

�1
g(t; T ) ( t � T) dT

k
Z t

�1
g(t; T ) dT

=

Z t

�1
g(t; T ) ( t � T) dT

Z t

�1
g(t; T ) dT

= D(t)

�‘�“�z
ü�r�Ñ�å�¿�«�µ���w
±�S�¢���É�å�¸�£�q�’���»�ï�Í�«�í���w
±�S�¢���É�å�¸�£�x	×�t�s�`�X�s�”�T�’�z

��	×	Ý�6�t�S�M�o�‹�z

D �
out = D � =

1
k

(8.63)

�U
R�“�q�m�{

�b�s�˜�j�z��	×	Ý�6�t�S�M�o�x�z�I�T�º�t���O�b�”�»�ï�Í�«�í�w���É�å�¸ D � �q�z
ü�r�Ñ�å�¿�«�µ�q�`�o�Ž

�„�t�L	Z�^�•�”�»�ï�Í�«�í�w���É�å�¸ D �
out �U�M�c�•�‹ 1=k �t�°�•�b�”�{�\�•�x�z�¦
:
ü
Í�$�s	#�Ë�›�Ë�m�%
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�p�x�z�µ�Ä�¿�«�q�Ñ�é�”�w
Ò�M�w�®
±�S�¯�U�o�°�w�Ì��
: 1=k �t�‘�l�o�>���^�•�”�\�q�›�™�¯�b�”�{ * 16

8.7.5 �å�¸
ü
Í�w�¤�ï�Ä�é�Ð�”�q�Ì����
��0	¶
Q

�Ü (8.55) �w�‹�q�p�ù
R�Ñ�å�¿�«�µ�U�Ì���°�� G(t) � G0 �p�K�“�z�%�U	G
ü�Õ�Ì���&�a�`�o��	×	Ý�6�t�a�`

�h�q�>���b�”�{�\�w�q�V�z
Y�F�=�^�•�h�å�¸
ü
Í p(t; T ) �›

p(t; T ) =
g(t; T )

Z t

�1
g(t; T 0) dT0

(8.64)

�p���[�b�”�{
ü�<�›�-�‰�b�”�q

Z t

�1
g(t; T 0) dT0 =

Z 1

0
G0e� ka da =

G0

k

�p�K�“�z�å�¸ a = t � T �t�‘�l�o

p(t; T ) = ke� k ( t � T ) =: p(a) (8.65)

�q	{�Z�”�{�b�s�˜�j�z p(t; T ) �x�
���Ì�� t �w�ˆ�t�‘���b�”�w�p�x�s�X�z�å�¸ a = t � T �w�ˆ�w��
:�q�s�l�o

�M�”�{�\�•�x�z p �U�Ì����
��t�0�`�o
Æ�!

p(t + �; T + � ) = p(t; T ) (8.66)

�p�K�”�\�q�z�b�s�˜�j�Ì����
��0	¶
Q�›�Ë�m�\�q�›�™�¯�b�”�{

�\�w�q�V�z�å�¸
ü
Í�w	Ø�C�¤�ï�Ä�é�Ð�”�¢�È���¤�ï�Ä�é�Ð�”�£�›

S(t) = �
Z t

�1
p(t; T ) log p(t; T ) dT (8.67)

�q���[�b�”�q�z�Ü (8.65) �t�|�!
:�!�õ a = t � T �t�‘�l�o

S(t) = �
Z 1

0
p(a) log p(a) da

= �
Z 1

0
ke� ka log

�
ke� ka �

da = �
Z 1

0
ke� ka (log k � ka) da

= log k[e� ka ]10 +
Z 1

0
k2ae� ka da = � logk � k

Z 1

0
(e� ka )0a da

= � logk � k
�
[ae� ka ]10 �

Z 1

0
e� ka da

�
= � logk � [e� ka ]10

= 1 + log
1
k

(8.68)

�U�˜�’�•�z S(t) �x�Ì���t�‘���`�s�M�°���‹�p�K�”�\�q�U
ü�T�”�{ * 17

�b�s�˜�j�z�ù
R�Ñ�å�¿�«�µ�q
ü�r�è�”�Ä�U�Ì���$�t�°���p�z�å�¸
ü
Í�U�Ì����
��0	¶
Q�›�Ë�m�q�V�z TAD �t

�‘�l�o���Ü�=�^�•�”�d�º�Ï���w	Ø�C�¤�ï�Ä�é�Ð�”�x�Ì��
C�2�t�0�`�o
Æ�!�”�q�s�”�{�\�•�x�z
‡���ç��	×	Ý�6

�t�S�M�o�‹�z�å�¸�Ï���q�M�O�
�:�p�x�®�¤�ï�Ä�é�Ð�”�U�-���^�•�”�¯�\�q�›�Ô�`�o�S�“�z�Ì����
��0	¶
Q�q�-

���”�w�0� �¢�É�”�»�”���w�����£�U�z
\
ú
ú�g�$�»�”�ï�¦�”�Ì�”�w�7	–�«�t�S�M�o�‹�é�.�$�t
R�q�b�”�\�q�›

* 16 �‰�7�w
²��	Ú�E�w�O�•
±�S�Þ�Ã�ç�t�S�Z�”�Ö�•
±�S�~	Z�•
±�S�w�°�•�q�ì
¶�t���æ�b�”�A�L�q�s�”�{
* 17 �H��	·�p���[�`�h�¤�ï�Ä�é�Ð�”�w
¯�Ü�q�‹
T�ù�b�”�{
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�™�¯�b�”�{

8.7.6 �µ�Â�¿�Ó	Ý�w�ù
R�!�Ð�t�0�b�”�å�¸
ü
Í�q���É�å�¸�w�a�I� �t

�»�ï�Í�«�í�»�”�ï�¦�”�Ì�”�w�7	–�Þ�Ã�ç�p�x�z
ü�r�è�”�Ä�›�°���‹ � (t; T ) = k�z�n
0 
 � 0�z�µ�­�”�ç��


: � � 1 �q�`�z�ù
R�Ñ�å�¿�«�µ G(t) �w�Ì���!�Ð�U�å�¸
ü
Í�t�)�Q�”�è�¹�› g(t; T ) �›�è�a�o�Ú
€�r
s�p�V�”�{

�\�\�p�x�z�ù
R�Ñ�å�¿�«�µ�U�µ�Â�¿�Ó	Ý�t�!�=�b�”	Ô�ù�›�«�t�z TAD �t�‘�”�º
æ�Ï
R�w�r
s�U�°�Í
S� ��	×


•
ü�M���Ü�p�x�
�Q�’�•�s�M�Ï���›�)�Q�”�\�q�›�Ô�b�{


ƒ���•�ù
R�Ñ�å�¿�«�µ�w�µ�Â�¿�Ó�!�Ð

�Ì�� t = 0 �t�S�M�o�ù
R�Ñ�å�¿�«�µ�U

G(T) =

8
<

:

G0; T < 0;

G1; T � 0

�q�µ�Â�¿�Ó�$�t�!�=�b�”�q�b�”�{ TAD �w�,�Š�r

g(t; T ) = G(T) e� k ( t � T ) ; t � T

�›�;�M�”�q�z t > 0 �t�S�Z�”�d�º�Ï���x

g(t; T ) =

8
><

>:

G0 e� k ( t � T ) ; T < 0 (�µ�Â�¿�Ó
²�w� �y�Ò�¡�d�º )

G1 e� k ( t � T ) ; 0 � T � t (�µ�Â�¿�Ó�™�w� 	ý
��¡�d�º )
(8.69)

�q�Ì�¬�t
ü�m�^�•�”�{


ï�” P(t)�•�y�/	×
•
ü�M���Ü�w�r�q�w�°�•


ï�” P(t) =
Rt

�1 g(t; T ) dT �x (8.69) �›
u
ü�b�”�\�q�p

P(t) =
Z 0

�1
G0e� k ( t � T ) dT +

Z t

0
G1e� k ( t � T ) dT (8.70)

=
G0

k
e� kt +

G1

k

�
1 � e� kt �

(8.71)

�q�s�”�{�\�•�x�°�Í
S� �Þ�Ã�ç
dP
dt

= G(t) � kP (t)

�w�r�q�ì
¶�t�°�•�b�”�{


Y�F�=�å�¸
ü
Í p(t; T )�•�y�Ò�q	ý
��w�Ï
R
z�w�Ì���‘��


Y�F�=�^�•�h�å�¸
ü
Í�x p(t; T ) = g(t; T )=P(t) �‘�“�z

p(t; T ) =

8
>>><

>>>:

G0e� k ( t � T )

P(t)
; T < 0

G1e� k ( t � T )

P(t)
; 0 � T � t
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�q	{�Z�”�{ G1 > G 0 �w	Ô�ù�z t > 0 �p�x	ý
��d�º�w�/�)�U�Ì���q�q�‹�t�x���t
ÿ�G�`�z�å�¸
ü
Í�x�°�Ì�$�t	�

�å���•� �”�{ * 18�y�/�$�s�°�Í
S� 	×
•
ü�M���Ü�p�x
ï�” P(t) �`�T�{�Q�s�M�h�Š�z�\�w�‘�O�s�®�y�Ò vs 	ý
��¯

�w�º
æ�Ï
R
z�w�a�I�!�=�x�
�Q�’�•�s�M�{

���É�å�¸ D(t) �w�a�I� �t�•�°�Ì�$� 	��&�“�¡

���É�å�¸�¢�O�•
±�S�£�x

D(t) =

Z t

�1
g(t; T ) ( t � T) dT

P(t)
=

N (t)
P(t)

�p���[�^�•�”�{
ü�  N (t) �›�y�Ò�¢ T < 0�£�~	ý
��¢ T � 0�£�t
ü�Z�”�q

N (t) =
Z 0

�1
G0e� k ( t � T ) (t � T) dT +

Z t

0
G1e� k ( t � T ) (t � T) dT (8.72)

= G0

Z 1

t
ae� ka da + G1

Z t

0
ae� ka da (8.73)

�M�¤�z a = t � T �q�!
:�!�õ�`�h�{�H 1 �ò�x�y�Ò�w�/�)�z�H 2 �ò�x	ý
��w�/�)�›
¯�b�{�b�”�q�z

D(t) =
N (t)
P(t)

=
G0

Z 1

t
ae� ka da + G1

Z t

0
ae� ka da

G0

k
e� kt +

G1

k

�
1 � e� kt �

=
(G0 � G1)( t +

1
k

)
e� kt

k
+

G1

k2

(G0 � G1)
e� kt

k
+

G1

k

(8.74)

�q�-�‰�p�V�”�{�\�w�q�V�z D(t) �w�¬�å�Ñ�w�“���x�Ž�<�w�è�“�p�K�”�{�¢ G0 = 1 ; G1 = 2 ; k = 1 �q�`�h�{�£


$ 8.2 ���É�å�¸ D (t) �w	��&�“�q	Å

�\�w�¬�å�Ñ�›�_�”�q
ü�T�”�è�“�z���É�å�¸ D(t) �x D(0) =
1
k

�T�’�°�Ì�$�t�ÿ�<�¢	��&�“�£�`�z�f�w�™ t ! 1

* 18 p(t; T ) �w
¯�Ü�t�S�Z�” e� k ( t � T ) �w�¦
:�w�^�t�K�” t � T > 0 �x t > 0 �U�G�V�X�s�”�t�m�•�o�z T < 0 �w	Ô�ù�w�M�U 0 � T � t
�w	Ô�ù�‘�“�G�V�X�s�”�\�q�t�«�™�b�”�{
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�p�6�| D(1 ) =
1
k

�t�í�”�\�q�U
ü�T�”�{

�r	
�• TAD �t�‘�”�º
æ�Ï���w�D�¹�=

�µ�Â�¿�Ó�Ö�—�t�0�`�o
ï�” P(t) �w�!�=�x�y�/�$	×
•
ü�M���Ü �p�6�q�p�V�”�U�z TAD �x�^�’�t�Ž�<�›�Ì�Ô

�$�t�G	\�p�V�”�•

ˆ �µ�Â�¿�Ó
²�™�t
\
R�^�•�h�d�º T < 0 �q T � 0 �w�Ì�¬�s�à��

ˆ �å�¸
ü
Í p(t; T ) �t�S�Z�”�°�Ì�$�s	��å��� �“

ˆ ���É�å�¸ D(t) �w�®	��&�“�¯ ! �6���è�w�a��

�b�s�˜�j�z g(t; T ) �t�‘�l�o�µ�Ä�¿�«�” P(t) �t�C�Q�o�º
æ�w
H�E�Ï
R�~
±�S�w�Ì��
C�2�‡�p�‰�Ì�t�{�O�\�q�U

�p�V�z�y�/�$�°�Í
S� �Þ�Ã�ç�p�x�
�Q�’�•�s�M
‡���ç�$�s�º�$�¼� �Æ�Û�«�µ�›�w�°�$�t�G	\�p�V�”�{

8.7.7 
\
R�~
ü�r�A�ù�t�‘�”�×�~�¡�Ë���»�”�ï�¦�”�Ì�”

�\�•�‡�p�w�r
s�p�x�z�ù
R�Ñ�å�¿�«�µ G(t) �›�Ž
\�$�t�)�Q�h�{�`�T�`�î�M�w�I�T�º�p�x�z
ü�r�ˆ
ú�w�6�b

�;�•�‹���~
ü�r�%�w� �Ð
M�š�t�‘�“�z
\
R�a���q
ü�r�a���x
ì�“�t�A�ù�`�o�M�”�{ [59, 43]

�\�\�p�x�z�f�w�7	–�g
Ý�=�q�`�o�z�Í�w�×�~�Ñ�Ÿ�”�Å�Ì�¿�«�����›�‹�Ö�b�”�•

G(t) = G0 + �f (t); G0 � 0; � � 0 (8.75)

�h�i�` f (t) �x
ü�r�Ñ�å�¿�«�µ�p�K�”�{

�\�w�����x�z
ü�r�w
��æ�U�¿�o�™�…�•�ù
R�ó�—�›�!�`	Í�[�”�®�L�›�z
¢���Ù�Å�t�‘�l�o	B�ÿ�`�h�‹�w�p�K�“�z

G0 �x�Ž
æ�æ�²�Ì�”�‡�h�x�,
Å�E	��%�T�’�w�°���Ö�—�›
¯�`�z �f (t) �x�z�¡
€�b�” TAD �â�Ç�¿�Ä���›�&���`�o

�í�l�o�X�”���®�Ñ�Ÿ�”�Å�Ì�¿�«�Ö�—�›
¯�b�{�`�h�U�l�o�z � �x�6�b�;�p�z�A�ù�§�S�z�‡�h�x�Ñ�Ÿ�”�Å�Ì�¿�«�®

�p�›
¯�b���®�Í�å�Ý�”�»�p�K�”�{

�m�‡�“�z
\�.�º�w�°�m�w�;�ó�o�•�› TAD �â�Ç�¿�Ä�q�`�o
È�¹�=�`�z�f�w�â�Ç�¿�Ä�U�Ž
æ�T�’�°���Ö�—�›	!

�Z�”�q�q�‹�t�z�¡
€�b�” TAD �â�Ç�¿�Ä���q�w���É	Ô�$�s
ì�“�^�;�›�è�a�o�z�×
��w�L	Z�Ñ�å�¿�«�µ�t
z�«�`

�h�Ñ�Ÿ�”�Å�Ì�¿�«�Ö�—�›	!�Z�”	Ô�ù�›�ß�Q�”�{

�0	Å TAD �â�Ç�¿�Ä

g(t; T ); P(t)

�Ž
æ�æ�²�Ì�”

�,
Å�Ö�— G0

�¡
€ TAD �â�Ç�¿�Ä��

�6�b�;�~
ì�“�!�õ

G0 f (t)

�f (t)


$ 8.3 
ì�“�A�ù TAD �â�Ç�¿�Ä�w���É	Ô�Þ�Ã�ç�{�0	Å�â�Ç�¿�Ä�x�Ž
æ�T�’�°���Ö�— G0 �›	!�Z�”�q�q�‹

�t�z�×
��w	Z�—�Ñ�å�¿�«�µ f (t) �U�¡
€ TAD �â�Ç�¿�Ä���t�L	Z�^�•�z�f�w�°
æ�U �f (t) �q�`�o�6�Ö�—�^

�•�”�{

�×�~�Ñ�Ÿ�”�Å�Ì�¿�«�<�p�w��	×�Ï��

��	×	Ý�6�t�S�M�o

G(t) � �G; f (t) � �f
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�q�b�”�q�z	)�§�����‘�“
�G = �f

�U
R�“�q�m�{

�`�h�U�l�o�z�×�~�Ñ�Ÿ�”�Å�Ì�¿�«	Ú�E�T�’

�G = G0 + � �G (8.76)

�q�s�“�z

�G = �f =
G0

1 � �
; (� < 1) (8.77)

�›�˜�”�{

�°�M�z��	×�O�•�”�x

P � =
�G
k

=
G0

(1 � � )k
(8.78)

�p�)�Q�’�•�”�{

�`�h�U�l�o�z�A�ù�§�S � �U�G�V�M�„�r�z
\
R�S�‘�|
ü�r�w�Ñ�å�¿�«�µ�x
ÿ�G�`�z�ô�»�”�ï�¦�”�Ì�”	Ý�6�U�î

�q�^�•�”�{�¢ �G = �f �t�| P � �w�k�µ�‹	Z�x�™	\�w�4�
	–
…�›�€	°�£

�ô�Ñ�å�¿�«�µ�q�&� 
Q�ó�w����

�Š�Þ�Ã�ç�t�S�M�o�z��	×	Ý�6�w�O�•�”�S�‘�|�Ñ�å�¿�«�µ�x

P � =
G0

(1 � � )k
; �G = �f =

G0

1 � �
(8.79)

�p�)�Q�’�•�”�{�`�h�U�l�o�z�O�•�” P � �›�°���t�Ù�X�-�m	Ú�E�w�‹�q�p�x�z

(1 � � )k = const: (8.80)

�q�s�”�‘�O�t�z�×�~�Ñ�Ÿ�”�Å�Ì�¿�«�§�S � �q
ü�r�è�”�Ä k �›�o
z�«�$�t�Ð
T�b�•�y�‘�M�{

�\�w�����x�z�Ñ�Ÿ�”�Å�Ì�¿�«�A�ù�U�§�M�„�r
\
R�~
ü�r�w�Ñ�å�¿�«�µ�U
ÿ�G�b�”�°�M�p�z�O�•�”�›
M�š�b�”

�h�Š�t�x
ü�r���S�‹�‰�Ì�t
ÿ�G�^�d�”
ž�A�U�K�”�\�q�›�Ô�`�o�M�”�{�b�s�˜�j�z�Š�Þ�Ã�ç�p�x

�O�•�”�›�a�S�t
ÿ�C�^�d�”�\�q�s�X�z
\
R�q
ü�r�w�s�8
:�w�ˆ�›�ô�Š�”

�q�M�O�á�;�U�D�ó�q�s�”�{

�ˆ�$�
�:�T�’�_�”�q�z�×�~�Ñ�Ÿ�”�Å�Ì�¿�«�›���‰�7	–�Þ�Ã�ç�w���è�Ì���x

� =
1

(1 � � )k
(8.81)

�p�)�Q�’�•�”�{�`�h�U�l�o�z�Ñ�å�¿�«�µ�U�G�V�M�„�r � �x	–�^�X�s�“�z�Ž�„�w�!�=�t�0�b�”� �t�x�ô���=�^�•

�”�{�\�•�x�z
\
R�~
ü�r�Ñ�å�¿�«�µ�w
ÿ�G�U�z�o�s�”
ú�í�”�w
ÿ�C�p�x�s�X�z�%�w� �t�3�¬
ï�w�¦�Á�t�0� �`

�o�M�”�\�q�›�™�¯�b�”�{

TAD �w�d�º
¯�q�t�,�n�Z�y�z
ü�r�è�”�Ä k �w
ÿ�G�x�d�º
í�w�y	V�t�0� �`�z�a�ˆ�w
\
R�d�º�U�q�O�w	Ý�6

�t�)�Q�”�è�¹�›	��Š�”�{�f�w�A�L�z�%�x�a�ˆ�w���¥	Ú�E�t�Æ���^�•�”�\�q�s�X�z	ý�h�s�Ž
æ�Ö�—�t
����t�å
5

�p�V�”�{
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�\�w	Ú�E�w�‹�q�p�x�z��	×�±� �¶ P � �x�!�=�`�s�M�U�z��	×�Ñ�å�¿�«�µ �f �x
ÿ�G�b�”�{�b�s�˜�j�z
\�.�;�ó

�o�•�x�z
ï�”�›�°���t�-�j�s�U�’�º
æ
R
ü�w�Ö�•�8�˜�“�›�ô���=�p�V�”�{�\�•�x�z�»�ï�Í�«�í�Ó�”�ç�z�E	��¤

���.�z�I�T�º�Ï
R�A
É�s�r�t�0�`�o�z�®�”�w�Ã	×
Q� �̄q�®�d�º�Ë	ý���S� �̄›
ü�m�`�o
M�š�p�V�”�\�q�›�™�¯�b�”�{

�\�w�r	
�t	H�Q�y�z
\�.�t�S�Z�”�Ã	×
Q�q�x�o�t
ï�” P(t) �›�°���t�-�m�\�q�p�x�s�X�z�d�º
ü
Í g(t; T ) �›

�&
~�t�Ë	ý�`���Z�”�\�q�p�‹�K�”�{�‰�a
ï�”�›�Ë�m�â�Ç�¿�Ä�p�K�l�o�‹�z�y�M
R
ü�U�Õ�X�:�y�`�o�M�”	Ý�6�q�z

�ô�M�Ñ�å�¿�«�µ�p
R
ü�U�Ë	ý�^�•���Z�o�M�”	Ý�6�q�p�x�z���¥�!�=�•�w� �t
Q�•�;�ó�¡�Ë�ó�—�x�G�V�X�Ÿ�s�”�{

�`�h�U�l�o�z�Š�Þ�Ã�ç�x�z
\�.�;�Ï�›�®�±� �¶�›�-�j�s�U�’�d�º�›�Ë	ý�`���Z�”
ì�“�A�ù TAD �â�Ç�¿�Ä�%�¯

�q�`�o�
�Q�”�h�Š�w�7	–�Þ�Ã�ç�p�K�”�{�›�t�z�Ñ�Ÿ�”�Å�Ì�¿�«�A�ù�§�S � �w
ÿ�G�q
ü�r���S k �w
ÿ�G�U�&
~

�t�ü�“�ù�O	Ô�ù�z�â�Ç�¿�Ä�±� �¶�›�†���t�-�l�h�‡�‡�z�»�”�ï�¦�”�Ì�”���S�q���¥�&� �ó�—�›�ô�Š�”�\�q�U�p

�V�”�{�\�w�:�t�z�Š�Þ�Ã�ç�w
\
ú
ú�g�¶�$�™�[�U�K�”�{ * 19

�Ž	Í�‘�“�z
\
ú
ú�g�$�»�”�ï�¦�”�Ì�”�t�S�Z�”�®�T�•�^�l�o�z�T�•
ü�r�b�”�¯�K�”�M�x�®�T�•
ü�r�`�o�z�T

�•�í�l�o�X�”�¯�q�M�O	ü�”
ã�M�x�z�x�.
:�•�O�•�”�›�Ÿ	×�t
ÿ�C�^�d�”�\�q�s�X�z�&� 
Q�ó�›�ô�Š�”�h�Š�w�ˆ

�$
M�š
“�t�q�`�o�g�r�p�V�”�{�ô�Ñ�å�¿�«�µ�Ï���x�z�d�º�Ë	ý���S�›�ô�Š�”�\�q�p�z
‡��	×�s���¥�<�t�S�Z�”


����T�m�†���s�&� �›�D�ó�t�`�o�M�”�{ [43, 59]

8.7.8 �4�
�• �G = �f �t�| P � �w�k�µ�‹	Z

�×�~�¡�Ë���»�”�ï�¦�”�Ì�”�t�S�Z�” TAD 
C�2�M���Ü�x�0�¯�¥�„�Ö�—�w�ˆ�¢ g(T; T) = G(T); Gbulk (t; T ) �

0�£�›�>���`�o
@
@t

g(t; T ) = � kg(t; T ); (T � t)

�q�s�”�{
ï�µ�Ä�¿�«�”�S�‘�|
ï�Ñ�å�¿�«�µ�›

N (t) :=
Z t

�1
g(t; T ) dT; f (t) :=

Z t

�1
kg(t; T ) dT = kN (t)

�q���[�`�z�Ö�—�x�×�~�Ñ�Ÿ�”�Å�Ì�¿�«

G(t) = G0 + �f (t)

�t	H�O�q�b�”�{

* 19 �\�\�p	\�‚�”�×�~�¡�Ë���»�”�ï�¦�”�Ì�”�x�z
ü�r�~	r�g�Ñ�å�¿�«�µ�U�6�b�;�•�4�…�›�è�a�o�Ö�—���t�í�”
Y�w�Ñ�Ÿ�”�Å�Ì �¿�«���w

�7	–�Þ�Ã�ç�p�K�“�z�¨�;� 
C�q�t�S�Z�”
Û�w�×�~
M�š�q�x�à���^�•�”�{�h�i�`�z TAD �w�î
Ê�ˆ�p�x�z�Ö�— G(t) �›�Ž
\�”�p�x�s

�X�z
ï�”

P (t) =
Z t

�1
g(t; T ) dT

�•	Z�—�Ñ�å�¿�«�µ

f (t ) =
Z t

�1
� (t; T )g(t; T ) dT

�w��
:�q�`�o
G(t) = �( P (t ); f (t ))

�q�S�X�\�q�p�z
Y�w�×�~�¡�Ë���Ñ�Ÿ�”�Å�Ì�¿�«�q
Û�w�×�~
M�š�›�‰�°�w���Ü�p�G	\�p�V�”�{�«�Q�y�z�×�~�¡�Ë���»�”�ï�¦ �”�Ì�”�x

G(t) = G0 + �f (t ) �q	{�Z�”�°�M�z�¨�;� 
C�q�w
Û�w�×�~
M�š�x G(t) = G(P (t )), G0(P ) < 0 �q
¯�d�”�{��
:
ü�r�p�w	Ô�ù�t

�x�†	��x�M�c�•�‹�î�®��
:�›�!�=�^�d�”
¢���Þ�Ã�ç�•�<�£�b�”�U�z � (t; T ) �U�d�º�‘��
Q�›�Ë�m	Ô�ù�t�x�z	Z�—�Ñ�å�¿�«�µ�‘����
M

�š�q	Ý�6�”�‘����
M�š�x�Ÿ�s�”�™�¯�›�Ë�m�{
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g(t; T ) �w�����Ü

	Í�w
C�2�M���Ü�w�r�x T � t �t�0�`�o

g(t; T ) = G(T)e� k ( t � T )

�q�s�”�{�Í�t N (t) �x
d
dt

N (t) = G(t) � kN (t)

�›�¬�h�b�{�\�\�t

G(t) = G0 + �f (t) = G0 + �kN (t)

�›�E�Ö�b�”�q
d
dt

N (t) = G0 � k(1 � � )N (t)

�›�˜�”�{�\�•�x�°�Š	×
•
ü�M���Ü�p�K�“�z	s�8�‹ N (0) = 0 �q�b�”�q�r�x

N (t) =
G0

k(1 � � )

�
1 � e� k (1 � � ) t � !

G0

k(1 � � )
(t ! 1 ) =) P � =

G0

k(1 � � )

�q�s�“

f (t) = kN (t) =
G0

1 � �

�
1 � e� k (1 � � ) t � !

G0

1 � �
(t ! 1 ) =) �f =

G0

1 � �

�p�K�”�{�`�h�U�l�o

G(t) =
G0

1 � �

�
1 � �e � k (1 � � ) t � !

G0

1 � �
(t ! 1 ) =) �G =

G0

1 � �

�›�˜�”�{�‡�h�z

G(T) =
G0

1 � �

�
1 � �e � k (1 � � )T �

�‘�“�z g(t; T ) �x

g(t; T ) =
G0

1 � �

�
1 � �e � k (1 � � )T �

e� k ( t � T ) (T � t)

�q�����Ü�w���p�)�Q�’�•�”�{


Y�F�=�µ�S p(t; T )


Y�F�=�µ�S�›

p(t; T ) :=
g(t; T )
N (t)

�q���[�b�”�q

p(t; T ) =
k
�
1 � �e � k (1 � � )T

�
e� k ( t � T )

1 � e� k (1 � � ) t

�q�s�”�{

��	×	Ý�6�w�å�¸
ü
Í

�å�¸�› a := t � T �q�S�X�q

p(t; t � a) =
k
�
1 � �e � k (1 � � )( t � a)

�
e� ka

1 � e� k (1 � � ) t
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�p�K�”�{

t ! 1 �q�b�”�q e� k (1 � � ) t ! 0 �‘�“

lim
t !1

p(t; t � a) = ke� ka

�U�Ú�™�w�{�� a � 0 �t�0�`�o
R�q�b�”�{�`�h�U�l�o��	×�å�¸
ü
Í�x

p1 (a) = ke� ka

�p�K�”�{

��	×	Ý�6�w
±�S

�d�º
±�S DN (t) �x

DN (t) :=
Z t

�1
(t � T)p(t; T ) dT =

Z t

0
a p(t; t � a) da

�q���[�^�•�”�{��	×�Ã�v�‘�“

DN (1 ) =
Z 1

0
a ke� ka da =

1
k

�q�s�”�{�°�M�z	Z�—�¢�Ñ�å�¿�«�µ�£
Y�F�=�µ�S�x

pf (t; T ) :=
kg(t; T )

f (t)
= p(t; T )

�p�K�”�T�’�z	Z�—�¢�Ñ�å�¿�«�µ�£
±�S D f (t) �x

D f (1 ) = DN (1 ) =
1
k

�q�s�”�{

��	×	Ý�6�w�¤�ï�Ä�é�Ð�”


•
ü�¤�ï�Ä�é�Ð�”�›

S(t) := �
Z t

�1
p(t; T ) log p(t; T ) dT

�p���[�b�”�{��	×�Ã�v�p�x

S(1 ) = �
Z 1

0
ke� ka log(ke� ka ) da

�‘�“

S(1 ) = 1 � logk

�›�˜�”�{

�r	


ˆ �×�~�Ñ�Ÿ�”�Å�Ì�¿�« G(t) = G0 + �f (t) �x�z
ï�” N (t) �t�0�`�o
¢���w�×�~�v�Ö�›�)�Q�”�{�A�L�q�`�o

N (t) �x�°�Í ODE �t���a�z k(1 � � ) �w���®���è�p�p�¦
:�$�t��	×�‹�•	)���b�”�{

ˆ ��	×�µ�Ä�¿�«�x

N1 =
G0

k(1 � � )
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�p�K�“�z � �x�µ�Ä�¿�«�w
+	j�› 1=(1 � � ) 
��t
ÿ
ï�b�”�{

ˆ �°�M�p�z�å�¸
ü
Í�w���x��	×	Ý�6�p�x

p1 (a) = ke� ka

�q�s�“�z � �t�‘���`�s�M�{�\�•�x�z��	×�t�Ö�”�q�®�x�.�w	#�Ë�Ï���¯�x	«�æ�p k �w�ˆ�p�>�‡�“�z�Ö�—��

�w
ÿ
ï�x
ï�”�w�µ�­�”�ç�t�i�Z�®�X�\�q�›�™�¯�b�”�{

ˆ 
±�S�x���É�å�¸�t�s�`�X

DN (1 ) = D f (1 ) =
1
k

�q�s�”�{ k �U�G�V�M�„�r�s�8�U���X�z���É�å�¸�U	–�^�X�s�”�{

ˆ �¤�ï�Ä�é�Ð�”

S(1 ) = 1 � logk

�x�¦
:
ü
Í�w
•
ü�¤�ï�Ä�é�Ð�”�p�K�“�z�s�8�U���M�„�r
ü
Í�U�ö�X�s�l�o�¤�ï�Ä�é�Ð�”�U�n�”�z�q�M�O


T�ù�`�h�r	
�›�)�Q�”�{

8.7.9 	•�R�2�l�•�¦�”�Ä�Ñ�•�´�”�q�I�T�º
¼�í���g�•�w�¦�Á

�Š
…�p�x�z�»�ï�Í�«�í�»�”�ï�¦�”�Ì�”�› TAD �t�‘�“�G	\�`�z�y�/�$�s�°�Í
S� ���Þ�Ã�ç�U�d�º
ü
Í g(t; T )

�w
ï�”�ù�è�q�`�o�6�q�^�•�”�\�q�›�Ô�`�h�{�‡�h�z TAD �w�î
Ê�ˆ�t�‘�“�z�I�T�º�t�’���b�”�»�ï�Í�«�í�w��

�É�å�¸�•�z
ü�r�Ñ�å�¿�«�µ���w���É�å�¸�q�M�l�h�z
ï�”�Þ�Ã�ç�p�x�Ì�Ô�^�•�t�X�M�d�º�¦
ª�›���[�p�V�”�\�q

�›�¬�Ý�`�h�{

�\�w�_�M�x�z�»�ï�Í�«�í�»�”�ï�¦�”�Ì�”�w�^�’�t
Œ�t�K�”�I�T�º
¼�í���g�;�Ï�z�q�X�t�¦�”�Ä�Ñ�•�´�”

�¢ autophagy�£�•�w�¦�Á�D�ó
Q�›�Ô�&�b�”�{�¦�”�Ä�Ñ�•�´�”�x�z�I�T�º
R
ü�›�o�t
ü�r�b�”�a���p�x�s�X�z�y�X

�s�l�h
R
ü�z��	‡�`�h
R
ü�z�½	B�`�h
R
ü�z�K�”�M�x�;�ó
Æ
¶�t���l�h�¦�ç�¨�É�å�s�r�›
¬�R�$�t�´�m�`�z
ü

�r�`�z�6�¿�o�=�b�”�a���q�`�o�g�r�p�V�”�{�\�w�
�:�T�’�_�”�q�z�¦�”�Ä�Ñ�•�´�”�x�z�I�T�º
R
ü�w�d�º
ü
Í

�t�0�b�”�ó�ˆ�$�s�Â�p�~	†�ˆ�~�6�Ö�—�a���q�`�o���Ü�=�p�V�”�D�ó
Q�U�K�”�{

�7	–�$�t�x�z�I�T�º
R
ü�w�d�º
ü
Í�›

g(t; T )

�q�`�z�¦�”�Ä�Ñ�•�´�”�Æ
Q�›���‰�î�®�$�s
ü�r�p�›

� auto (t; T )

�q�`�o�‹�Ö�b�”�\�q�p�z�0�¯�¥�„�Ö�—�w�ˆ�¢ g(T; T) = G(T); Gbulk (t; T ) � 0�£�›�>���`�o

@g(t; T )
@t

= � f � base(t; T ) + � auto (t; T )gg(t; T )

�w�‘�O�s�¦�Á�Þ�Ã�ç�U�˜�’�•�”�{�\�\�p�z � base(t; T ) �x�è	×�w
ü�r�~�1	
�~�E	��s�8�›
¯�`�z � auto (t; T ) �x

�¦�”�Ä�Ñ�•�´�”�t�‘�”
¬�R�$	†�ˆ�›
¯�b�{�«�Q�y�z

� auto (t; T ) = A(t)� (t � T)

�q�S�Z�y�z A(t) �x�L�n�z�µ�Ä�è�µ�z�ë�F	Ý�6�z�³�¬�Æ�ç�;�a	Ý�6�s�r�t�‘���b�”�I�T
¶�.�w�¦�”�Ä�Ñ�•�´�”�Æ
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Q�›
¯�`�z � (t � T) �x�d�º�å�¸�t�‘���`�h
¬�R��
:�›
¯�b�{�\�w	Ô�ù�z�y�M
R
ü�„�r	†�ˆ�^�•�•�b�M�q�M�O�å

�¸�‘�����w�¦�”�Ä�Ñ�•�´�”�Þ�Ã�ç�U�˜�’�•�”�{

�`�T�`�z�¦�”�Ä�Ñ�•�´�”�w�Š�í�x�z�o�t�y�M
R
ü�›	†�ˆ�b�”�\�q�t�q�r�‡�’�s�M�{
\
ú�%�p�x�z��	‡�z�!
Q�z

�½	B�z
ª�Ý�=�z�´�m�z�æ�¹�¹�”�Ü
ü�r�z�6�¿�o�=�q�M�l�h���v�x�w�;�ó�$	Ý�6�›�&�o�z�I�T�º
R
ü�U	r�g�^�•

�”�{�`�h�U�l�o�z
¼�í	Ý�6�›�È���!
:�q�`�o�{�O�‘�“�‹�z���v�x�w�Ê�”�Å�T�’�s�”�É�¿�Ä�ë�”�«�q�`�o���Ü�=

�b�”�M�U�×
µ�p�K�”�{

�f�\�p�z�I�T�º
R
ü�w	Ý�6�›���v�Ê�”�Å	B�ù

i = 1 ; 2; : : : ; m

�p
¯�`�z�¤�Ê�”�Å�t�d�º
ü
Í

gi (t; T )

�›�Â�“�p�o�”�\�q�›�ß�Q�”�{�«�Q�y�z�Ê�”�Å�x

Normal ! Damaged! Tagged! Autophagosome! Autolysosome! Recycled

�w�‘�O�s�I�T�º
¼�í���g�a���t�0� �^�d�”�\�q�U�p�V�”�{

�\�w�q�V�z�Ê�”�Å j �T�’�w
ï	Z�—�Ñ�å�¿�«�µ�›

� j (t; T )gj (t; T )

�q���[�b�”�{�\�\�p�z � j (t; T ) �x�Ê�”�Å j �t���b�”�d�º
R
ü�U�z�o�•�Ì���K�h�“�t�p�˜�Ê�”�Å�T�’	Z�—�^�•�”

�Â�p�p�›
¯�b�{�\�w	Z�—�Ñ�å�¿�«�µ�w�O�j�z�Ê�”�Å i �•�6
�
ü�^�•�”�Â�ù�›

A ij (t; T )

�q�b�”�{�\�w�q�V�z�Ê�”�Å j �T�’�Ê�”�Å i �•�w
­� �Ñ�å�¿�«�µ�x

A ij (t; T )� j (t; T )gj (t; T )

�p�)�Q�’�•�”�{�\�\�p�z A ij (t; T ) �x�z�Ê�”�Å j �T�’	Z�—�^�•�h
R
ü�w�æ�V
Œ�›���Š�”
­� 
�
ü��
:�p�K�“�z

0 � A ij (t; T ) � 1

�›�¬�h�b�‹�w�q�b�”�{�‡�h�z�É�¿�Ä�ë�”�«�º�w�Ê�”�Å�•�w�6
�
ü�U
¶	Z�—�w�°
æ�p�K�”�\�q�›�•�b�h�Š�z

mX

i =1

A ij (t; T ) � 1

�q�b�”�{�\�w�q�V�z�’�“�w

1 �
mX

i =1

A ij (t; T )

�x�z�%�Ž�•�w
Æ�D�o�$
ü�r�z�ì
¶	«
…�z�„�³�z�K�”�M�x�Ì�Ô�$�t�Þ�Ã�ç�=�`�s�M�Ž
æ�Ó�”�ç�•�w�v	Z�›
¯�b�{

�Ž 	Í �w �� �[ �t �‘ �“ �z�¤ �Ê �” �Å i �w �d �º 
ü 
Í �w 
C �2 �M �� �Ü �x �z�0 �¯ �¥ �„ �Ö �— �w �ˆ�¢ gi (T; T) =
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Gi (T); Gbulk (t; T ) � 0�£�w�>���w�‹�q�z

@gi (t; T )
@t

= � � i (t; T )gi (t; T ) +
mX

j =1

A ij (t; T )� j (t; T )gj (t; T )

�q
¯�^�•�”�{�\�\�p�z�H�°�ò�x�Ê�”�Å i �T�’�w
ï	Z�—�Ñ�å�¿�«�µ�z�H�Ë�ò�x���Ê�”�Å�T�’�Ê�”�Å i �•�w�6
�
ü

�Ñ�å�¿�«�µ�›
¯�b�{�s�S�z�×�~
­� �›�Ì�Ô�$�t�ß�Q�s�M	Ô�ù�t�x A ii (t; T ) = 0 �q�b�•�y�‘�M�{�°�M�z�Ê�”�Å
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�H��	·�p�‹�Ö�`�h�°
`	Ý�6�¬�å�Ñ�t�,�n�X TAD �M���Ü�q�`�o�z
S� 
­� �x�Í�w�‘�O�t
¯�^�•�”�{
Y
S� 
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@gY (t; T )

@t
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!
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!
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@
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=
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(a) = � � Y X (a) gY (a);

�
gY (0) =

Z 1

0
� XY (s) gX (s) ds

�
= FXY (1 ) = F (8.87)
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¯�b�{ � � > 0; � > 0 �x
S� �Ú�™�w�¦�„�t�‘
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¯�q�`�h�‹�w�p�K�”�{

�\�w	��¸�=���x�z
S� �Ú�™�t�¦�„�t�‘�l�o
S� 	Ô�t���O�b�”�ì
É
:�U�n	—�b�”�\�q�›
S�é�`�o�M�”�{	O�A�s

�w�x�z�,	j
S� ���S � 1; � 2 �w�§�M�t�‘�“�z�\�w�=���w�è�¹�S�U
Y
S� �~�o
S� �p�Ÿ�s�”�:�p�K�”�{
S� �Ì���U

�y�M�¢ � �U�G�V�M�£���„�r�z	��¸�=���w�è�¹�›�§�X	!�Z�z�A�L�q�`�o
Ž��
z NX =NY �U���ç�‹�T�’�c�•�”�{

8.8.6 �Ã�v�q�r	


ˆ
NX

NY
!

� 2

� 1
(� � ! 0)�¢�¦�„�®�L�w	«�æ�£ �• EED �t�‘�”�d�º�‘���U	«�Q�”�q�z�¤	Ý�6�w���É�:�O�Ì���x

�o	m�t�,	j
S� ���S�w�o
: 1=� i �t�°�•�b�”�{�‘�l�o
Ž��
z�x�,	j���S
z�¢
S� �Ì��
z�£�w�ˆ�p�>�‡�”�{

ˆ
NX

NY
!

� 2 + � �
� 1 + � �

(� ! 0)�¢�¦�„�®�L�w	`�Ì���É�=�£ �•���è�U	G
ü���M�q�z
S� �x�„�…
¶�Ì���p�®�s
î

�™�w���®���S�¯ � i + � � �q�s�”�h�Š�z	��¸�=���x�î�í�$�t	«�Q�z��
:�Â�p�w�Ë	Ý�6�%�t	V�@�b�”�{

ˆ
NX

NY
!

� 2

� 1
(� ! 1 )�¢�H
M�w�Õ�Ì���Ë���£ �•�H
M�U
‡	×�t�Õ�X���X	Ô�ù�z
S� �U�I�V�”�E
¯�$�å�¸

a � 1=� i �x � �t
z�‚�o	–�^�M�h�Š�z�%�x�„�q�œ�r � i �w�Ù�c�p�á�ˆ�`�z
Ž��
z�x � � ! 0 �w	Ô�ù�q�‰
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�7�t � 2=� 1 �t�Ù�n�X�{ * 21

8.8.7 �‡�q�Š

�Ž	Í�‘�“�z EED �x�®
S� �Ú�™�w�¦�„�t�‘�”�ž�è�w
S� �H
M� �̄q�®
Y
S� �~�o
S� �w�{��
S� �Ì���w�§�M� �̄w


Ê�ˆ�ù�˜�d�q�`�o�g�r�p�V�”�{ TAD �w�î
Ê�ˆ�p�x�z�\�w�®�L�x�d�º
ü
Í�w	��¸�=���q
Ž��
z�w� �“�q�`�o�Ì

�Ô�$�t
¯�q�^�•�”�{

8.8.8 ���™�w�Z�€

���É�å�¸ D(t) �•�¤�ï�Ä�é�Ð�” S(t) �q�M�l�h�d�º
ü
Í�w�A�ÿ�”�‹�z�Š�Þ�Ã�ç�w�î
Ê�ˆ�p�×
µ�t���[�p�V�”�{

�h�i�`�z�Â�p��
:�t�å�¸�‘���›���‰	Ô�ù�z�\�•�’�w�r
s�$�����Ü�x
Æ�ì
¶�¨�ï�Ú��
:�s�w�›	���
:�›���‰
ó�v

�s���q�s�“�O�”�{�f�w�h�Š�z�\�•�’�w	Ä�I�s�r
s�S�‘�|
:�‹�³�Û�á�è�”�³�ã�ï�t�‘�”�.�%�$
°�A�x���™�w�Z�€

�]�J�q�b�”�{

8.8.9 �4�
�•�d�º
ü
Í g �w���S KL �7	–�=�T�’�w � (a) �‹	Z�q	��A�ù�Ù�Å

�Š
…�p�x�z�Š�æ���p�;�M�h�C�O���w�Â�p��
:

� (a) = � i + � �
�
1 � e� a=� �

(8.94)

�U�z�Þ�™�$�s�>���p�x�s�X�z�d�º
ü
Í g �t�0�b�”���S KL �¢�7	–
ì�0�¤�ï�Ä�é�Ð�”�£
Y���=�q�z TAD �w
C�2�M

���Ü�›�Æ���q�`�o�]�b�H�Ë�,�Š�j�g�w�î
Ê�ˆ�T�’�×
µ�t�‹�T�•�”�\�q�›�Ô�b�{


ƒ��

�å�¸�› a = t � T � 0 �z�n
0 
 �ù 0 �q�`�z���ÿ�=�`�h TAD �w	Ý�6�M���Ü�›

@
@t

g(t; T ) = � � (t; T ) g(t; T ) + Gbulk (t; T ); (t � T) (8.95)

�q�b�”�{ Gbulk (t; T ) �x EED �w
ƒ���p�x
S� �Ñ�å�¿�«�µ�v�Ö�t�0� �b�”�U�z�Š
…�w�!
ü�Ï���p�x�Ž
æ�Ö�—

�¢ g(T; T) = G(T); Gbulk (t; T ) 6= 0 �£�q�`�o�°
`�t�{�O�{

�d�º
ü
Í�w�€	°	Ý�6�› g0(t; T ) > 0 �q�`�z�H
M�U	G
ü�s
î�`�h���ù�~�Á�G�1�a���t�0� �b�”�€	°�Â�p�›

� 0(a) = � 1 > 0 (8.96)

�q�b�”�{�€	°	Ý�6 g0 �x�z�/���$�t�x � 0 �t�‘�l�o
\
R�^�•�”�å�¸
ü
Í�¢�«�z g0(a) / e� � 1 a �£�q�`�o�)�Q�’�•

�”�{�\�w�‘�O�s�¦
:
ü
Í�x�z�d�º�å�¸ a = t � T �w�ˆ�t�‘���b�”�Ý�Þ�æ�è�µ�s��	×�d�º�Ï���t�0� �`�z�å�C�w

�d�º	Ø�C�›�-�Ë�d�c�t�¡�Ë�D�ó�s�,	j	Ý�6�q�`�o�×
µ�t�q�•�”�{

* 21 EED �w�®�L�U�7�G�q�s�”�w�x � � O(1=� i ) �w�¤���–�¬�p�K�“�z � ! 1 �Ã�v�x�®�H
M�U�Á�v�t�§�‡�”� �̄\�q�›�™�¯�b�”�˜�Z�p�x

�s�M�:�t�«�™�b�”�{
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�!
ü�j�g�¢���S KL 
Y���=�£

�d�º
ü
Í g �U�€	°	Ý�6 g0 �T�’�³�d�b�”	Ø�C�$�¯�µ�Ä�q�`�o�z���S KL �¢ I-divergence�£�›�;�M�”�{�è�$�µ

�S�›

L KL (t; T ) = �
h
g(t; T ) log

g(t; T )
g0(t; T )

� g(t; T ) + g0(t; T )
i
; � > 0 (8.97)

�q�S�X�{�\�w�ò�x	×�t
‡
Û�p�K�“�z g = g0 �w�q�V�t�w�ˆ�µ�q�s�”�h�Š�z�€	°�a���T�’�w�³�d�›�7	–�v�t�H�Q�”


Y���=�q�`�o�×
µ�p�K�”�{

�^�’�t�z TAD �w
C�2�M���Ü (8.95) �›
5
P�!
:  (t; T ) �t�‘�“�Æ���q�`�o�]�`�z�¦�Á�^�;�›

S[g; �;  ] =
Z t f

t 0

Z t

T1

L KL (t; T ) dT dt �
Z t f

t 0

Z t

T1

 (t; T )
� @g

@t
+ �g � Gbulk

�
dT dt (8.98)

�q���[�b�”�{

g �t���b�”���y	Ú�E�q�Á	t��

��	·�p	Ä�I�t�G�L�`�h�‘�O�t�z g �t���b�”���y	Ú�E � S=�g = 0 �‘�“�z

� log
g(t; T )
g0(t; T )

+
@ (t; T )

@t
� � (t; T ) (t; T ) = 0 (8.99)

�›�˜�”�{�b�s�˜�j�z

log
g(t; T )
g0(t; T )

= �
1
�

� @ 
@t

� � 
�

(8.100)

�p�K�“�z�d�º
ü
Í�x�€	°�µ�S�t�0�b�”�¦
:�Â�Ÿ�ç�Ä�q�`�o�)�Q�’�•�”�{

�\�\�p

� (t; T ) :=
@ (t; T )

@t
� � (t; T ) (t; T ) (8.101)

�q���[�b�•�y�z

g(t; T ) = g0(t; T ) exp
�

�
1
�

� (t; T )
�

(8.102)

�›�˜�”�{

��	×�~�å�¸
¯�Ô�•�w	V�@�q � (a) �w�‹	Z

��	×	Ý�6�t�S�M�o�z �; g; g 0;  �U�å�¸ a = t � T �w�ˆ�t�‘���b�”�q�>���b�”�{�b�”�q (8.99) �x

� log
g(a)
g0(a)

+
d 
da

(a) � � (a) (a) = 0 (8.103)

�q�s�”�{�b�s�˜�j

g(a) = g0(a) exp
�

�
1
�

� (a)
�

; � (a) :=
d 
da

(a) � � (a) (a) (8.104)

�p�K�”�{

�°�M�z a > 0 �t�S�Z�”��	×�å�¸�M���Ü�x

dg
da

(a) = � � (a) g(a) (8.105)
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�p�K�”�T�’�z

� (a) = �
d
da

logg(a) = �
d
da

logg0(a) +
1
�

� 0(a) (8.106)

�›�˜�”�{�b�s�˜�j�z � (a) �x�€	°�Â�p�t�0� �b�”�ò � d
da logg0(a) �q�z	Ø�C�$� �) � (a) �w�!�=�p�t�‘�l�o�>��

�^�•�”�{

�o�°���è�Þ�”�Å�Ù�Å�q	��A�ù�Ã�v

EED �w�
���x�o�°�w���è�Ì�� � �t�§
��^�•�”�q�ß�Q�’�•�”�h�Š�z�7	–�Þ�”�Å�Ù�Å�q�`�o

� (a) � ��e � a=� ; � 2 R (8.107)

�›�>�;�b�”�{�€	°�a���U�°���Â�p � 0(a) = � 1 �t�0� �`�z g0(a) / e� � 1 a �q	{�Z�”	Ô�ù�z (8.106) �‘�“

� (a) = � 1 + �
1
�

e� a=� (8.108)

�›�˜�”�{

�^�’�t	��A�ù�Ã�v�q�`�o �=� �›	–�^�M�”�q�ˆ�s�`�z

� i := � 1 +
�
�

; � � := �
�
�

(8.109)

�q�‰���b�•�y�z

� (a) = � i + � �
�
1 � e� a=� �

(8.110)

�q�s�“�z�Š�æ���p�;�M�h�C�O���¦
:���è�Â�p (8.94) �U�s	)�^�•�”�{

�r	


�Ž	Í�‘�“�z�C�O���w�Â�p��
: (8.94) �x�z

ˆ �d�º
ü
Í g �t�0�b�”���S KL �7	–�=�t�‘�l�o�€	°�µ�S g0 �T�’�w�³�d�U�¦
:�Â�Ÿ�ç�Ä�q�`�o
¯�q�^�•�z

ˆ TAD �w�å�¸�M���Ü�t�‘�l�o � (a) �U g(a) �w�0
:
•
ü�q�`�o�>���^�•�z

ˆ �§
��$���è�Þ�”�Å�›�°�Í�Ù�Å�`�h�A�L�q�`�o�‹�T�•�”�z

�q�g�r�p�V�”�{

�`�h�U�l�o�z�Š�æ���p�;�M�h � (a) �w���x�z�&�g�$�>���p�x�s�X�z�d�º�í���t�S�Z�”	Ø�C���è�Ï���w�7	–�Ù

�Å�q�`�o�•�”
Ç�Z�’�•�”�{

8.9 �Ì��
C�2�b�”�3�’�W�����q��	×�Ã�v

�Š	–
…�p�x�z�0�¯���V	Z�`�<�t�S�Z�” TAD �w�3�’�W�����›�;�M�o�z	Ø�C�$�„�³�”�q�§
u�ó�p�)�w�����›�r


s�b�”�{�›�t�z TAD �t�S�M�o�‹	Z�^�•�”�¦
:���É�Ã�s�Ü�U�z�w�-
ú�g�t�S�Z�” Jarzynski �s�Ü�•�3�ˆ�„�³��

���q���Ü�$�t�‰���s�Ï���›�Ë�m�\�q�›�Ì�’�T�t�b�”�{

�\�\�p�Ô�^�•�”�0� �����x�z
ú�g�%�t�{���w�Û�«�é�D�o
Q�•�ä�K�>���t�,�n�X�‹�w�p�x�s�X�z�d�º���S�w�-

����
��=�q�€	°���S�w�‹�Ö�q�M�O TAD �w�,�Š�Ï���t���R�b�”�‹�w�p�K�”�{

	H�l�o�z�Š
…�w�è�$�x�z TAD �U�Ë�m	Ø�C�æ�$�~�q�-�$�Ï���w�¤�t�z
‡���ç�ä�—�¶�q�ž�è�b�”
Ó�'�$�����U�º
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�O�`�o�M�”�\�q�›�z���Ü�$�0� �w�
�:�T�’
T�g�b�”�\�q�t�K�”�{

8.9.1 �3�’�W�����w�Ì��
C�2

TAD �%�w�d�º
ü
Í g(t; T ) �t�0�`�z

N (t) :=
Z t

T1

g(t; T ) dT (8.111)

�›�d�º�µ�Ä�¿�«�q�`�z
Y�F�=
ü
Í

p(t; T ) :=
g(t; T )
N (t)

(8.112)

�›���[�b�”�{�‰�7�t�€	°
ü
Í g0(t; T ) �t�0�`�o

N0(t) :=
Z t

T1

g0(t; T ) dT (8.113)

�›���Š�”�{ KL 
Y���=�t�,�n�X�,�Š�”�q�`�o

�( t; T ) := log
g(t; T )
g0(t; T )

(8.114)

�›�‹�Ö�b�”�q�z



e� � �

(t) :=
Z t

T1

p(t; T )e� �( t;T ) dT

=
Z t

T1

g(t; T )
N (t)

g0(t; T )
g(t; T )

dT =
N0(t)
N (t)

Z t

T1

g0(t; T )
N0(t)

dT

=
N0(t)
N (t)

Z t

T1

p0(t; T ) dT =
N0(t)
N (t)

(8.115)

�U
R�“�q�m�{

�\�•�x
ü
Í g(t; T ) �t�0�b�”�,	j
ü
Í g0(T) �w�0
:�ì�S
z�t�0� �`�z
ì�0�¤�ï�Ä�é�Ð�”

D
�
g(t; �)kg0

�
=

Z t

T1

g(t; T ) log
g(t; T )
g0(T)

dT (8.116)

�w�Á	t�µ�S�q�`�o�r	
�p�V�”�{�Ž�<�p�x�z �( t; T ) �›�d�º�í���t�S�Z�”���®�$�s�¤�ï�Ä�é�Ð�”
\
R�”�q�ˆ�s�`�z

�f�w�Ì��
C�2�q��	×�Ã�v�t�S�Z�”
Q�í�›�r
s�b�”�{

8.9.2 �3�’�W�����q�w���Ü�$�0� 

�Ž�<�p�x�z�Ü (8.115) �w�Ì��
C�2�›�z�0�¯�¥�„�Ö�—�w�ˆ�¢ g(T; T) = G(T); Gbulk (t; T ) � 0�£�w�‹�q�p TAD

�w
C�2�M���Ü
@
@t

g(t; T ) = � (� (t; T ) + 
 (t; T ))g(t; T ) (8.117)

�›�;�M�o
°�A�b�”�{ TAD �w�q�-�Ã�s�Ü�‘�“�z

_N (t) = G(t) � f (t) � L (t) (8.118)
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�U
R�“�q�m�{�‰�7�t�€	°�%�t�m�M�o�‹

_N0(t) = G0(t) � f 0(t) � L 0(t) (8.119)

�›�˜�”�{�\�\�p�z

E(t) :=


e� � �

(t) =
N0(t)
N (t)

(8.120)

�p�K�”�T�’�z�†�%�w�0
:�›�q�l�o�Ì��
•
ü�b�”�q�z

d
dt

logE(t) =
_N0(t)

N0(t)
�

_N (t)
N (t)

(8.121)

�›�˜�”�{�\�\�t�z (8.118) �S�‘�| (8.119) �›�E�Ö�b�”�q�z

d
dt

logE(t) =
G0(t) � f 0(t) � L 0(t)

N0(t)
�

G(t) � f (t) � L (t)
N (t)

(8.122)

�q�s�”�{

�\�\�p�z�Í�w�”�›�‹�Ö�b�”�{

F (t) :=
Z t

0

G(s) � f (s) � L (s)
N (s)

ds (8.123)

F0(t) :=
Z t

0

G0(s) � f 0(s) � L 0(s)
N0(s)

ds (8.124)

�\�•�’�x�z�o�•
ï�”�K�h�“�w	m
ÿ�n�p�›�Ì��
u
ü�`�h�”�p�K�“�z TAD �%�t�S�Z�”�§
u�$�s�®���®�ó�p� �̄K�”�M

�x�®�Ù�Â�ï�³�ß�ç�¯�t�0� �b�”�”�q�`�o�r	
�p�V�”�{ (8.122) �›�Ì��
u
ü�b�”�q�z

logE(t) � logE(0) = F0(t) � F (t) (8.125)

�›�˜�”�{	H�l�o�z

E(t) = E(0) exp
�
F0(t) � F (t)

�
(8.126)

�U
R�q�b�”�{�\�\�p�z

� F (t) := F (t) � F0(t) (8.127)

�q���[�b�”�q�z

E(t) =


e� � �

(t) = E(0)e� � F ( t ) (8.128)

�q	{�Z�”�{�›�t�z	s�8�Ì���t�S�M�o

N0(0) = N (0) (8.129)

�U
R�q�`�o�M�”	Ô�ù�t�x�z

E(0) = 1 (8.130)

�q�s�”�T�’�z 

e� � �

(t) = e� � F ( t ) (8.131)

�›�˜�”�{�Ü (8.131) �x�z�w�-
ú�g�t�S�Z�” Jarzynski �s�Ü

he� W=kT i = e� � F
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�q���Ü�$�t�‰���s�Ï���›�Ë�m�\�q�U
ü�T�”�{ [95, 42, 15, 38]�h�i�`�z�Š�Z�€�t�S�M�o � F (t) �x�×���¤�É�ç

�ª�”�)�p�x�s�X�z TAD �t�S�Z�”�§
u�ó�p�)�q�`�o���[�^�•�”�:�t�«�™�b�”
ž�A�U�K�”�{

�H�Ë�O����
Æ�s�Ü�q�s�ø
R�q	Ú�E�w�r	


�Ü (8.131) �‘�“�z D
e� (� � � F ( t ))

E
= 1 (8.132)

�U
R�“�q�m�{�\�\�p�z�Ú�™�w�î
: x �t�0�`�o
R�q�b�”�,�Š
Æ�s�Ü

ex � 1 + x (8.133)

�›�;�M�”�{ x = � (� � � F (t)) �q�S�X�q�z

e� (� � � F ( t )) � 1 � (� � � F (t)) (8.134)

�U�˜�’�•�”�{�†�%�w���É�›	��”�q�z

D
e� (� � � F ( t ))

E
� 1 � h � � � F (t)i (8.135)

�q�s�”�{�(�%�x�Ü (8.132) �‘�“ 1 �t�s�`�M�T�’�z

1 � 1 � h � � � F (t)i (8.136)

�U	H�M�z

h� i (t) � � F (t) (8.137)

�›�˜�”�{�\�•�x�z TAD �t�S�Z�”�H�Ë�O����
Æ�s�Ü�t�0� �b�”�����p�K�“�z���É�$�s	Ø�C�$�„�³�”�U�§
u�ó�p

�)�t�‘�l�o�<�T�’
M�ÿ�^�•�”�\�q�›�Ô�`�o�M�”�{�K�”�M�x�z�§
u�ó�p�)�x	Ø�C�$�„�³�w�7	–
ž�A�”�›�)�Q�z�°


`�t�x�f�•�›	Í�s�”�å�C�w�„�³�U
\�a�”�{

�^�’�t�z
Æ�s�Ü (8.133) �t�S�M�o�s�ø�U
R�q�b�”�w�x x = 0 �w	Ô�ù�t�v�’�•�”�{	H�l�o�z

h� i (t) = � F (t) (8.138)

�U
R�q�b�”�h�Š�t�x�z

�( t; T ) = � F (t) (a.e. T) (8.139)

�U
ž�A�p�K�”�{�\�w	Ú�E�x�z

g(t; T ) = C(t) g0(t; T ) (8.140)

�›�™�¯�`�z
Y�F�=
ü
Í�U

p(t; T ) = p0(t; T ) (8.141)

�q�`�o�-���^�•�”�\�q�q�‰�‹�p�K�”�{

	H�l�o�z�s�ø
R�q�x�z�d�º
ü
Í�U�€	°
ü
Í�q�×�~
ì�Å�$�t
��=�b�”�D�o�Ã�v�t�0� �b�”�{�\�•�x�z�w�-
ú�g

�t�S�Z�”�„�³�¸�é�a���q���Ü�$�t�°�•�b�”�{
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8.9. �Ì��
C�2�b�”�3�’�W�����q��	×�Ã�v

	–�3�’�W�Ã�v�q�3�ˆ�„�³����

�Í�t�z	��æ�ˆ�K�”�M�x�Ù���ç�Ã�v�t�S�M�o�z

j� � � F (t)j � 1 (8.142)

�U
R�q�b�”	Ô�ù�›�ß�Q�”�{�\�w�q�V�z�¦
:��
:�›�Â� �å�”�2�‰�b�”�q�z

e� (� � � F ) = 1 � (� � � F ) +
1
2

(� � � F )2 + O
�
(� � � F )3�

(8.143)

�q�s�”�{�†�%�w���É�›	��“�z�Ü (8.132) �›�;�M�”�q�z

1 = 1 � h � � � F i +
1
2



(� � � F )2�

+ O(� � � ) (8.144)

�U�˜�’�•�”�{	H�l�o�z

h� � � F i =
1
2



(� � � F )2�

+ O(� � � ) (8.145)

�U
R�q�b�”�{�ô�Í�ò�›�Á�¹�p�V�”�Ã�v�p�x�z

h� � � F i �
1
2



(� � � F )2�

(8.146)

�q�s�“�z���É�„�³�”�U�3�’�W�w�Ë�Í�Þ�”�Ý�ï�Ä�t�‘�l�o�>���^�•�”�{

�\�•�x�z�w�-
ú�g�t�S�Z�”�3�ˆ�„�³���g�t�0� �b�”���Ü�$�����p�K�“�z TAD �t�S�M�o�x�z�d�º�Ï���w�ê�ˆ

�t�‘�”�„�³�U�z�d�º���3�’�W�t�‘�l�o
M�š�^�•�”�\�q�›�™�¯�b�”�{


ú�g�q�w�0� �����q�Š
…�w
ï�Å

�Ž	Í�w�A�L�‘�“�z TAD �w�3�’�W�����x�z�w�-
ú�g�t�S�Z�”
‡���ç�ä�—�¶�q�Í�w�0� �����›�Ë�m�\�q�U
ü

�T�”�{

�w�-
ú�g TAD

�“�Ä W 	Ø�C�$�„�³ �

�×���¤�É�ç�ª�”�) � F �§
u�ó�p�) � F (t)

�¤�ï�Ä�é�Ð�”
\
R h� � � F i

�D�o�a�� p = p0

�3�ˆ�„�³���g �Ü (8.145)

�\�w�0� �x�z�x�‘�w
ú�g�>���t�‘���b�”�‹�w�p�x�s�X�z�d�º���S�w�-����
��=�q�€	°���S�w�‹�Ö�q�M�O�z TAD

�w�,�Š�Ï���t���R�`�o
ž
µ�$�t�q�•�”�‹�w�p�K�”�{

�›�t�z�Š
…�p�‹	Z�`�h�����x�z

ˆ Jarzynski ���Ã�s�Ü

ˆ �H�Ë�O����
Æ�s�Ü

ˆ �3�ˆ�„�³����

ˆ �D�o�Ã�v	Ú�E
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�U�z�b�‚�o�w�°�$�t�‹�T�•�”�\�q�›�Ô�`�o�M�”�{�b�s�˜�j�z TAD �t�S�Z�”�3�’�W�����x�z�w�-
ú�g�t�S�Z

�”
‡���ç�3�’�W���g�q���Ü�$�0� [95, 38]�›�Ë�j�s�U�’�z�d�º���S�q
ï�”�-���Ï���t�,�n�X� �×�w
ú�g�$�r	


�›�)�Q�”�\�q�U�¬�Ý�^�•�h�{


ï�Å�b�”�q�z TAD �x�x��
ü�ú�t�‘���`�s�M���p�z
‡���ç�a���t
Ó�'�$�s�ä�—�¶�$�Ï���›�º�A�b�”�î
Ê�ˆ�q

�`�o�•�”�n�Z�’�•�”�{�Š
…�w�A�L�x�z TAD �U
ú�g�%�z
\
ú�%�z�&�A�%�›���‰�¿
c�s�ˆ�$�a���t�0�`�o�z�ž�è�w

�„�³�g�æ�›�)�Q�”�,
k�q�s�”�\�q�›�Ô�`�o�M�”�{

8.10 �°�Í�i�s�M�Þ�Ã�ç�t�‘�”�í���¦�Á�w�µ�­�¿�½

�Š
…�p�x�z�°
`	Ý�6�í���¢�¬�å�Ñ�£	Í�w TAD �A�ù�›	Z
C�:�q�`�o�z�°�Í�i�s�M�Þ�Ã�ç�•�w�¦�Á�›�ß�Q�”�{

�Ê�”�Å i �t�S�Z�”
ï�”

ni (t) =
Z t

T1

gi (t; T ) dT (8.147)

�t�0�`�o�z 6 	·�p�‹	Z�`�h
C�2�M���Ü (6.9) �›�6���b�”�q�z

_ni (t) = Gi (t)+
X

k

Pk;i

Z t

T1

� k;i (t; T )� k (t; T ) gk (t; T ) dT � f i (t) �
Z t

T1


 i (t; T )gi (t; T ) dT +
Z t

T1

Gbulk
i (t; T ) dT

(8.148)

�p�K�”�{�\�\�p

f i (t) :=
Z t

T1

� i (t; T )gi (t; T ) dT (8.149)

�x�Ê�”�Å i �T�’�w TAD �$�s�L	Z�Ñ�é�”�p�K�”�{

�Ž�<�p�x�z�d�º�Ì�� T �t���b�”�‘��
Q�›�X�q�`�z

� i (t; T ) � � i (t); 
 i (t; T ) � 
 i (t); � k;i (t; T ) � � k;i (t) (8.150)

�›�>���b�”�{�b�s�˜�j�z�¤�Á	t TAD �â�Ç�¿�Ä�w�L	Z�p�S�‘�|�n
0�p�z�µ�­�”�ç�!�õ�p�x�d�º�Ì���t�x�‘���`

�s�M�U�z�Ê�”�Å i; k �t�x�‘���`�˜�”�‹�w�q�b�”�{

�\�w�q�V�z

f i (t) = � i (t)ni (t) (8.151)
Z t

T1

� k;i (t; T )� k (t; T ) gk (t; T ) dT = � k;i (t)� k (t)nk (t) (8.152)

Z t

T1


 i (t; T )gi (t; T ) dT = 
 i (t)ni (t) (8.153)

�p�K�“�z�^�’�t�z

B i (t) :=
Z t

T1

Gbulk
i (t; T ) dT (8.154)

�q�S�X�q�z�Ü (8.148) �x

_ni (t) = Gi (t) + B i (t) � 
 i (t)ni (t) +
X

k

Pk;i � k;i (t)� k (t)nk (t) � f i (t) (8.155)

�q	{�Z�”�{

140



8.10. �°�Í�i�s�M�Þ�Ã�ç�t�‘�”�í���¦�Á�w�µ�­�¿�½

�\�\�p�z�Ê�”�Å k �T�’�Ê�”�Å i �•�î�M�t�;�û�b�”���®�Ñ�é�”�›

f k;i (t) := � k;i (t)f k (t) = � k;i (t)� k (t)nk (t) (8.156)

�q���[�b�”�{ � k;i (t) �x�z�Ê�”�Å k �T�’�Ê�”�Å i �•�w�A�ù�§�S�z�K�”�M�x�L	Z�Ñ�é�”�w�O�j�í���6
�
ü�t�/�)

�b�”���®��
:�p�K�”�{�\�w�q�V�z

f i (t) =
X

j

Pi;j � i;j (t)� i (t)ni (t) =
X

j

Pi;j f i;j (t)

�q�s�”�{�\�w�G�O�›�;�M�”�q�z
ï�”�M���Ü�x

_ni (t) = Gi (t) + B i (t) � 
 i (t)ni (t) +
X

k

Pk;i f k;i (t) �
X

j

Pi;j f i;j (t) (8.157)

�q	{�Z�”�{

8.10.1 �°�Í�i�7�Ù
€�A�ù

�°�Í�i�¨� 	Í�w�Ê�”�Å i �›�ß�Q�”�{�Ê�”�Å i �T�’�w���®�L	Z�Ñ�é�”�U�7�Ù
€�Ê�”�Å i � 1 �t�s�¬�p�p�6
�
ü

�^�•�”�q�>���b�”�{�b�s�˜�j�z

Pi;i � 1 = Pi;i +1 =
1
2

(8.158)

�q�b�”�{

�\�w�q�V�z�Ê�”�Å i �•�w�v�Ö�x�z�¡
€�Ê�”�Å i � 1 �S�‘�| i + 1 �T�’�w���®�Ñ�é�”�t�‘�l�o�)�Q�’�•�”�{�b

�s�˜�j�z

Pi � 1;i = Pi +1 ;i =
1
2

(8.159)

�p�K�”�{

�`�h�U�l�o�z�°�Í�i�7�Ù
€�A�ù�w�°
`���q�`�o
ï�”�M���Ü (8.157) �x

_ni (t) = Gi (t) + B i (t) � 
 i (t)ni (t) +
1
2

f i � 1;i (t) +
1
2

f i +1 ;i (t) �
1
2

f i;i � 1(t) �
1
2

f i;i +1 (t) (8.160)

�q�s�”�{�\�\�p�z�°�Í�i�s�M�Þ�Ã�ç�q�`�o�z�Ê�”�Å j �T�’�(�È�¡
€�Ê�”�Å�•�²�T�O�í���A�ù��
:�U�æ�V
Œ�t�‘

���`�s�M�q�>���b�”�{�b�s�˜�j�z

� j;j � 1(t) = � j;j +1 (t) =: � j (t) (8.161)

�q�b�”�{�\�w�q�V�z�Ê�”�Å j �T�’�(�È�•�6
�
ü�^�•�”���®�L	Z�Ñ�é�”�›

Fj (t) := � j (t)f j (t) = � j (t)� j (t)nj (t) (8.162)

�q	{�Z�”�{

�`�h�U�l�o�z

f i � 1;i (t) = Fi � 1(t); f i +1 ;i (t) = Fi +1 (t) (8.163)

�S�‘�|

f i;i � 1(t) = Fi (t); f i;i +1 (t) = Fi (t) (8.164)
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�p�K�”�{�\�•�›�Ü (8.160) �t�E�Ö�b�”�q�z

_ni (t) = Gi (t) + B i (t) � 
 i (t)ni (t) +
1
2

Fi � 1(t) +
1
2

Fi +1 (t) �
1
2

Fi (t) �
1
2

Fi (t)

= Gi (t) + B i (t) � 
 i (t)ni (t) +
1
2

f Fi +1 (t) � 2Fi (t) + Fi � 1(t)g : (8.165)

�`�h�U�l�o�z�°�Í�i�7�Ù
€�s�M�A�ù�w�‹�q�p�x�z�m�„�å�Ó�å�³�ž�ï

Fi +1 (t) � 2Fi (t) + Fi � 1(t) (8.166)

�U�×
µ�t�q�•�”�{�\�\�p�z�å�Ó�å�³�ž�ï�U�^�;�`�o�M�”�w�x�µ�S ni �f�w�‹�w�p�x�s�X�z

Fi (t) = � i (t)� i (t)ni (t) (8.167)

�p���[�^�•�”���®�L	Z�Ñ�é�”�p�K�”�{

i � 1 i i + 1

TADTAD TAD

� 1
2 F i (t )� 1

2 F i (t )

1
2 F i � 1 (t ) 1

2 F i +1 (t )

Gi (t ) + B i (t )


$ 8.4 TAD �â�Ç�¿�Ä�w�°�Í�i�7�Ù
€�A�ù�{�ü�¹�x�® 1 �µ�Â�¿�Ó�w�6
ü
��¢ � t �£�º�w�;�û�q���ù�£�¯�›
¯�b�{

8.10.2 �È���.�Ã�v

�¨� ���´�› � x �q�`�z x = i � x �q�S�X�{�‡�h�z

ni (t) ' n(x; t ); � i (t) ' � (x; t ); � i (t) ' � (x; t ); 
 i (t) ' 
 (x; t ); (8.168)

Gi (t) ' G(x; t ); B i (t) ' B (x; t ) (8.169)

�q
¯�G�b�”�{

�Ü (8.165) �›�Ì�����ˆ � t �p�Â�l�h���p�ß�Q�z � t �w���t�¡
€�Ê�”�Å�•�w���®�Ñ�é�” Fi �w�;�û�q���ù�U 1 �s

�I�\�”�q�µ�­�”�æ�ï�¬�b�”�q�z

ni (t + � t) � ni (t)
� t

= Gi (t) + B i (t) � 
 i (t)ni (t) +
1
2

Fi +1 (t) � 2Fi (t) + Fi � 1(t)
� t

(8.170)

�p�K�”�{

�¦�„�µ�­�”�æ�ï�¬

D := lim
� x ! 0; � t ! 0

(� x)2

2� t
(8.171)

�›�‹�Ö�b�”�q�z

1
2

Fi +1 � 2Fi + Fi � 1

� t
=

(� x)2

2� t
Fi +1 � 2Fi + Fi � 1

(� x)2

�! D
@2

@x2
F (x; t ) (8.172)
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�q�s�”�{�\�\�p

F (x; t ) = � (x; t )� (x; t )n(x; t ) (8.173)

�p�K�”�{

�`�h�U�l�o�z�È���.�Ã�v�p�x

@
@t

n(x; t ) = D
@2

@x2
f � (x; t )� (x; t )n(x; t )g � 
 (x; t )n(x; t ) + G(x; t ) + B (x; t ) (8.174)

�›�˜�”�{

�Ü (8.174) �x�z�°�Í�i�s�M TAD �A�ù�T�’�˜�’�•�”�z
ï�”	Ô n(x; t ) �t�0�b�”�°
`�$�s
S� { ��
ù�M���Ü�p�K

�”�{�\�w�Ü�p�x�z�í����
ù�ò�x�µ�S n �w�å�Ó�å�³�ž�ï�p�x�s�X�z���®�Ñ�é�”

F (x; t ) = � (x; t )� (x; t )n(x; t ) (8.175)

�w�å�Ó�å�³�ž�ï�q�`�o�q�•�”�{�`�h�U�l�o�z�í���$�s�!�=�›�§
��b�”�w�x�z�µ�S
ü
Í�f�w�‹�w�p�x�s�X�z�í��

�A�ù��
: � �z�Á	t�L	Z�p � �z�S�‘�|�µ�S n �w
u�t�‘�l�o���‡�”���®�Ñ�é�”�w�2�?�p�K�”�{

�\�\�p�z���®�Ñ�é�” F (x; t ) �›�;�M�o�z�í���Ñ�å�¿�«�µ�›

J (x; t ) := � D
@

@x
F (x; t ) = � D

@
@x

f � (x; t )� (x; t )n(x; t )g (8.176)

�q���[�b�”�q�z

D
@2

@x2
F (x; t ) = �

@
@x

J (x; t ) (8.177)

�p�K�”�T�’�z
@
@t

n(x; t ) +
@

@x
J (x; t ) = � 
 (x; t )n(x; t ) + G(x; t ) + B (x; t ) (8.178)

�q	{�Z�”�{�›�t 
 � 0; G � 0; B � 0�¢�n
0�s�`�z�Ž
\�Ö�—�s�`�£�s�’�z

@
@t

n(x; t ) +
@

@x
J (x; t ) = 0

�q�s�”�w�p�z n �x�-�����¢�È���w�Ü�£�t	H�O�-���”�q�`�o�r	
�p�V�”�{

8.10.3 �n
0�4	ˆ�¢ G = 
n �£
M�ÿ�<�t�S�Z�” n(x; t ) �w�•�ˆ

�Š
…�p�x�g
Ý�$�s�Ã�v�q�`�o�z

ˆ �Ì�ç�«���V	Z�`�s�`�• B (x; t ) � 0

ˆ �Á	t�L	Z�p�x��
:�• � (x; t ) � � 0

ˆ �Á	t�n
0�p�x��
:�• 
 (x; t ) � 
 0

ˆ �s
��í�• � (x; t ) � 1

�q�b�”�q�z (8.174) �x
@
@t

n(x; t ) = D� 0
@2

@x2
n(x; t ) � 
 0n(x; t ) + G(x; t ) (8.179)

�q�s�”�{
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�^�’�t�z�n
0�4	ˆ

G(x; t ) = 
 0n(x; t ) (8.180)

�›�>���b�”�q�z * 22�Á	t
S� �ò�x
ì�t�^�•�z

@
@t

n(x; t ) = D� 0
@2

@x2
n(x; t ) (8.181)

�›�˜�”�{�b�s�˜�j�Š�>���w�‹�q�p�x�z n(x; t ) �w�Ì���!�=�x�z�Á	t�$�s�n
0�p 
 0 �p�x�s�X�z�L	Z�p � 0 �t�‘�l

�o�§
��^�•�”�{

�\�\�p (8.180) �x�z 
 0 > 0 �w�‹�q�p

n(x; t ) =
G(x; t )


 0
(8.182)

�q�‰�‹�p�K�”�{�`�h�U�l�o�z (8.181) �x

@
@t

n(x; t ) = D
� 0


 0

@2

@x2
G(x; t ) (8.183)

�q	{�Z�”�{

	H�l�o�z�n
0�4	ˆ	Ú�E�w�‹�q�p�x�z n(x; t ) �w�Ì���!�=�x�0�¯�Ö�— G(x; t ) �w�í���2�?�z�›�t�f�w�Ë�Š
•
ü

�¢�Â�p�£�t�‘�l�o�>�‡�”�{�›�t�z�Ì�� t �›�{���`�h�q�V�w�í����	Ý G(x; t ) �t� �a�o�z�Í�w�‘�O�s�¨���=�U�˜�’

�•�”�{

Type 1: 
i�­���¢�µ�S�Ì��
Æ�!�z�v�•�Á�`�£

G(x; t ) = C(t) (8.184)

�b�s�˜�j�0�¯�Ö�—�U�í���°�7�p�K�”	Ô�ù�z

@
@x

G(x; t ) = 0 ;
@2

@x2
G(x; t ) = 0

�p�K�”�{

�\�w�q�V�z�Ñ�å�¿�«�µ

J (x; t ) = � D� 0
@

@x
n(x; t ) = � D

� 0


 0

@
@x

G(x; t ) = 0 (8.185)

�p�K�“�z�‡�h (8.183) �‘�“
@
@t

n(x; t ) = 0

�p�K�”�{�`�h�U�l�o�z�µ�S�x�Ì��
Æ�!�p�K�“�z�T�m�v�•�x���O�`�s�M�{

Type 2: ��	×�v�›�•�b
‡�y	V���¢�µ�S�Ì��
Æ�!�z�v�•�x�°���£

G(x; t ) = a(t)x + b(t); a(t) 6= 0 (8.186)

* 22 G(x; t ) �U�%�w�n
0�›���Ì�t�¢	j
i�$�t�£�4	ˆ�b�”�{� �o
ì�p�w	ü
ã�M�›�b�”�q�ß�Q�•�y�‘�M�{
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�w	Ô�ù�›�ß�Q�”�{�\�w�q�V
@2

@x2
G(x; t ) = 0

�p�K�”�T�’�z (8.183) �‘�“
@
@t

n(x; t ) = 0

�U	H�O�{

�°�M�z
@

@x
G(x; t ) = a(t)

�x�í���$�t�°���p�K�”�{�n
0�4	ˆ	Ú�E n = G=
 0 �›�;�M�”�q�z

n(x; t ) =
G(x; t )


 0

�p�K�”�T�’�z�Ñ�å�¿�«�µ�x

J (x; t ) = � D
� 0


 0
a(t) (8.187)

�q�s�“�z�í���°�7�s��	×�v�q�`�o���O�`�˜�”�{�b�s�˜�j�z�µ�S�x�Ì��
Æ�!�p�K�”�U�z�v�•�x�¸�é�q�x�v�’�s�M�{

Type 3: �µ�S�!�=�›
P�O�°
`���¢�!���~���ù�£

G(x; t ) �U
¢���p�s�M	Ô�ù�t�x�z�°
`�t
@2

@x2
G(x; t ) 6= 0

�p�K�”�{�`�h�U�l�o (8.183) �t�‘�“�z
@
@t

n(x; t ) 6= 0

�q�s�”�{�\�w	Ô�ù�z�µ�S�x�Ì��
C�2�`�z�í���$�s�!���‡�h�x���ù�U
\�a�”�{�Ì��
C�2�w�Á	t�$�s
ÿ�n�x�z G �w

�Â�p�w
Ö�ø�q�G�V�^�t�‘�l�o�>�‡�”�{

�Ž	Í�‘�“�z�n
0�4	ˆ (8.180) �w�‹�q�p�x�z G(x; t ) �w�í���2�?�U�z n(x; t ) �w�Ì���!�=�w���Á�q�7�Ü�›
ü�¨�b

�”�>���¼� �q�s�”�{

�»�¶�$�r	
�q� �;�D�ó
Q

	Í�G�w�¨���=�x�z�n
0�4	ˆ�^�•�h�í�� TAD �%�t�S�M�o�z�0�¯�Ö�— G(x; t ) �w�í���2�?�›
ƒ�-�b�”�\�q�p�z

�µ�S
ü
Í n(x; t ) �q�Ñ�å�¿�«�µ J (x; t ) �›
M�š�p�V�”�\�q�›�Ô�`�o�M�”�{�\�\�p G(x; t ) = 
 0n(x; t ) �x�z�o�s

�”�Ž
\�Ö�—�p�x�s�X�z�Á	t�$�s�n
0�›�4	ˆ�`�s�U�’	t�l�w�µ�S	Ô�›�¡�Ë�b�”�h�Š�w
M�š�Ö�—�q�`�o�r	
�p�V�”�{

�›�t�z G(x; t ) �U�í���°�7�p�K�•�y�z�µ�S�¯
��‹�Ñ�å�¿�«�µ�‹
\�a�c�z�%�x
i�­	Ý�6�›�-�m�{�°�M�z G(x; t )

�t
¢���¯
��›�)�Q�”�q�z�µ�S�x�Ì���!�=�`�s�M�‡�‡�z�í���°�7�s��	×�v�›
\
R�p�V�”�{�\�•�x�z�º
æ�w
ï�”
ü


Í�›�!���^�d�”�\�q�s�X�z�°���M�²�w��
ù�i�Z�›�¡�Ë�b�”
M�š�t�0� �b�”�{�^�’�t�z G(x; t ) �U
‡
¢���s�í��

��	Ý�›�Ë�m	Ô�ù�t�x�z�f�w�Â�p�t� �a�o�µ�S�w�Á	t�$�s
ÿ�n�U
\�a�”�h�Š�z
ü
Í�w	B
u�z�¦�„�z���ù�z�K�”�M

�x�Á	t�$�s�!���›
ƒ�-�p�V�”�{

�\�w�
�:�T�’�_�”�q�z�Š�Þ�Ã�ç�x�z�o�s�”�¦�„�M���Ü�w�6�r	
�t�q�r�‡�’�c�z�í��
ü
Í�›�‹�m�³�µ�Â�Ü�t�0

�b�”
M�š�j�g�q�`�o�w�™�¯�›�Ë�m�{�h�q�Q�y�z�=�¶
S� 	Ô�z�ä�~
ú�í��
ù�z�O�•�~
ú�v�É�¿�Ä�ë�”�«�z
��±�~
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�¿�o
ü
Í�z	Ø�C	r�g�t�S�Z�”�Æ
Q
ü
Í�s�r�t�S�M�o�z�Á	t�$�s�n
0�•	«
…�›�4	ˆ�`�s�U�’�z	t�l�w�v�•�•�µ�S


ü
Í�›�î�q�b�”
ƒ�-�ð�J�q�`�o�r	
�p�V�”�{

�›�t Type 2 �w
¢���Ö�—�x�z�µ�S�›�Ì��
Æ�!�t�-�j�s�U�’��	×�v�›
\�‰�:�p	O�A�p�K�”�{�\�•�x�z�v�.�—�¶

�t�S�Z�”
‡�y	V�$�s��	×�v�•�z�?�>�s�Ï�t�S�Z�”�°���?�•�¯
��t�‘�”��	×�?�v�t�¨�Å�`�h�Ï���›�Ë�m�{ TAD

�w���º�p�x�z�\�\�p�w�æ�ˆ�—�x�—�•�?�•�f�w�‹�w�p�x�s�X�z�n
0�4	ˆ�^�•�h�0�¯�Ö�— G(x; t ) �w�í���¯
��q�`

�o
¯�•�”�{�`�h�U�l�o�z�Ž
\�Ö�—�w�í��
��”�›
ƒ�-�b�”�\�q�p�z�µ�S�›�-�l�h�‡�‡�v�•�›
\
R�b�”�q�M�O
M�š

�$�r	
�U�D�ó�t�s�”�{

�‡�h�z Type 3 �w
‡
¢���Ö�—�x�z�í��
ü
Í�›�™
$�$�t�!���^�d�”�h�Š�w
M�š�t�0� �b�”�{ G(x; t ) �w�Â�p�U
Y

�w�–�¬�p�x�µ�S�U
ÿ�C�`�z
Û�w�–�¬�p�x�µ�S�U�n	—�b�”�h�Š�z�Ö�—��	Ý�w
ƒ�-�t�‘�“�z	B
u�–�¬�z�1
,�–�¬�z

���ù�–�¬�›�^�“
ü�Z�”�\�q�U�p�V�”�{�\�w�‘�O�s
Q�í�x�z
S� 	Ô�w�Í�»�”�ï��
R�z�¿�o
�
ü�z
ú�v�Œ�:
��”�z

	Ø�C	r�g�%�t�S�Z�”�«�™�~�Æ
Q�w�í��
M�š�s�r�•�w� �;�D�ó
Q�›�Ô�&�b�”�{

�Ž	Í�‘�“�z�n
0�4	ˆ	Ú�E�<�w�°�Í�i�s�M�Þ�Ã�ç�x�z�Ö�— G(x; t ) �w�í���2�?�›�è�a�o�z

ˆ 
i�­	Ý�6�w�¡�Ë�z

ˆ �µ�S�›�!�Q�s�M��	×�v�w
\
R�z

ˆ �µ�S
ü
Í�w�Á	t�$�s�!���•���ù�z

�›�w�°�$�t�G	\�b�”�7	–�Þ�Ã�ç�q�ˆ�s�d�”�{�\�•�x�z TAD �t�‘�”�í���¦�Á�U�z�¦�„�q	Å�w�G	\�i�Z�p�s�X�z�d

�º�›�Ë�m
ü
Í	Ô�w
M�š�~
ƒ�-�g�æ�•�¦�Á�`�˜�”�\�q�›�Ô�`�o�M�”�{

�\�w�‘�O�t�z�n
0�4	ˆ	Ú�E�<�p�x�z G(x; t ) �x�o�s�”
\
R�ò�p�x�s�X�z�µ�S	Ô�q�Ñ�å�¿�«�µ	Ô�›�‰�Ì�t
M�š�b

�”
ƒ�-�!
:�q�`�o�;�ó�b�”�{�›�t�z G �w�‹�x�Á	t�µ�S�›�z G �w�°�Í
•
ü�x��	×�Ñ�å�¿�«�µ�›�z G �w�Ë�Í
•
ü

�x�µ�S�!�=�›�F���b�”�{�\�w�~
Ú�Ï���x�z�í�� TAD �%�t�S�Z�”�Ö�—
ƒ�-�w�,�Š�j�g�›�)�Q�”�‹�w�p�K�“�z��

�™�z��
ù�~
ú�v�~�¿�o
�
ü�~	Ø�C	r�g�s�r�w� �;�–�¬�t�2�‰�p�V�”�D�ó
Q�U�K�”�{

8.10.4 �ß�o�•�è	×�¦�„�w TAD �$�r	
�q�Ÿ	×�¦�„�•�w�¦�Á

�Š
…�w�‹	Z�x�z�è	×�¦�„�› TAD �w�›	��­�”�µ�q�`�o�6�r	
�b�”�¹�:�›�)�Q�”�{�°�Í�i�s�M�A�ù�w�È���.�Ã

�v�p�x�z
ï�”	Ô n(x; t ) �x�°
`�t

@
@t

n(x; t ) = D
@2

@x2
f � (x; t )� (x; t )n(x; t )g � 
 (x; t )n(x; t ) + G(x; t ) + B (x; t ) (8.188)

�t	H�O�{�\�\�p�z�í����
ù�›�r�O�w�x�µ�S n(x; t ) �f�w�‹�w�p�x�s�X�z

F (x; t ) = � (x; t )� (x; t )n(x; t ) (8.189)

�p
¯�^�•�”���®�Ñ�é�”�p�K�”�{�b�s�˜�j�z TAD �w�í���¦�Á�p�x�z�µ�S�¯
��p�x�s�X�z���®�Ñ�é�”�w�í���Â�p

�U�µ�S�!�=�›�æ�ˆ�b�”�{

�è	×�w�¦�„�M���Ü�x�z�\�w�°
`���w�O�j�z�s
��í�p�Á	t�L	Z�p�U�í���$�t�°�7�s	Ô�ù�q�`�o�˜�’�•�”�{�b�s

�˜�j�z

� (x; t ) � 1; � (x; t ) � � 0 (8.190)
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�q�`�z�^�’�t 
 = 0 �z G = 0 �z B = 0 �q�b�•�y�z

@
@t

n(x; t ) = D� 0
@2

@x2
n(x; t ) (8.191)

�q�s�”�{�`�h�U�l�o�z

De� = D� 0 (8.192)

�›�î�®�¦�„��
:�q�S�Z�y�z�\�•�x	H�R�w�è	×�¦�„�M���Ü

@
@t

n(x; t ) = De�
@2

@x2
n(x; t ) (8.193)

�t�°�•�b�”�{

�\�w
ü�r�x�z	H�R�°�m�w��
:�q�`�o�{�˜�•�o�V�h�¦�„��
:�w�º
æ�Ï���›�Ì�Ô�b�”�{�\�\�p�z D �x�¨� ���´�•

���ù
Ã�S�t���R�b�”
È�¹�=�µ�­�”�ç�z � 0 �x�Á	t TAD �â�Ç�¿�Ä�T�’
R
ü�U�L	Z�^�•�”
Ã�S�p�K�“�z���É�:�y

�Ì��

� = � � 1
0 (8.194)

�›���Š�”�{�b�s�˜�j�z	H�R�w�¦�„��
:�x�z�í���$�s�6
�
ü�µ�­�”�ç�z�Á	t�$�s�:�y�Ì���µ�­�”�ç�›�ù�˜�d�h
È

�¹�=�”�q�`�o�g�r�p�V�”�{

�\�w
³
þ�p�x�z�¤�í���:�x�o�s�”�2�?�¶�$�•�”�p�x�s�X�z�Á	t�$�s TAD �â�Ç�¿�Ä�q�`�o�r	
�^�•�”�{�¤�â

�Ç�¿�Ä�t�Ö�l�h
R
ü�x�z�°���w�L	Z�p � 0 �p�Ž�•	Z�”�{�`�h�U�l�o�z�d�º�å�¸

a = t � T (8.195)

�›�;�M�”�q�z�0� �b�”�L	Z�µ�S�¢
Y�F�=�d�º�µ�S�£�x

p(a) = � 0 exp(� � 0a) (8.196)

�p�K�”�{�\�•�x�¦
:���w�:�y�Ì��
ü
Í�p�K�“�z�L	Z�a���U�Ý�Þ�æ�è�µ�p�K�”�\�q�›�™�¯�b�”�{

�`�h�U�l�o�z�è	×�¦�„�x�z�Á	t TAD �â�Ç�¿�Ä�º�w�:�y�Ì��
ü
Í�U�¦
:���p�K�“�z�T�m�s
��í�p�K�”	Ô�ù�t�z


ï�”	Ô n(x; t ) �w�ˆ�p���a�h�M���Ü�q�`�o�˜�’�•�”�{�t�M�õ�Q�•�y�z�è	×�¦�„�x�d�º�Ï���›�Ë�h�s�M�a���s�w

�p�x�s�X�z�d�º�Ï���U�¦
:���w�Ý�Þ�æ�è�µ�©�t	V�@�`�o�M�”�h�Š�z
ï�”�M���Ü�q�`�o���a�o�_�Q�”�›	��­�”�µ

�p�K�”�{

�°�M�z�q�î�w��
ù�q	Å�t�x�z�è	×�¦�„�p�x	G
ü�t�G	\�p�V�s�M�Ÿ	×�¦�„�U�¿�X�_�’�•�”�{�h�q�Q�y�z���¸�í


��.�¤�w�9�í��
ù�z�Ä�å�¿�Ó�›���‰
��í�¤�w�{� �¦�„�z�¨�å�µ	Ý
ú�í�•�ô
ü� �¤�w���è�z�I�T�º�w���v���¥�t

�S�Z�”��
ù�s�r�p�x�z�{� �•
R
ü�U�Á	t�–�¬�t�Õ�X�1�«�^�•�z�í���$�s�¿�U�“�U�è	×�¦�„�‘�“�‹�—�X�s�”�\�q

�U�K�”�{�\�w�‘�O�s�q	Å�p�x�z�Á	t TAD �â�Ç�¿�Ä�T�’�w�L	Z�a���U�Ý�Þ�æ�è�µ�p�K�”�q�x�v�’�s�M�{

TAD �w�
�:�T�’�_�”�q�z�è	×�¦�„�q�Ÿ	×�¦�„�w�§�M�x�z�Á	t�â�Ç�¿�Ä�t�S�Z�”�L	Z�p � �w�d�º�å�¸�‘��
Q

�q�`�o�
�Q�”�\�q�U�p�V�”�{�è	×�¦�„�p�x�z�L	Z�p�x�d�º�å�¸ a = t � T �t�‘���d�c�z

� (a) = � 0

�p�K�”�{�\�w�h�Š�z�Á	t�:�y�Ì��
ü
Í�x�¦
:���q�s�“�z
ï�”	Ô n(x; t ) �w�ˆ�p���a�h�¦�„�M���Ü�U�˜�’�•�”�{
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8.11. TAD �t�S�Z�”�¤�ï�Ä�é�Ð�”�“�æ�q�7��
ú�g�¶�q�w�����t���b�”�>
†�$�ß�o

�\�•�t�0�`�o�z�L	Z�p�U�d�º�å�¸�t�‘���`�z

� = � (a)

�q�s�”	Ô�ù�t�x�z�‰�a
ï�” n(x; t ) �p�K�l�o�‹�z�f�w�º
æ�t���‡�•�”
R
ü�w�d�º�å�¸�Ï
R�t�‘�l�o�L	Z�”�U�!
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`�t�x�p�V�s�M�{
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ü
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�Í�t�z	Z�•�¢�®�b�£���w
Y�F�=
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pout (a) =
� (a) g(a)

Z 1
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=
�G 0e� �a
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�G 0e� �a da
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0
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1
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0�Þ�Ã�ç�t�S�M�o�x

�ain = �aout =
1
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(9.17)
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Í�w�Á�G�1
Q�t�0� �`�o
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S(1 ) = 1 � log � (9.19)
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��±�w�Ì���µ�­�”�ç�›
¯�b

ˆ 
\��
��±�q�®�b
��±�w���É�å�¸�x�°�•�b�”
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9.2.2 Gompertz ���Þ�Ã�ç�w�6�q�q TAD �t�‘�”�¦�Á�D�ó
Q

Gompertz �Þ�Ã�ç [Makeham1860 , 33] �w
��±�ˆ�6�•�w� �;�x�y�X�T�’�Œ�’�•�o�M�”�{�ô�¸�8�t�®�b�p�U

�¦
:�$�t
ÿ�C�b�”	#�Ë�Þ�Ã�ç�p�K�“�z
ï
��±�x�Ž�<�w�‘�O�t
¯�^�•�”�{ N (0) = 0 �¢�Ì�� t=0 �p
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��±�¸�é�£�q
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0
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�
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� �
dT (9.20)

�0� �b�” TAD �Þ�Ã�ç�w
ƒ���›

ˆ � (t; T ) = � 0 e� ( t � T )

ˆ G(T) = G0 �¢�°��	Z
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ˆ 	s�8�Ì�� T1 = 0
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�
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T
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�
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� �
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0
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�
�

� 0

�

�
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dT (9.21)
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�
�

(9.22)
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\����
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�
�

� 0

�
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�
�

(9.23)
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0
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�
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�
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u
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�
�
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�
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�
�
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0
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�
�
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�
da (9.25)
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x =
� 0
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e�a (9.26)
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I = e� 0 =�
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1
�

dx
x
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�
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e� x
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�
� 0
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(9.28)
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=
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�
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�
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=
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�›�æ�s�O�\�q�t�‘�“�z

�ain =
Z 1

0
a p(a) da =

Z 1

0

�a

e� 0 =� E1

�
� 0
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�
E1

�
� 0

�

��
�

� 0

�

=
1

e� 0 =� E1

�
� 0
�

� + log
�
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(9.34)
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µ�t�q�•�”
Ó�'�$�s	B�ÿ���q�g�r�p�V�”�{

9.2.3 Weibull ���Þ�Ã�ç�w�6�q�q TAD �t�‘�”�¦�Á�D�ó
Q

Weibull �Þ�Ã�ç [107] �x	#�Ë
ü
Í�w
ï�›	J�È�t
¯�q�p�V�”�Þ�Ã�ç�p�z
ï
��±�x�Ž�<�w�‘�O�t
¯�^�•�”�{

N (0) = 0 �¢�Ì�� t=0 �p
ï
��±�¸�é�£�q�b�”�{

N (t) =
Z t

0
G0 exp

�
� (� (t � T)) k �

dT (9.44)

�0� �b�” TAD �Þ�Ã�ç�w
ƒ���›

ˆ � (t; T ) = k � k (t � T)k � 1

ˆ G(T) = G0 �¢�°��	Z
\�p�£

ˆ 	s�8�Ì�� T1 = 0

�q�b�•�y�z�d�º
ü
Í g(t; T ) �x

g(t; T ) = G0 exp
�
�

Z t

T
k � k (s � T)k � 1 ds

�
= G0 exp

�
� (� (t � T)) k �

�q�s�”�w�p�z
ï
��±�¢
\��
��±�£�x

N (t) =
Z t

0
g(t; T ) dT =

Z t

0
G0 exp

�
� (� (t � T)) k �

dT (9.45)

�q�s�“�z Weibull �Þ�Ã�ç�w N (t) �U�6�q�^�•�”�{ k = 1 �p�¦
:�n
0�Þ�Ã�ç�›�6�q�p�V�z k > 1 �p�C�¸�t
P�O�®�b

�p
ÿ�C�›�z k < 1 �p�.�Ç�®�b�æ�µ�«�s�r�›
¯�q�D�ó�p�K�”�{�‡�h�z � �›�Ì���‘���=�`�o���¥�!�=�›	��“���‰�\

�q�‹�D�ó�p�K�”�{

��	×	Ý�6�t�S�Z�”���É�å�¸�S�‘�|�¤�ï�Ä�é�Ð�”�¢ Weibull ���£

�å�¸�› a = t � T �q�S�X�q�z�d�º
ü
Í�x

g(a) = G0e� ( �a ) k
(9.46)

�q	{�Z�”�{�`�h�U�l�o
\����
:�x

S(a) = e� ( �a ) k
(9.47)

�p�)�Q�’�•�”�{
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T�ù
Q�q�¦�Á

�Õ�Ì���Ã�v t ! 1 �t�S�Z�”
ï
��±�x

N (1 ) =
Z 1

0
G0e� ( �a ) k

da = G0

Z 1

0
e� ( �a ) k

da (9.48)

�p�K�“�z�!
:�!�õ x = �a �›�;�M�”�\�q�p

Z 1

0
e� ( �a ) k

da =
1
�

Z 1

0
e� x k

dx =
1
k

� � 1�
�

1
k

�
(9.49)

�q�s�”�{

�`�h�U�l�o
Y�F�=�d�º
ü
Í�x

p(a) =
g(a)

N (1 )
=

k �
�(1 =k)

e� ( �a ) k
(9.50)

�p�)�Q�’�•�”�{

�‡�c�z	Z�•�¢�®�b�£���w���É�å�¸�x Gompertz �q�‰�a�^�æ (9.31) �‘�“

�aout =
Z 1

0
S(a) da =

1
k

� � 1�
�

1
k

�
(9.51)

�q�s�”�{

�Í�t�z
\��
��±�w���É�å�¸�x

�ain =
Z 1

0
a p(a) da (9.52)

�p�K�“�z�-�‰�b�”�q

�ain = � � 1 �(2 =k)
�(1 =k)

(9.53)

�q�s�”�{ * 4 �`�h�U�l�o�z Weibull ���Þ�Ã�ç�p�x

�ain 6= �aout (9.54)

�U�°
`�t
R�“�q�j�z�†	��w�)�x��	Ý�Í�å�Ý�”�» k �t�‘���b�”�{

�^�’�t�z�¤�ï�Ä�é�Ð�”�x

logp(a) = log
k �

�(1 =k)
e� ( �a ) k

= log k + log � � log �
�

1
k

�
� (�a )k

�‘�“�z

S = �
Z 1

0
p(a) log p(a) da

= �
Z 1

0

�
logk + log � � log �

�
1
k

��
p(a) da + log

k �
�(1 =k)

Z 1

0
e� ( �a ) k

(�a )k da

= � logk � log � + log �
�

1
k

�
+

�(1 + 1 =k)
�(1 =k)

= � logk � log � + log �
�

1
k

�
+

1
k

(9.55)

* 4 �!
:�!�õ t = ( �a )k �t�‘�“�z a �t���b�”
u
ü�x
Z 1

0
a e� ( �a ) k

da =
1

k� 2
�(

2

k
)

�q�s�”�{
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T�ù
Q�q�¦�Á

�q�s�”�{�`�`�z�M�¤
R1

0 p(a) da = 1 �t�| a �t���b�”
u
ü�x t = ( �a )k �w�!
:�!�õ�›�æ�s�l�h�{ * 5

�Ž	Í�w�A�L�T�’�z Weibull ���Þ�Ã�ç�p�x�Ž�<�w�›�Ã�U�˜�’�•�”�{

ˆ �¦
:�n
0�Þ�Ã�ç�¢ k = 1 �£�t�S�M�o�x �ain = �aout �U
R�q�b�”�U�z�°
`�w k �p�x�†	��x�°�•�`�s�M�{

ˆ k > 1 �w	Ô�ù�z�ô�¸�8�p�®�b�p�U
ÿ�C�b�”�h�Š�d�º
ü
Í�x	��å���t	B�¤�`�z���É�å�¸�x	–�^�X�s�”���²

�U�K�”�{

ˆ k < 1 �w	Ô�ù�z	s�8�®�b�p�U�ô�X�Õ	#
R
ü�U�’�“�•�b�M�h�Š�z�d�º
ü
Í�x�¿�U�“�z���É�å�¸�x�G�V�X�s

�”���²�U�K�”�{

ˆ �¤�ï�Ä�é�Ð�”�x�¨�ï�Ú��
:�›�è�a�o�>�‡�“�z��	Ý�Í�å�Ý�”�» k �t�‘�“�d�º
ü
Í�w�¿�U�“�U
M�š�^�•�”�{

�›�t�z�¦
:�n
0�Þ�Ã�ç�q
z�±�b�”�q�z Weibull ���Þ�Ã�ç�p�x�å�¸�‘���®�b�p�t�‘�“�d�º
ü
Í�w
‡�0	¶
Q�U
\

�a�z
��±�Ï���w���7�s�Í�»�”�ï�›
¯�q�p�V�”�\�q�U
ü�T�”�{

�Ž	Í�‘�“�z Weibull ���Þ�Ã�ç�x�¦
:�n
0�Þ�Ã�ç�w�×
µ�s�¦�Á�q�`�o�z
��±�w�å�¸�Ï���w	J�È�s�G	\�›�D�ó�q

�b�”�{

�4�
�•�¦
:�Þ�Ã�ç�•�w�°�•�¢ k = 1 �w	Ô�ù�£

�Š
…�p�x�z
²
…�p�‹	Z�`�h Weibull ���Þ�Ã�ç�w���É�å�¸�S�‘�|�¤�ï�Ä�é�Ð�”�w
¯�Ü�t�0�`�o k = 1 �›�E�Ö

�`�z�¦
:�n
0�Þ�Ã�ç�w�A�L�t�°�•�b�”�\�q�›�¬�Ý�b�”�{


²
…�p�z Weibull ���Þ�Ã�ç�t�0�`�o

�aout =
1
k

� � 1�
�

1
k

�
(9.56)

�ain = � � 1 �(2 =k)
�(1 =k)

(9.57)

S = � logk � log � + log �
�

1
k

�
+

1
k

(9.58)

�›�˜�h�{

�\�\�p k = 1 �›�E�Ö�b�”�q�z

�(1) = 1 ; �(2) = 1

�p�K�”�T�’�z�‡�c (9.56) �‘�“

�aout =
1
1

� � 1�(1) =
1
�

(9.59)

�q�s�”�{

�Í�t�z (9.57) �‘�“

�ain = � � 1 �(2)
�(1)

= � � 1 1
1

=
1
�

(9.60)

�q�s�”�{�`�h�U�l�o

�ain = �aout =
1
�

(9.61)

* 5 �7	4�$�t Z 1

0
e� ( �a ) k

(�a )k da =
1

k�
�(1 +

1

k
)

�t�<�£�^�•�”�{
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T�ù
Q�q�¦�Á

�U
R�“�q�m�{

�^�’�t�z (9.58) �t k = 1 �›�E�Ö�b�”�q

S = � log 1� log � + log �(1) + 1 = 1 � log � (9.62)

�›�˜�”�{

�Ž	Í�‘�“�z Weibull ���Þ�Ã�ç�x k = 1 �w	Ô�ù�t

�ain = �aout =
1
�

; S = 1 � log �

�q�s�“�z�¦
:�n
0�Þ�Ã�ç�w�A�L�t�°�•�b�”�{�`�h�U�l�o�z Weibull ���Þ�Ã�ç�x�¦
:�Þ�Ã�ç�›�,	j�:�q�`�o�z��

	Ý�Í�å�Ý�”�» k �t�‘�“�å�¸�‘���Ë�²�”�Å�w
ÿ�n�›�È���$�t
M�š�b�”�¦�Á�Þ�Ã�ç�q�`�o�•�”�n�Z�’�•�”�{

9.2.4 SIR �Þ�Ã�ç�w�°
`	Ý�6�í���¢�¬�å�Ñ�£	Í�w TAD �A�ù�t�‘�”�6�Ï
R

�Š
…�p�x�z�H 6 	·�p�‹�Ö�`�h�°
`	Ý�6�í���¢�¬�å�Ñ�£	Í�w TAD �A�ù�t�S�M�o�z�0�¯�¥�„�Ö�—�¢
‡�0�¯���V

	Z�`�Ö�—�x�s�`�£�q�‰�í�% � � 1 �t�0� �b�”�,�Š�M���Ü

@
@t

gi (t; T ) = �f � i (t; T ) + 
 i (t; T )ggi (t; T ) (9.63)

�›	Z
C�:�q�`�o�z	ý���¯�é�Æ�R�p�¿�X�;�M�’�•�h SIR �Þ�Ã�ç�U�z�f�w�›	��«�q�`�o�×
µ�t�‹�T�•�”�\�q�›�Ô

�b�{ [48] �\�\�p�z gi (t; T ) �x	Ý�6 i �t���b�”�¯�×�”�Ä T �w�d�º
ü
Í�p�K�“�z	Ý�6 i �t�0�b�”�v�Ö�x�0�¯�¥�„�v

�Ö Gi (T) �q���w	Ý�6 k �T�’�w�Ñ�å�¿�«�µ�v�Ö�w�ˆ�q�b�”�{�b�s�˜�j�z

gi (T; T) = Gi (T) +
X

k

Pk;i f k (T)

�U�¥�„	Ú�E�q�s�”�{�‡�h�z � i (t; T ) �x	Ý�6 i �T�’��	Ý�6�•�w�Â�p�p�¢
ï�v	Z�p�£�›
¯�b�{ * 6 �Š
…�p�x�z	Ý�6��


­� �x�b�‚�o�Ñ�é�”�w�6
ü
��q�`�o
¯�q�`�z�‰�°	Ý�6�T�’�%�Ž�•	«�æ�b�”	«
��ò�x�‹�Ö�`�s�M�¢ 
 � 0�£�{�\�w

�>���x�z�H 6 	·�p�Ï�™�`�h�¬�å�Ñ�A�ù�w�æ�g�q
T�ù�$�p�K�”�{

SIR 	Ý�6�í���¬�å�Ñ�q�A�ù�Ï��

	Ý�6�í���›

V = f S; I; R g

�q�`�z���²�¬�å�Ñ

S �! I �! R

�t�‘�l�o	Ý�6���A�ù�›���[�b�”�{�b�s�˜�j�z�•�^�•�”
­� �x S ! I �S�‘�| I ! R �w�ˆ�p�K�“�z�f�•�Ž�Ž�w
­

� �¬�p�x�¸�é�q�b�”�{

�¤	Ý�6�w
ï�”�x

X (t) =
Z t

T1

gX (t; T ) dT; X 2 f S; I; R g

�p���[�^�•�”�{

* 6 �\�\�p f k (t ) �x	Ý�6 k �T�’�w
ï�v	Z�Ñ�é�”�p�K�“�z Pk;i �x�f�w�O�j	Ý�6 i �t�6�«�Ö�^�•�”
z�p�¢
P

i Pk;i = 1 �£�›
¯�b�{
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T�ù
Q�q�¦�Á

�‡�h�z	Ý�6 i �T�’�w
ï�v	Z�Ñ�é�”�›

f i (t) :=
Z t

T1

f i (t; T ) dT =
Z t

T1

� i (t; T ) gi (t; T ) dT

�q���[�b�”�{�Š
…�p�x�z�ò
›
\
R�S�‘�|�s
î�x�b�‚�o�®�K�”	Ý�6�T�’�w�v	Z�Ñ�é�”�U�z�Í	Ý�6�w�0�¯���V	Z�`

�q�`�o�6�«�Ö�^�•�”�¯�q�M�O���p
¯�q�^�•�”�{

�¤	Ý�6�t�S�Z�”�Â�p�q�A�ù�w�¦��

�Ž�<�p�x�z�Ü (9.63) �t�q�•�” � i ; Gi ; Pk;i �› SIR �Þ�Ã�ç�t�0� �b�”���p�¦���b�”�{

S�¢�ò	!
Q	��£

S 	Ý�6�•�w�Ž
\�$�v�Ö�S�‘�|��	Ý�6�T�’�w�6
ü
��x���O�`�s�M�q�`�z

GS (T) � 0; Pk;S � 0

�q�S�X�{

�\�w�q�V�z S 	Ý�6�T�’�w�v	Z�x�ò
›�t�‘�” I 	Ý�6�•�w
­� �w�ˆ�p�K�“�z

gS (T; T) = 0 ;
@
@t

gS (t; T ) = � � S (t; T ) gS (t; T ); f S (t) =
Z t

T1

� S (t; T ) gS (t; T ) dT (9.64)

�U�˜�’�•�”�{

I�¢�ò
›	��£

I 	Ý�6�•�w	ý�F�v�Ö�x�z S 	Ý�6�T�’�w�ò
›�Ñ�é�”�t�s�`�M�{�b�s�˜�j

GI (T) � 0; PS;I = 1

�q�S�X�{

�\�w�q�V�z I 	Ý�6�T�’�w�v	Z�x�s
î�¢�‡�h�x	†�ˆ�£�t�‘�” R 	Ý�6�•�w
­� �p�K�“�z

gI (T; T) = f S (T);
@
@t

gI (t; T ) = � � I (t; T ) gI (t; T ); f I (t) =
Z t

T1

� I (t; T ) gI (t; T ) dT (9.65)

�U�˜�’�•�”�{

R�¢�s
î	��£

R 	Ý�6�•�w�v�Ö�x�z I 	Ý�6�T�’�w�s
î�Ñ�é�”�t�s�`�M�{�`�h�U�l�o

GR (T) � 0; PI;R = 1

�q�`�z R 	Ý�6�T�’�w�v	Z�x���O�`�s�M�q�>���b�”�{�b�s�˜�j

� R (t; T ) � 0

�p�K�”�{
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T�ù
Q�q�¦�Á

�\�w�q�V

gR (T; T) = f I (T);
@
@t

gR (t; T ) = 0 ; f R (t) � 0 (9.66)

�U�˜�’�•�”�{

	B�ÿ�M���Ü�q
ª	j SIR �•�w���i

(9.64)(9.65)(9.66) �›�;�M�”�q�å� �Ó�Ç�¿�À���T�’

dS
dt

= gS (t; t ) +
Z t

T1

@
@t

gS (t; T ) = �
Z t

T1

� S (t; T )gS (t; T ) dT = � f S (t) (9.67)

dI
dt

= gI (t; t ) +
Z t

T1

@
@t

gI (t; T ) = f S (t) �
Z t

T1

� I (t; T )gI (t; T ); dT = � f I (t) + f S (t) (9.68)

dR
dt

= gR (t; t ) +
Z t

T1

@
@t

gR (t; T ) = f I (t) (9.69)

�U�˜�’�•�”�{

S 	Ý�6�T�’�w�v	Z�x�ò
›�t�‘�” I 	Ý�6�•�w
­� �w�ˆ�p�K�“�z�f�w�Â�p�p � S (t; T ) �x�Ì�:�w�ò
›	�
: I (t) �t

�‘���b�”�q�`�o

� S (t; T ) = � (t) I (t)

�q�>���b�”�{�\�w�q�V�z S 	Ý�6�T�’ I 	Ý�6�•�w�v	Z�Ñ�å�¿�«�µ f S (t) �x

f S (t) =
Z t

T1

� S (t; T )gS (t; T ) dT = � (t) I (t) S(t)

�q�s�”�{�°�M�z I 	Ý�6�T�’ R 	Ý�6�•�w�v	Z�Ñ�å�¿�«�µ f I (t) �x

� I (t; T ) � 


�q�›	��=�b�•�y

f I (t) =
Z t

T1

� I (t; T ) gI (t; T ) dT = 
I (t)

�q�s�”�{�`�h�U�l�o
dS
dt

= � �IS;
dI
dt

= �IS � 
I;
dR
dt

= 
I

�U�k�µ�t�6�q�^�•�”�{

�Ž	Í�‘�“�z SIR �Þ�Ã�ç�x�z�°
`	Ý�6�í���¢�¬�å�Ñ�£	Í�w TAD �A�ù�M���Ü�t�S�M�o�z 	Ý�6��
­� �›�b�‚�o�Â

�p�p � �t�‘�”�Ñ�é�”�6
ü
��q�`�o
¯�q�`�h �›	��«�q�`�o�g�r�p�V�”�{

�“�æ�$�����¢	B�- SIR vs. �Û�«�é TAD�£


ª	j SIR �x�z�ò
›�Ì�� T �t���b�”�d�º�›
u
ü�`�o�õ�`�h	B�-�!
: (S; I; R ) �w�ˆ�—�¶�›�z�®�s
î�p�U�ò
›�™

�&�a�Ì���t�‘�’�s�M� �̄s�w�>���w�<�p�G	\�b�”�Þ�Ã�ç�p�K�”�{�\�•�t�0�` TAD �x�z�ò
›�Ì�� T �›�-�Ë�`�h�d

�º
ü
Í gI (t; T ) �t�‘�l�o�z�Û�«�é�s�ò
›�å�¸�Ï���›�Ì�Ô�$�t�G	\�b�”�{

�`�h�U�l�o
ª	j SIR �x�z TAD �t�S�Z�”�d�º�!
: T �›	B�ÿ�`�h�Ã�v�q�`�o�•�”�n�Z�’�•�”�{
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T�ù
Q�q�¦�Á

�ò
›�¯�×�”�Ä�µ�S gI (t; T ) �›�-�Ë�b�”�\�q�w�™�[

	H�R���w SIR �x�ò
›	�
: I (t) �›�o�°�w	B�ÿ�!
:�q�`�o�{�O�{�f�w�A�L�z�‰�a I (t) �›�Ë�m�Ë�m�w	Ý�6�U�z�ò


›�&�a�Ì���w
ü
Í�q�`�o�x
¶�X�Ÿ�s�“�˜�”�t�‹�T�T�˜�’�c�z�f�•�’�›�à���p�V�s�M�{�b�s�˜�j�z�ò
›�Ì�� T �t

���b�”	Ø�C�U	B�ÿ�w�a���p�æ�˜�•�o�M�”�{
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TAD �¢ Traced Allocation Dynamics�£�g�æ�x�z�Ö�—�Ì���q�
���Ì���w�Ë�!
:�t�‘���b�”�º
æ	Ý�6 g(t; T ) �›�,


Å�q�`�o�z�%�º�w�ˆ�$�!�=�›�w�°�$�t�G	\�b�”�î
Ê�ˆ�p�K�”�{�­�­�~�G�1�Þ�Ã�ç�t�S�M�o�‹�z�G�1�w�-�Ë�~�h

�k�x�Ö�—�Ì���t�‘���b�”�ˆ�6�›�Ë�m�h�Š�z TAD �p�×
µ�t�G	\�p�V�”�q�ß�Q�’�•�”�{

�Š	·�p�x�z	Z�—�¢��	Ý�6�•�w�Â�p�£�›�ß�Q�s�M�h�Š � � 0�z�µ�­�”�æ�ï�¬�x � � 1 �q�`�z�h�k�x�4
Y 
 (t; T )

�t�‘�“
¯�b�{�7���Þ�Ã�ç�q�`�o�w�¤�Ï�ï�¬�Ë�¢�µ�w�h�k�Â
¢�›�z TAD �w G(t; T )�¢�Ö�—�£�q 
 (t; T )�¢�h�k��


:�£�w
¬�|�M�q�`�o�6�Ï
R�`�z [21, 111]�^�’�t TAD �t�,�n�X�h�k�p�w�‘���Ï���q
ï�G�1�”�w
R�Õ�7�Ü�q�`�o

�®�Ï���G�1�>
†�¯�›���I�b�”�{

�7�™�t�z�¶	6�ò�è�t�0�b�”
î	6�-�h�ð�J�›�z TAD �w�d�º�Ï�� g(t; T ) �t�,�n�M�o���Ü�=�`�z
‡�×�Ì�s�<�A�›

���Ô�b�”�{

10.1 TAD �t�‘�”�¤�Ï�ï�¬�Ë�¢�µ�w�h�k�Â
¢�w�6�Ï
R

10.1.1 TAD �p�w�,�Š
ƒ���q�°
`�r

�Š
…�p�x�z�G�1�w��
R�q�h�k�› TAD �t�‘�“�G	\�b�”�{�Ž�<�w
ƒ���›�>�;�b�”�{

ˆ � � 0; � � 1

ˆ �¶	6�t�‘�”�Ö�—�x�0�¯�¥�„�Ö�—�w�ˆ�•

g(T; T) = G(T); Gbulk (t; T ) � 0

ˆ �h�k��
:�x
ì�0�Ì���w��
:�•


 (t; T ) = 
 (t � T)

�\�w�q�V�z�d�º�G�1�’���” g(t; T ) �x

@g(t; T )
@t

= � 
 (t � T) g(t; T ) (T < t ); g(t; T ) = 0 ( T > t ) (10.1)

�›�¬�h�b�{

�f�w�°
`�r�x

g(t; T ) = G(T) exp
�

�
Z t

T

 (s � T) ds

�
(10.2)

�p�)�Q�’�•�”�{



10.1. TAD �t�‘�”�¤�Ï�ï�¬�Ë�¢�µ�w�h�k�Â
¢�w�6�Ï
R

10.1.2 �G�1
ï�”�q�h�k�Â
¢

TAD �p�x�d�º
ü
Í g(t; T ) �t�‘�“�G�1�w	Ý�6�U�G	\�^�•�”�U�z�Ì�� t �t�S�Z�”�G�1�w
ï�”�x

N (t) =
Z t

T1

g(t; T ) dT (10.3)

�p���[�^�•�”�{

�\�w�” N (t) �x�z�Ì�� t �t�S�M�o�-�Ë�^�•�o�M�”�G�1�w
ï�.�›
¯�`�z�è	×�w�™�¯�p�w�h�k�Â
¢�t�0� �b�”�”

�p�K�”�{

10.1.3 �¤�Ï�ï�¬�Ë�¢�µ��
ƒ���q�h�k�Â
¢

�¤�Ï�ï�¬�Ë�¢�µ�w�h�k�î�g�x�z�o
C�w�¶	6�w�™�t�Ì���&�a�t
P�O�-�Ë�w�ÿ�<�›�
���b�”�‹�w�p�K�”�{�\�•�t

�0� �`�o�z TAD �p�x�o
C�Ö�—

G(T) = G0 � (T � Tin ); T1 < T in < t (10.4)

�›�>���b�”�{

�\�w�q�V�z�Ü (10.2) �‘�“

g(t; T ) = G0 � (T � Tin ) exp
�

�
Z t

T in


 (s � Tin ) ds
�

(10.5)

�q�s�”�{

�\�•�›�Ü (10.3) �t�E�Ö�b�”�q�z

N (t) = G0 exp
�

�
Z t

T in


 (s � Tin ) ds
�

(10.6)

�›�˜�”�{

�`�h�U�l�o�z
Y�F�=�”
N (t)
G0

(10.7)

�x�z�-�Ë���´�t� �a�o�ÿ�<�b�”�h�k�Â
¢�t�0� �b�”�{�s�S�z�j�¶�p�Ú
€�
���^�•�”�”�x
…�ÿ�p�¢ savings�£�p�K

�”�U�z�Š
…�p�x�f�•�t�0� �b�”
œ�O�$�-�Ë��
:�q�`�o	Í�Ü�›�;�M�”�{

10.1.4 �h�k��
:�w�é�.��

�h�k��
: 
 (a) �w
¬�|�M�t�‘�“�z�^�‡�_�‡�s�h�k�Â
¢�U�˜�’�•�”�{�`�`�z a = t � T �p�K�”�{

�o	m�¦
:�¢ 
 (a) = � �£�w	Ô�ù

N (t) = G0 e� � ( t � T in ) ; t ! 1 �p 0 (10.8)

�\�w	Ô�ù�z�h�k�x�¦
:�$�t
��æ�b�”�{
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R

	j�¦
:�¢ 
 (a) = �a b� 1�£�w	Ô�ù

N (t) = G0 exp
�

�
�
b

(t � Tin )b
�

; t ! 1 �p 0 (10.9)

�\�w	Ô�ù�z	s�8�t�x���t�n
0�`�z�f�w�™���•�T�t
Œ�›�¾�X���q�s�”�{

�\�•�’�x�M�c�•�‹�z�¤�Ï�ï�¬�Ë�¢�µ�w�h�k�Â
¢�q�`�o�Œ�’�•�”�®	s�8�x�n�~�™�8���n�¯�w�•�ˆ�›�6�q�b�”�{

[73, 90, 111]

10.1.5 ��
Q�$�r	


�o	m�¦
:���p�x�z���£
Æ�‘�S 
 (a) = � �U�°���p�K�”�h�Š�z�G�1�w�n
0�x�Ì���t�‘���`�s�M�¬�p�p
��æ�b�”�{

�\�•�x�z�¤�G�1��
{�U� �q�t	«�æ�b�”�Ú�ç�¯�Ñ�$�a���t�0� �`�z
ú�g�¶�t�S�Z�”�°�Š���è�q�‰���p�K�”�{

�°�M�z	j�¦
:��


 (a) = �a b� 1; 0 < b < 1 (10.10)

�p�x�z���£
Æ�‘�S�U�&�a�Ì���q�q�‹�t�ÿ�<�b�”�{�f�w�A�L�z	s�8�t�x�x���t�h�k�U
��‰�U�z�™�8�t�x���•�T�s

�n
0�•�q� �æ�b�”�{

TAD �w�
�:�p�x�z�\�•�x�h�k�p�U�d�º�Ì���t�‘���b�”�\�q�t�‘�”
‡�Ú�ç�¯�Ñ�$�s���è�a���p�K�“�z�G�1�w

�d�º�Ï���U�n
0�a���t
S�é�^�•�o�M�”�\�q�›�™�¯�b�”�{

�Ž	Í�‘�“�z�¦
:���x�®�d�º�›�Ë�h�s�M�o	m���è��̄z	j�¦
:���x�®�d�º�t�‘���`�h���è� �̄q�`�o�•�”�n�Z�’�•�”�{

10.1.6 ���É�å�¸�q�¤�ï�Ä�é�Ð�”�t�‘�”�G�1�Ï���w
°�A

�G�1�w
ï�”�i�Z�p�s�X�z�f�w�d�º�Ï���›
°�A�b�”�h�Š�t�z���É�å�¸�S�‘�|�¤�ï�Ä�é�Ð�”�›�‹�Ö�b�”�{

�‡�c�z�Ì�� t �t�S�Z�”
ï�G�1�”�›

N (t) =
Z t

T1

g(t; T ) dT (10.11)

�q���[�`�z
Y�F�=�^�•�h�d�º
ü
Í

p(t; T ) =
g(t; T )
N (t)

(10.12)

�›�‹�Ö�b�”�{

�&�a�Ì�� a = t � T �›�;�M�”�q�z

p(a) =
g(t; t � a)

N (t)
; a � 0 (10.13)

�q
¯�^�•�”�{

�\�w�q�V�z���É�å�¸�x

�a(t) =
Z 1

0
a p(a) da (10.14)

�p�)�Q�’�•�z�d�º
ü
Í�w�¤�ï�Ä�é�Ð�”�›

S(t) = �
Z 1

0
p(a) log p(a) da (10.15)

�q���[�b�”�{

�Ž�<�p�x�z��	×�Ö�— G(T) � G0 �›�>���`�z�h�k��
: 
 (a) �w�§�M�t�‘�”�Ï���w�)�›�r
s�b�”�{
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�o	m�¦
:�w	Ô�ù


 (a) = � �w	Ô�ù�z�d�º�G�1�’���”�x

g(a) = G0e� �a (10.16)

�p�K�“�z
Y�F�=�d�º
ü
Í�x�Ž�<�w�‘�O�t�¦
:
ü
Í�t�s�”�{

p(a) =
g(a)

Z 1

0
g(a) da

= �e � �a (10.17)

�`�h�U�l�o�z

�a =
1
�

; S = 1 � log � (10.18)

�›�˜�”�{

�b�s�˜�j�z�h�k�p � �U�G�V�M�„�r���É�å�¸�x	–�^�X�s�“�z�G�1�x	ý�`�M�‹�w�t	B�¤�b�”�{�‰�Ì�t�¤�ï�Ä�é

�Ð�”�‹�ÿ�<�`�z�d�º
ü
Í�x
Œ�ö�=�b�”�{

	j�¦
:�w	Ô�ù

	j�¦
:���h�k�q�`�o


 (a) = �a b� 1; 0 < b < 1; � > 0 (10.19)

�›�ß�Q�”�{

�\�w�q�V�z�d�º�G�1�’���”�x

g(a) = G0 exp
�

�
�
b

ab
�

(10.20)

�q�s�”�{

��	×�Ö�—�w�‹�q�p�w
Y�F�=�d�º
ü
Í�x

p(a) =
g(a)

Z 1

0
g(a) da

(10.21)

�p�K�“�z Z 1

0
e� ku b

du =
1
b

k� 1=b�
�

1
b

�
; k =

�
b

(10.22)

�›�;�M�”�q�z * 1

p(a) =
b

�
�
b

� 1=b

�
�

1
b

� exp
�

�
�
b

ab
�

(10.23)

�q�r
s�$�t
¯�^�•�”�{

���É�å�¸�x

�a =
Z 1

0
a p(a) da =

Z 1

0
a e� ka b

da
Z 1

0
e� ka b

da
; k =

�
b

(10.24)

�q	{�Z�”�{

* 1 x = kub �w�!
:�!�õ�q�¨�ï�Ú��
:�w���[�T�’�‹�T�•�”�{
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ü�<�t�m�M�o�x Z 1

0
e� ka b

da =
1
b

k� 1=b�
�

1
b

�
(10.25)

�p�K�”�{

�°�M�z
ü� �t�0�`�o�!
:�!�õ x = kab �›�;�M�”�q�z

a =
� x

k

� 1=b
; da =

1
b

k� 1=bx1=b� 1 dx (10.26)

�‘�“

Z 1

0
a e� ka b

da =
Z 1

0

� x
k

� 1=b
e� x 1

b
k� 1=bx1=b� 1 dx (10.27)

=
1
b

k� 2=b
Z 1

0
x2=b� 1e� x dx (10.28)

=
1
b

k� 2=b�
�

2
b

�
(10.29)

�›�˜�”�{

�`�h�U�l�o�z

�a = k� 1=b �
�

2
b

�

�
�

1
b

� =
�

b
�

� 1=b �
�

2
b

�

�
�

1
b

� (10.30)

�q�s�”�{

�Í�t�z�¤�ï�Ä�é�Ð�”

S = �
Z 1

0
p(a) log p(a) da (10.31)

�›�{�Š�”�{�\�\�p

p(a) =
e� ka b

Z
; k =

�
b

; Z =
Z 1

0
e� ku b

du (10.32)

�q�S�X�q�z

logp(a) = � kab � logZ (10.33)

�p�K�”�T�’�z

S = �
Z 1

0
p(a) log p(a) da (10.34)

= �
Z 1

0
p(a)

�
� kab � logZ

�
da (10.35)

= k
Z 1

0
abp(a) da + log Z (10.36)

�`�h�U�l�o�z
R1

0 abp(a) da �›�-�‰�b�•�y�‘�M�{
ü� 

I b =
Z 1

0
abe� ka b

da (10.37)
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�t�0�`�o�!
:�!�õ x = kab �›�;�M�”�q�z

I b =
Z 1

0

x
k

e� x 1
b

k� 1=bx1=b� 1 dx (10.38)

=
1
b

k� 1� 1=b
Z 1

0
x1=be� x dx (10.39)

=
1
b

k� 1� 1=b�
�

1 +
1
b

�
(10.40)

�\�\�p �( z + 1) = z�( z) �›�;�M�”�q�z

I b =
1
b2 k� 1� 1=b�

�
1
b

�
(10.41)

�q�s�”�{

�°�M�z

Z =
Z 1

0
e� ku b

du =
1
b

k� 1=b�
�

1
b

�
(10.42)

�p�K�”�T�’�z Z 1

0
abp(a) da =

I b

Z
=

1
bk

(10.43)

�‘�l�o

S = log Z +
1
b

(10.44)

�›�˜�”�{�^�’�t k = �=b �›�E�Ö�b�”�q�z

S = log

"
�

�
1
b

�

b

�
b
�

� 1=b
#

+
1
b

(10.45)

�q�s�”�{

�s�S�z b = 1 �q�b�”�q�¦
:��


 (a) = � (10.46)

�t�°�•�`�z

�a =
1
�

; S = 1 � log � (10.47)

�›�6�q�b�”�{

�r	


���É�å�¸ �a �x�z�G�1�U�r�w���S�a�ˆ�t�‘���`�o�M�”�T�›
¯�`�z�¤�ï�Ä�é�Ð�” S �x�d�º
ü
Í�w�¿�U�“�z�b�s

�˜�j�G�1�Ï���w���7
Q�›
¯�b�{

�o	m�¦
:���p�x�z

ˆ ���É�å�¸�U	–�^�M

ˆ �¤�ï�Ä�é�Ð�”�U�ÿ�M

�q�M�O�›�Ã�›�Ë�j�z�G�1�x�Ú�Ù�t	B�¤�b�”�{

�°�M�z	j�¦
:���p�x�z
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10.2. 
ª	j�$�¦
:�h�k�Þ�Ã�ç�t�S�Z�”�Ï���G�1�>
†

ˆ ���É�å�¸�U�G�V�M

ˆ �¤�ï�Ä�é�Ð�”�U�ô�M

�q�s�“�z�y�M�G�1�U�Õ�X�’���`�z�d�º
ü
Í�x�¿�U�”�{

�›�t b < 1 �w�q�V�z�h�k�p 
 (a) �x�Ì���q�q�‹�t�ÿ�<�b�”�h�Š�z	s�8�t�x�x���t�h�k�U
��‰�U�z�f�w�™�x�Õ

�M
Œ�›�Ë�m
ü
Í�U��
R�^�•�”�{�\�w�\�q�x�z�¤�Ï�ï�¬�Ë�¢�µ�Â
¢�w�®	s�8�x�n�~�™�8���n�¯�q�M�O�›�Ã�q
T�ù

�$�p�K�”�{

�`�h�U�l�o TAD �w�
�:�p�x�z�h�k�Â
¢�w�§�M�x�o�s�”�n
0���S�w�)�p�x�s�X�z

�G�1�w�Ì���Ï���w�§�M

�q�`�o�g�r�^�•�”�{

�¦
:���x�®�y�8	B�¤�~�ÿ���7
Q�¯�s�G�1�Ï���z	j�¦
:���x�®�Õ�8�-�Ë�~�ô���7
Q�¯�s�G�1�Ï���t�0� �b�”�{

10.2 
ª	j�$�¦
:�h�k�Þ�Ã�ç�t�S�Z�”�Ï���G�1�>
†

�‡�c�z�¤�Ï�ï�¬�Ë�¢�µ�w�h�k�Â
¢�t�E
¯�^�•�”
ª	j�$�Þ�Ã�ç�›�,	j�­�”�µ�q�`�o�ß�Q�”�{�h�k�p�›�°��


 0 > 0�z�¶	6�Ö�—�› G(t; T ) = G0� (t � T) > 0�¢�¶	6�§�S G0 �p�°���£�q�b�”�q�z�r g(t; T ) �x (10.2) �‘�“�z

g(t; T ) = G0e� 
 0 ( t � T ) (t � T)

�p�)�Q�’�•�”�{�\�w�Ì�z
ï�G�1�” N (t) �x

N (t) =
Z t

T1

G0e� 
 0 ( t � T ) dT =
G0


 0

�
1 � e� 
 0 ( t � T1 )

�

�q�s�“�z

lim
t !1

N (t) =
G0


 0

�t	)���b�”�{�b�s�˜�j�z�¶	6�§�S�U�°�� G0 �p�K�”�v�“�z
ï�G�1�” N (t) �x���v�‹�t�^�è�b�”�{

10.2.1 
ï�G�1�”�‘���h�k�p�Þ�Ã�ç�q�0
:�$
R�Õ

�h�k�p�U
ï�G�1�” N (t) �t�‘���b�”�Þ�Ã�ç


 (t; T ) = 

�
N (t)

�

�›�ß�Q�”�{ TAD �w�q�-�Ã�s�Ü

_N (t) = G(t) � L (t) = G0 �
Z t

T1


 (t; T )g(t; T )dT = G0 � 
 (N (t))
Z t

T1

g(t; T )dT = G0 � 

�
N (t)

�
N (t)

�t�S�M�o�z�Ú�™�w N (t) �t�0�`�o


 (N (t)) <
G0

N (t)

�U
R�“�q�m�q�V�z _N (t) > 0 �q�s�”�{�\�•�›�¬�h�b��
: 
 (N (t)) �x���X�w�D�ó
Q�U�K�”�U�z G0
N (t ) �U N (t) �t�0

�`�o�o�Ð�n	—�t�s�”�\�q�T�’�z 
 (N (t)) �‹ N (t) �t�0�`�o�o�Ð�n	—�t�s�”��
:�U�©�4�q�`�o�ß�Q�’�•�”�{
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ª	j�$�¦
:�h�k�Þ�Ã�ç�t�S�Z�”�Ï���G�1�>
†

�«�Q�y�z


 (N ) =
G0 � Ae� �N

N
(0 < A < G 0; � > 0) (10.48)

�q�b�”�q�z 
 (N ) �› N �p
•
ü�`�o


 0(N ) =
� G0 + Ae� �N (1 + �N )

N 2

�\�\�p x := �N � 0 �q�S�X�q�z�,�Š
Æ�s�Ü ex � 1 + x �‘�“

(1 + x)e� x � 1

�U
R�“�q�m�{	H�l�o

Ae� �N (1 + �N ) � A < G 0

�‘�l�o
ü� �x
Û�p�K�“�z N 2 > 0 �s�w�p 
 0(N ) < 0 �q�s�”�{	H�l�o�z 
 (N ) �x N �t�m�M�o�o�Ð�n	—�q�s�“�z
ï

�G�1�” N (t) �U�G�V�M�„�r�h�k�p�U�ÿ�<�b�”�q�M�O	Ý�¯�›
¯�`�o�M�”�{

�\�\�p�^�V�„�r�q�‰�7�t TAD �w�q�-�Ã�s�Ü

_N (t) = G0 � 

�
N (t)

�
N (t)

�t (10.48) �›�E�Ö�b�”�q

_N (t) = G0 �
� G0 � Ae� �N ( t )

N (t)

�
N (t) = Ae� �N ( t )

�›�˜�”�{�‘�l�o
ü�m���q�s�“�z

e�N ( t ) dN = A dt

�‘�“
u
ü�`�o
1
�

e�N ( t ) = At + C

�q�s�”�{	s�8	Ú�E N (0) = N0 �›�;�M�•�y C = 1
� e�N 0 �p�K�”�T�’�z

N (t) =
1
�

log
�

e�N 0 + �At
�

�›�˜�”�{	H�l�o�z

N (t) �
1
�

log t (t ! 1 )

�q�s�“�z
ï�G�1�”�x	Í�v�s�X
ÿ�C�`���Z�”�U�z�f�w
ÿ�C���S�x�0
:�$�t�ÿ�<�b�”�{ * 2

�\�w�A�L�x�z
ï�G�1�”�U
ÿ�G�b�”�t�m�•�o�h�k�p�U�ÿ�<�`�z���æ�ò 
 (N )N �U�Ö�—G0 �t
´�Ù�b�”�\�q�›�™

�¯�`�o�M�”�{�b�s�˜�j�z�Œ�Ý�U
ÿ�Q�”�„�r���£�U
��ˆ�z�å�C�¶	6�w�®�L�x�Í�H�t	–�^�X�s�”�U�z�g�æ	Í�x	Í�v

�s�X�•
u�U���X�q�M�O	Ý�¯�›
¯�q�`�o�M�”�{

* 2 �‹�l�q�³�ï�Ó�ç�s�­�”�µ�q�`�o�z 
 (N ) =
G0 � A

N
(0 < A < G 0 ) �p�‹�‰�7�s�<�A�¢ 
 0(N ) < 0 �t�| N �U�o�Ð
ÿ�C�£�U�˜�’�•

�”�{�\�w	Ô�ù�x N (t) = At + N0 �q�s�”�{
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10.2. 
ª	j�$�¦
:�h�k�Þ�Ã�ç�t�S�Z�”�Ï���G�1�>
†

10.2.2 �Á	t�G�1�”�‘���h�k�p�Þ�Ã�ç�w�v�„

�°�M�p�z�h�k�p�U�¤�d�º�w�G�1�” g(t; T ) �t�‘���`�o�o�Ð�n	—�b�”�Þ�Ã�ç


 (t; T ) = 

�
g(t; T )

�
; 
 0(g) < 0

�›�ß�Q�”�{�¶	6�Ö�—�U�°���p�K�”	Ô�ù�z�¤�d�º�w�G�1�”�x

0 � g(t; T ) � g(T; T) = G0

�›�¬�h�b�{

�\�w�q�V�z�o�Ð
Q�‘�“



�
g(t; T )

�
� 
 (G0) =: 
 > 0

�U
R�“�q�m�{
ï�G�1�”�w�Ì��
C�2�x

_N (t) = G0 �
Z



�
g(t; T )

�
g(t; T ) dT � G0 � 
 N (t)

�q
°�A�p�V�z
z�±�j�g�‘�“

N (t) �
G0




�U	H�O�{�`�h�U�l�o�z�\�w���w�Þ�Ã�ç�p�x�z�°���¶	6�§�S�w�<�p
ï�G�1�”�›	Í�v�s�X
ÿ�C�^�d�”�\�q�x�j�g�$

�t�p�V�c�z
ž�c���v�‹�t�H�Q�’�•�”�{

10.2.3 
ï�Å�q TAD �$�r	


�Ž	Í�w�A�L�x�z�h�k�p�w�‘���Ï���U
ï�G�1�”�w
R�Õ�7�Ü�›�>���$�t�(�È�b�”�\�q�›�Ô�`�o�M�”�{
ª	j�$�¦
:

�h�k�Þ�Ã�ç�p�x�z�h�k�U�Ž
\�$�T�m�°���p�K�”�h�Š�z�°���Ö�—�w�<�p
ï�G�1�”�x�^�è�b�”�{�Á	t�G�1�”�‘����

�Þ�Ã�ç�p�x�z�§�M�G�1�„�r�h�•�t�X�M�q�M�O�®�L�x	��“���‡�•�”�‹�w�w�z�¤�d�º�w�G�1�”�t	Í�v�U�K�”�h�Š�z

�%
¶�.�q�`�o�w�h�k�p�ÿ�<�t�x�v�„�U
\�a�z
ï�G�1�”�x�•�x�“���„�q�s�”�{

�\�•�t�0�`�z�h�k�p�U
ï�G�1�”�t�‘���b�”�Þ�Ã�ç�p�x�z�G�1�w
ÿ�C�U�%
¶�.�w���£
Q�›�ô�Š�”�M�²�t�^�;�b

�”�­�”�µ�U�î�q�`�•�b�X�z * 3�°���¶	6�§�S�w�<�p�‹
‡�^�è�s
R�Õ�U�D�ó�q�s�”�{�\�•�x�z�Œ�Ý�w�Ï���=�z�y	V�z

�µ�©�”�Ú��
R�q�M�l�h�®�L�U�z�Ì���M�² T �›�‡�h�M�p
¶�d�º�t�^�;�b�”	Ý�¯�›
¯�`�o�M�”�{

�\�w�
�:�T�’�z�¶	6�º�0�x�G�V�X�Ë�m�t
ü�¨�p�V�”�{� �®�‰�G�•	�	q�¶	6�w�‘�O�t�ò�è�]�q�w�§�=�U�§
��$

�s�¶	6�x�z�Á	t�G�1�”�‘�����Þ�Ã�ç�t�Ù�X�z�°���§�S�w�¶	6�p�x�^�è�`�•�b�M�{�°�M�z
:�¶�$�“�æ�w�g�r�•�g

�æ�.�%�w	6�˜�w�‘�O�t�z�Œ�Ý
¶�.�w�Ï���=�U
��æ�b�”�¶	6�x�z
ï�G�1�”�‘�����Þ�Ã�ç�t�Ù�X�z�Õ�8�$�t�x
‡�^

�è�s
R�Õ�›�Ô�`�˜�”�{

�Ž	Í�›�•�‡�Q�z�Š�æ���p�x�Í�w�>
†�›���Ô�b�”�{

�>
†�¢�Ï���G�1�>
†�£ �¶	6�º�0�t�S�M�o�Ï���$�g�r�w
Ž�Š�”�Â�ù�U�ô�M�„�r�z�h�k�p�x
ï�G�1�”�t�‘��

�`�o�ÿ�<�`�z�°���w�¶	6�§�S�w�<�p�‹
ï�G�1�”�x�Õ�8�$�t
ÿ�C�`���Z�”�{

* 3 _N > 0 () 
 (N ) <
G0

N
�q�M�O
M�ÿ�x�z�G�1�w
ÿ�C�U
ž�c�`�‹�%�w���£
Q�›�ô�Š�”�q�x�v�’�s�M�¢ 
 (N ) �U
¶�¬�p�o�Ð�n	—�t�s

�”�q�x�v�’�s�M�£�:�t�«�™�b�”�{
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10.3. �­�­�~�G�1�Þ�Ã�ç�t�S�Z�”�ð�Ÿ�ï�Â�”�´�®�L�q
¢��
R�Õ�3

�\�w�>
†�x�z TAD �w�d�º
ü
Í�q�M�O�î
Ê�ˆ�t�‘�l�o�z�ò�è�G�1�q�Ï���G�1�w�)�Ÿ�›�‰�°�g�æ�º�p�G	\�D�ó

�t�b�”�‹�w�p�K�”�{

10.3 �­�­�~�G�1�Þ�Ã�ç�t�S�Z�”�ð�Ÿ�ï�Â�”�´�®�L�q
¢��
R�Õ�3

�Š
…�p�x�î	Â�$�U	Â�x�{�˜�s�M�U�z�H 6 	·�p
Ó�'�$
Q�í�q�`�o	��“	Í�[�h�ð�Ÿ�ï�Â�”�´�®�L�q
¢��
R�Õ�3

�x�z�G�1�~�­�­�Þ�Ã�ç�t�S�M�o�‹
T�ù�$�t
†�Ì�D�ó�p�K�”�\�q�›�G�`�o�S�X�{�\�\�p�x	Z�—�t
ì�p�b�”�Ñ�é�”

�x�>���d�c�z�µ�Ä�¿�«�!
:�w�ˆ�p�^�æ�b�”�{

ˆ �G�1�- �Ë�q�ð�Ÿ�ï �Â�” �´ �®�L �•�¶	6�  �Õ�ï �Ä�w�0�¯ �� �V	Z�`�¢�0�¯ �v�Ö�£�x�¾�V�� �V G(t; T ) =

G(T) � (t � T) �q�`�z�å�¸ a = t � T �t�‘���b�”�h�k�n
0 
 (a) �›�>���b�”�{�Œ�Ý�-�Ë��
:�›

S(a) = exp
�

�
Z a

0

 (s) ds

�
= exp

�
�

Z t � T

0

 (s) ds

�

�q�S�V�z 0 �› t �¢�‡�h�x a�£�t���b�”
•
ü�q�b�”�q�z

S0(a) = � 
 (a)S(a)

�\�w�q�V�z�Œ�Ý�µ�Ä�¿�«�¢
ï�G�1�’�”�£�x

N (t) =
Z t

T1

S(t � T) G(T) dT

�p�)�Q�’�•�”�{�Ì�: T1 �w�o�•�¢�µ�Í� �«�£�¶	6�Ö�— G(T) = G1� (T � T1) �U N (t) �t�)�Q�”�/�)�x

N (t) =
Z t

T1

S(t � T) G1� (T � T1) dT = G1S(t � T1) (10.49)

�‘�l�o�z

N 0(t) = G1S0(t � T1) = � G1
 (t � T1)S(t � T1) � 0

�q�s�“�z N (t) �x�o�Ð�n	—�¢�o
C�w�¶	6�w
ï�G�1�’�”�x�o�Ð�n	—�£�q�s�”�{�‡�h�z (10.49) �w N (t) �› T1

�w��
:�p�‹�K�”�q�ˆ�s�b�q�z

@
@T1

N (t; T1) = � G1S0(t � T1) = G1
 (t � T1)S(t � T1) � 0 (10.50)

�U�˜�’�•�”�{�\�•�x t > T 1 �t�S�M�o�z�¶	6�U	ý�`�M�„�r�¢ T1 �U�G�V�M�„�r�£�å�¸ a = t � T1 �U	–�^�X

�h�k�U
��œ�p�M�s�M�h�Š�z N (t; T1) �•�w�/�)�x�o�Ð
ÿ�C�b�”�\�q�›�™�¯�b�”�{

�y�‡�q�Š�”�q�z N 0(t) �U T1 �t�‘���b�”�\�q�T�’�z�d�º�w�y�^�t� �a�o�/�)�U���n�b�”�q�M�O�™�¯�p�ð�Ÿ

�ï�Â�”�´�®�L�U
R�q�b�”�{�b�s�˜�j�z�y�M�¶	6� �Õ�ï�Ä�„�r�’���/�)�U	–�^�M�h�Š�z�¶	6�d�º�t� �a�h


‡�0	¶
Q�¹�ð�Ÿ�ï�Â�”�´�®�L�U�×
µ�t�‹�T�•�”�{ [10, 9]

ˆ �­�­�d�Ö�t�‘�”
¢��
R�Õ�3 �•�^�’�t�z�0�¯�¶	6�Ö�—�w�§�S�›�°���è�”�Ä G(T) = G0 �q�b�”�q�z

N (t) = G0

Z t

0
S(a) da =)

dN (t)
dt

= G0 S(t) ! G0 exp
�

�
Z 1

0

 (s)ds

�
= G0S(1 ) < 1 (t ! 1 )

(10.51)

�b�s�˜�j 0 < S (1 ) < 1 �¢�§
u�h�k�U
Y�‹���v�z�ì��
R
ü�K�“�£�p�K�•�y�z N (t) �x�Ú
¢�$�¢
¢��
R�Õ
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10.4. TAD �t�‘�”
î	6�-�h�7�&�=�Þ�Ã�ç

�3�£�t	ü�”
ã�O�{


 (a) �x�0	Å�¢�y�8�G�1�z�Õ�8�G�1�z�U�ó���£�s�r�£�t� �a�o
T�ù�=�b�”
ž�A�U�K�“�z�p�˜�Í�å�Ý�”�»�w
*��

�q�Ã�”�»�&�ù
Q�w�U	Â�x���™�w�]�J�q�b�”�{

10.4 TAD �t�‘�”
î	6�-�h�7�&�=�Þ�Ã�ç

�Š
…�p�x�z�{�q�m�w�¶	6�ò�è�t�0�b�”
î	6�-�h�ð�J�›�z TAD �w�d�º�Ï�� g(t; T ) �t�,�n�M�o���Ü�=�b�” [20,

10, 9]�{
î	6�x (i) �0�¯�d�º g(Ti ; Ti ) �w���Ì�$�s
ÿ�C�q�z (ii) �Ž�™�w���£
Æ�‘�S 
 �w�~
³�q�M�O�Ë	O�w�®�L�›

�‹�m�q�>���`�z���v�w�¶	6�¯�µ�Ä�w�<�p�Â�µ�Ä�Ì���t�S�Z�”�¶	6�x�a�S�›�7�G�t�b�”�7�&
î	6�Í�»�”�ï�w�Ï��

�›�ß�o�b�”�{

1 �s�i�Z�w
î	6�w	Ô�ù�x�z���£
Æ�‘�S�w�~
³�®�L�¢
î	6�t�‘�l�o�h�•�t�X�X�z�g�r�—�U�ô�‡�”�£�w�‹�q�p�x�z

�f�w 1 �s�t
¶	ü�“�b�”�w�U�7
³�q�s�”�w�x�×�Ì�w�h�Š�z�\�\�p�x 2 �s�w
î	6�-�h�›�ß�Q�”�{

10.4.1 �Þ�Ã�ç
ƒ���• 2 �s�w
î	6�-�h

	s�s�¶	6�q 2 �s�w
î	6�w�Ì���›

T0 < T 1 < T 2 < t f

�q�b�”�{ T0; t f �x�f�•�g�•	t�)�w	s�s�¶	6�Ì���z�Â�µ�Ä�Ì���t�0� �`�z T1; T2 �x 2 �s�w
î	6�Ì���t�0� �b�”�{

�¤�Ì�� Ti �t�S�Z�”�0�¯�Ö�—�¢�¶	6�~
î	6�w�§�S�£�›

G0 (	s�s�¶	6 ); G1 (�H 1 �s
î	6 ); G2 (�H 2 �s
î	6 )

�q�S�X�{ TAD �w�î
Ê�ˆ�p�x�z�\�•�’�w
î	6� �Õ�ï�Ä�›�m�„�Í�ç�µ�$�s�0�¯�¥�„�Ö�—�q�`�o�{�O�{�b�s�˜�j�z


î	6�Ì�� Ti �t�S�M�o

g(Ti ; Ti ) = Gi

�U�)�Q�’�•�”�q�b�”�{ TAD �w
C�2�M���Ü�x

@
@t

g(t; T i ) = � 
 (t; T i )g(t; T i ) (10.52)

�p�K�”�{

���£
Æ�‘�S�w�à
ü��
:�Þ�Ã�ç

	s�s�¶	6�T�’�H 1 �s
î	6�‡�p�w�à�� (T0; T1)�z�H 1 �s
î	6�T�’�H 2 �s
î	6�‡�p�w�à�� (T1; T2)�z�H 2 �s
î	6

�T�’�Â�µ�Ä�Ì���‡�p�w�à�� (T2; t f ) �t�0�`�o�z�f�•�g�•�°���w���£
Æ�‘�S


 0; 
 1; 
 2

�›�>���b�”�{�\�\�p�z���£
Æ�‘�S�t�x

ˆ �Œ�Ý�s�w�G�1�w���£�S�ù�M�¢� �®�•�;� �w�G�1�s�£

ˆ �Ï���g�r�•�á�;�—�w���£�S�ù�M�¢
:�Ü�w�á�;�•�¡�r�—�s�£
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10.4. TAD �t�‘�”
î	6�-�h�7�&�=�Þ�Ã�ç

�q�M�l�h�º�0�›���ˆ�z�‹�U�G�V�M�„�r���£�S�ù�M�U�ÿ�M�q���[�b�”�{�Ú�ò�$�t�x�z

ˆ (T0; T1) �p�x	s�s�¶	6�Ú�™�p���£�S�ù�M�x�ÿ�X�z 
 0 �x�G�V�M�{

ˆ �H 1 �s
î	6�t�‘�“���£�S�ù�M�U�~
³�^�•�z (T1; T2) �p�x���£
Æ�‘�S�U 
 1 < 
 0 �t�ÿ�<�b�”�{

ˆ �H 2 �s
î	6�t�‘�“�^�’�t�~
³�^�•�z (T2; t f ) �p�x���£
Æ�‘�S�U 
 2 < 
 1 �t�ÿ�<�b�”�{

�q�M�O� �Ý�”�´�p�K�”�{

�^�’�t�z
î	6�w�§
u�”�t� �a�o���£
Æ�‘�S�U�^�è�$�t�ÿ�<�¢�~
³�£�b�”�q�ß�Q�z


 (t) =

8
>>><

>>>:


 0 = 
 base
0 ; T0 < t < T 1


 1 = 
 1 + ( 
 base
0 � 
 1 ) e� �G 1 ; T1 < t < T 2


 2 = 
 1 + ( 
 base
0 � 
 1 ) e� � (G1 + G2 ) ; T2 < t < t f

(10.53)

�q�S�X�{�\�\�p 0 < 
 1 < 
 base
0 �z � > 0 �x��
:�p�K�“�z	G
ü�t���X
î	6�`�o�‹���£
Æ�‘�U�ì
¶�t�s�X�s�”

�\�q�x�s�M�U�z
î	6�s
:�U
ÿ�Q�”�t�m�•�o	ƒ�‘�t���£�`�o�M�X�\�q�›
¯�q�`�o�M�” [45, 88, 62, 22]�{

�Â�µ�Ä�Ì�:�w�¶	6�x�a�S�q�¯�µ�Ä
M�ÿ

���£
Æ�‘�S�› 
 (s; Ti ) �q�b�•�y�z�7	4�Ì�� t f �t�S�Z�”�¤
î	6
R
ü�w�’���”�x (10.52) �w�r�q�`�o�z

g(t f ; Ti ) = Gi exp
�
�

Z t f

T i


 (s; Ti ) ds
�

�p�)�Q�’�•�”�{�`�h�U�l�o�|�7	4�-�Ë�”�x

N (t f ) =
2X

i =0

g(t f ; Ti ) =
2X

i =0

Gi exp
�
�

Z t f

T i


 (s; Ti ) ds
�

= G0 e� 
 0 (T1 � T0 ) e� 
 1 (T2 � T1 ) e� 
 2 ( t f � T2 ) + G1 e� 
 1 (T2 � T1 ) e� 
 2 ( t f � T2 ) + G2 e� 
 2 ( t f � T2 ) (10.54)

�q�s�”�{ * 4

�`�`�z	s�s�¶	6 G0 �x	t�)�q�`�z
î	6�t�Â�“�p�o�’�•�”
ï�¶	6�¯�µ�Ä�t	Í�v B > 0 �U�K�”�q�>���b�”�{ 1 �s

�K�h�“�w�o�•�¯�µ�Ä�› c > 0 �q�b�”�q�z�¯�µ�Ä
M�ÿ�x

c(G1 + G2) � B; G1 � 0; G2 � 0 (10.56)

�q	{�Z�”�{ * 5

* 4 ���£
Æ�‘�S 
 �U�à���]�q�t��
: 
 0 ; 
 1 ; 
 2 �›�q�”�w�p�z�«�Q�y i = 0 �p�x
Z t f

T0


 (s; T0 ) ds =
� Z T1

T0

+
Z T2

T1

+
Z t f

T2

�

 (s; T0 ) ds

=
Z T1

T0


 0 ds +
Z T2

T1


 1 ds +
Z t f

T2


 2 ds

= 
 0 (T1 � T0 ) + 
 1 (T2 � T1 ) + 
 2 (t f � T2 ) (10.55)

�s�r�q�s�”�\�q�›�;�M�o�-�‰�b�•�y�‘�M�{
* 5 �¶	6�t�d�<�p�V�”�Ì���$�s
M�ÿ�•	B�¤�—�Ë���t�v�„�U�K�”�\�q�s�t�0� �b�”�{�î�M�t�x 1 �s�w
î	6�]�q�w
M�ÿ�‹�ß�Q�’�•�”�U�z�\

�\�p�x���o�w�h�Š�z
ï�-�t�0�b�”
M�ÿ�w�ˆ�]�b
Ý���q�b�”�{
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10.4.2 �7�&�=�ð�J�q�°�Í	Ú�E

�Ž	Í�‘�“�z
î	6�-�h�7�&�=�ð�J�x�Í�w�‘�O�t���Ü�=�^�•�”�•

max
G1 ;G 2 � 0

N (t f ; G1; G2) (10.57)

subject to c(G1 + G2) � B (10.58)

�\�\�p N (t f ; G1; G2) �x (10.54) �q (10.53) �t�‘�“���[�^�•�”�{

�å�¬�å�ï�´�á	Ð
: � � 0 �›�‹�Ö�`�z�å�¬�å�ï�´�ž�ï�›

L (G1; G2; � ) = N (t f ; G1; G2) � �
�
c(G1 + G2) � B

�
(10.59)

�q�S�X�{�º
æ�r�¢ G1 > 0; G2 > 0 �p�z�T�m�¯�µ�Ä
M�ÿ�U�s�ø�p�®�M�o�M�”	Ô�ù�£�t�x�z�°�Í�w
ž�A	Ú�E�x

@N(t f )
@G1

= �c (10.60)

@N(t f )
@G2

= �c (10.61)

�p�)�Q�’�•�”�{

�\�\�p @N=@G1 �q @N=@G2 �w�Ï���›�_�o�S�X�{ N �x G1; G2 �›�è�a�o

ˆ �H 1 �s
î	6�~�H 2 �s
î	6�p	ý�h�t
\
R�^�•�”�d�º�w�G�V�^�¢ G1; G2 �×
��£

ˆ 
î	6�§
u�” G1 �S�‘�| G1 + G2 �›�è�a�o�z���£
Æ�‘�S 
 1; 
 2 �› (10.53) �w�‘�O�t�ÿ�n�b�”�®�L

�w�†�M�t�‘���`�o�M�”�{

�é�.�$�t�x�z (10.54) �‘�“

@N(t f )
@G2

= e� 
 2 ( t f � T2 ) +
h
G0 e� 
 0 (T1 � T0 ) e� 
 1 (T2 � T1 ) + G1 e� 
 1 (T2 � T1 ) + G2

i @
@G2

�
e� 
 2 ( t f � T2 )

�
(10.62)

@N(t f )
@G1

= e� 
 1 (T2 � T1 ) e� 
 2 ( t f � T2 ) +
h
G0 e� 
 0 (T1 � T0 ) + G1

i @
@G1

�
e� 
 1 (T2 � T1 ) e� 
 2 ( t f � T2 )

�

+ G2
@

@G1

�
e� 
 2 ( t f � T2 )

�
(10.63)

�q�s�” * 6�{

10.4.3 �v�„�®�L�w
Ö�ø�q�º
æ�r�w�Ï��

�Š
…�p�x�z G1; G2 �t���b�”
ï�¶	6�x�a�S N (t f ) �w�o�Ð
Q�›�Ô�`�z�º
æ�r�w	Ú�E�q�7�&�r�w�Ï���›�ß�o�b�”�{


ï�¶	6�x�a�S N (t f ) �w�o�Ð
ÿ�C
Q

(10.53) �‘�“�z

@
1
@G1

= � � (
 base
0 � 
 1 )e� �G 1 < 0;

@
2
@G2

=
@
2
@G1

= � � (
 base
0 � 
 1 )e� � (G1 + G2 ) < 0

* 6 (10.53) �‘�“�z 
 1 �x G1 �w�ˆ�t�z 
 2 �x G1 �q G2 �†�M�t�E�t�‘���b�”�\�q�t�«�™�U
ž�A�p�K�”�{
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�U
R�“�q�m�{�`�h�U�l�o�z

@
@G2

�
e� 
 2 ( t f � T2 )

�
> 0;

@
@G1

�
e� 
 1 (T2 � T1 ) e� 
 2 ( t f � T2 )

�
> 0;

@
@G1

�
e� 
 2 ( t f � T2 )

�
> 0

�p�K�”�{

�‡�h�z G0; G1; G2 � 0 �T�m T2 � T1 > 0; t f � T2 > 0 �p�K�“�z (10.62),(10.63) �w��
:
æ
ü

G0 e� 
 0 (T1 � T0 ) e� 
 1 (T2 � T1 ) + G1 e� 
 1 (T2 � T1 ) + G2; G0 e� 
 0 (T1 � T0 ) + G1

�x�M�c�•�‹
‡
Û�p�K�”�{	H�l�o�z
@N(t f )

@G1
> 0;

@N(t f )
@G2

> 0

�U
R�q�`�z N (t f ) �x
î	6�§�S�t���`�o�o�Ð
ÿ�C�q�s�”�{

�7�&
Q	Ú�E�•�v�„�®�L�w�É�ç

�º
æ�r (G1 > 0; G2 > 0) �U���O�b�”	Ô�ù�z�å�¬�å�ï�´�á�°�Š	Ú�E (10.60){(10.61) �‘�“

@N(t f )
@G1

= �c =
@N(t f )

@G2

�•�Q�t
@N(t f )

@G1
=

@N(t f )
@G2

(�É�ç	Ú�E )

�U�º
æ�r�w
ž�A	Ú�E�q�s�”�{�(�%�x�H 1 �s
î	6�w�v�„�®�L�z�È�%�x�H 2 �s
î	6�w�v�„�®�L�p�K�“�z�º
æ�r�p�x

�\�•�’�U�°�•�b�”�{

�º
æ�r�w���O�q�Í�å�Ý�”�»�‘��
Q

�º
æ�r�U���O�b�”�h�Š�t�x�z�¯�µ�Ä
M�ÿ
¢	Í�t�S�M�o�z�v�„�®�L�w�)

@N(t f )
@G1

�
@N(t f )

@G2

�U�f�w�:�p 0 �q�s�“�z�(�È�p
Ö�ø�U
S�8�b�”�\�q�U
ž�A�p�K�”�{

�f�\�p�z

A0 = e� 
 0 (T1 � T0 ) ; A1 = e� 
 1 (T2 � T1 ) ; A2 = e� 
 2 ( t f � T2 )

�q�S�V�z�^�’�t

k1 :=
�
�
�

@
1
@G1

�
�
� ; k2 :=

�
�
�

@
2
@G1

�
�
� =

�
�
�

@
2
@G2

�
�
�

�q�`�z

K 2 := ( t f � T2)
�
�
�

@
2
@G2

�
�
� = ( t f � T2)k2; K 1 := ( T2 � T1)

�
�
�

@
1
@G1

�
�
� + ( t f � T2)

�
�
�

@
2
@G1

�
�
� = ( T2 � T1)k1 + K 2
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�q�‡�q�Š�”�q�z (10.62),(10.63) �x�Í�w�‘�O�t	{�V�Ú�d�”�•

@N(t f )
@G1

= A2

n
A1 + A1(G0A0 + G1)K 1 + G2K 2

o
; (10.64)

@N(t f )
@G2

= A2

n
1 +

�
G0A0A1 + G1A1 + G2

�
K 2

o
(10.65)

�\�\�p K 1 �x�®�H 1 �s
î	6�t�‘�”���£
Æ�‘�S�¢ 
 1 �S�‘�| 
 2�£�~
³�w�®�V�•�b�^� �̄q�Ì���Ï���›�z K 2 �x�®�H

2 �s
î	6�t�‘�”���£
Æ�‘�S�¢ 
 2�£�~
³�w�®�V�•�b�^�¯�q�Ì���Ï���›�f�•�g�•	B�ÿ�`�h�”�q�r	
�p�V�” * 7�{

�Í�t�z�v�„�®�L�w�)

F (G1) :=
1

A2

� @N(t f )
@G1

�
@N(t f )

@G2

�

�›�-�‰�b�”�q�z

F (G1) = A1 + A1(G0A0 + G1)K 1 + G2K 2 �
n

1 +
�
G0A0A1 + G1A1 + G2

�
K 2

o

= ( A1 � 1) + A1(G0A0 + G1)(K 1 � K 2) (10.66)

�q�s�”�{

F (G1) �w
¢��
Q�t���b�”�Ù�Å

	Í�Ü�x�°
`�t�x

A1 = e� 
 1 (T2 � T1 ) ; K 1 � K 2 = ( T2 � T1)
�
�
�

@
1
@G1

�
�
�

�x�M�c�•�‹ 
 1 = 
 1(G1) �›�è�a�o G1 �t�‘���b�”�h�Š�z F (G1) �x�k�µ�t�x
‡
¢����
:�p�K�“�z F (G1) �› G1

�w��
:�q�ˆ�h�q�V�w�k�µ�s�•�ˆ�›�r
s�b�”�w�x�0�›�p�x�s�M�{

�`�T�`�z�Š
…�w�è�$�x�7�&�r�w�k�µ�s
:�‹�›�{�Š�”�\�q�p�x�s�X�z
î	6�§�S
�
ü�w�Ï���¢�º
æ�r�w���O	Ú�E

�• G�
1 �q G�

2 �w�G	–�����£�›�Ì�’�T�t�b�”�\�q�t�K�”�{�\�w�h�Š�Ž�<�p�x�z 
 1(G1) �w�!�=�U���•�T�s�–�¬�t

�£�è�`�z �
�
�

@
1
@G1

�
�
� ' k1 (��
: )

�q�ˆ�s�b�Á	t�ò�S�Ù�Å�›�>�;�b�”�{

�\�w�Ù�Å�w�<�p�x�z A1 �S�‘�| K 1 � K 2 = ( T2 � T1)k1 �›�E
¯�‹�q�`�o�{���p�V�z F (G1) �x G1 �t���`�o

�°�Í��
:�q�`�o�{�Q�”�{�`�h�U�l�o�z F (G1) = 0 �t�‘�l�o�)�Q�’�•�”�º
æ�r�w���O	Ú�E�•�7�&
î	6�§�S�w
ü�¨

�x�z�r
s�$�t�^�æ�D�ó�q�s�”�{

�\�\�p

D := K 1 � K 2 = ( T2 � T1)k1 > 0

�q�S�X�q�z

F (G1) = ( A1 � 1) + A1(A0G0 + G1)D (10.67)

�q�s�“�z F (G1) �x G1 �t���`�o���V
Y�w�°�Í��
:�p�K�”�{

�\�w�q�V�z�¯�µ�Ä
M�ÿ�T�’

G2 =
B
c

� G1 > 0 =) 0 < G 1 <
B
c

* 7 1 �s�è�w
î	6 G1 �w�®�L�x 
 1 �S�‘�| 
 2 �w�†�M�t�t�•�°�M�z 2 �s�è�w
î	6 G2 �w�®�L�x 
 2 �i�Z�t�t�•�\�q�t�y�™�b�”�{
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�q�s�”�T�’�z�º
æ�r�U���O�b�”�h�Š�t�x�z F (G�
1) = 0 �q�s�” G�

1 �U 0 < G �
1 < B

c �w
c�“�p���O�`�z�\�w�‹�›�¥

�t F (G1) �w
Ö�ø�U
S�8�b�”
ž�A�U�K�”�{

�‡�c�z F (G1) �w���V�x
dF
dG1

= A1D = A1(T2 � T1)k1 > 0

�s�w�p�z G1 �t���`�o�È�^	Í�U�“�w�Ú
¢�p�K�”�{�º
æ�r�U���O�b�”�h�Š�t�x

F (0) < 0; F
� B

c

�
> 0

�›�‰�Ì�t�¬�h�d�y�‘�M�{�é�.�$�t�x

F (0) = ( A1 � 1) + A1A0G0D; F
� B

c

�
= ( A1 � 1) + A1

�
A0G0 +

B
c

�
D

�p�K�”�T�’�z

F (0) < 0 () D <
1 � A1

A1A0G0
;

F
� B

c

�
> 0 () D >

1 � A1

A1
�
A0G0 + B

c

�

�`�h�U�l�o�z�º
æ�r�w���O	Ú�E�x

1 � A1

A1
�
A0G0 + B

c

� < (T2 � T1)
�
�
�

@
1
@G1

�
�
� <

1 � A1

A1A0G0
(10.68)

�q	{�Z�”�{�Ã�s�$�t
1 � A1

A1
�
A0G0 + B

c

� <
1 � A1

A1A0G0

�U
R�“�q�m�h�Š�z�º
æ�r�U���O�b�”�T�r�O�T�x�z�®�H 1 �s
î	6�t�‘�”���£
Æ�‘�S�~
³�w�§�^�¯ (T2 � T1)j@
1=@G1j

�q�z	s�8	Ú�E G0�z�'�‰ B �t�‘�l�o�>�‡�“�z�H 2 �s
î	6�w�ò�S k2 �x�\�w���O	Ú�E�t�x�Ú
€�q�•�s�M�{

10.4.4 �º
æ�r�w
¯�Ü

�m�W�t�z�º
æ�r G�
1 �w�E
¯�Ü�›�{�Š�”�{ (10.66) �‘�“

F (G�
1) = 0 () (A1 � 1) + A1(A0G0 + G�

1)D = 0

�p�K�”�T�’�z

G�
1 =

1 � A1

A1D
� A0G0 =

1 � A1

A1(T2 � T1)k1
� A0G0 (10.69)

�q	{�Z�”�{�\�\�p
ü�<�x
Y�p�K�“�z G�
1 �x k1 �w�È����
:�p�K�”�{


î	6�Ì�� T1; T2 �›	t�)�q�`�h	Ô�ù�w�º
æ�r�w (k1; k2) �‘��
Q

�\�w
¯�Ü�T�’�z G�
1 �w
Ö�ø�S�‘�|�G�V�^�x

k1 =
�
�
�

@
1
@G1

�
�
� �q T1; T2�¢�b�s�˜�j T2 � T1�£
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�b�s�˜�j�® 1 �s�è
î	6�t�‘�”���£
Æ�‘�S�~
³ k1� �̄w�§�^�q�z
î	6�Ì�� T1; T2 �t�‘�l�o�>�‡�”�\�q�U
ü�T�”�{�® 2

�s�è
î	6�t�‘�”���£
Æ�‘�S�~
³ k2�¯�w�§�^�t�x�‘���`�s�M�:�x�›�Ã�$�p�K�”�{�Ž�<�p�x
î	6�Ì�� T1; T2 �›	t

�)�q�`�o�ß�Q�”�{

�~�m�w�7�&�Í�»�”�ï A/B/C �w
:�¶�$�à
ü

�¯�µ�Ä
M�ÿ�T�’

G�
2 =

B
c

� G�
1 =) 0 < G �

1 <
B
c

�p�K�“�z G�
1 �w�‹�t� �a�o�z�7�&
î	6�§�S (G�

1; G�
2) �w�Ï���x�~�m�w���t
ü�¨�^�•�”�•

A ���¢�H 2 �s
î	6	O�¹���£

G�
1 <

B
2c

(, G�
1 < G �

2)

B ���¢�„�…�É�s
�
ü���£

G�
1 �

B
2c

(, G�
1 � G�

2)

C ���¢
²�W�`	B�¤���£

G�
1 >

B
2c

(, G�
1 > G �

2)

�¥�„	Ú�E G�
1 = B

2c �› (10.69) �t�E�Ö�b�”�q�z k1 �t���b�”�Ÿ�„�‹

kcrit
1 :=

1 � A1

A1(T2 � T1)
�
A0G0 + B

2c

� (10.70)

�U�˜�’�•�”�{�`�h�U�l�o�z 8
>>>><

>>>>:

k1 > k crit
1 ) G�

1 <
B
2c

(A �� )

k1 � kcrit
1 ) G�

1 �
B
2c

(B ���¥�„ )

k1 < k crit
1 ) G�

1 >
B
2c

(C �� )

�b�s�˜�j�z (k1; k2) ���Ø�w�H�°	Å�v�›�ß�Q�”�q�z k1 = kcrit
1 �q�M�O
(�Ú�s�Ú
¢�›�¥�t A/B/C �w�~�–�¬�t�Ì

�¬�t
ü�Â�^�•�”�{ * 8

�Ý�Œ�›
Q�~�J�è�›
Q�q�w�0� �n�Z

k1 :=
�
�
�

@
1
@G1

�
�
� ; k2 :=

�
�
�

@
2
@G2

�
�
�

�x�z�f�•�g�•

k1 : �H 1 �s
î	6�U���£
Æ�‘�S�›�r�•�i�Z�~
³�p�V�”�T k2 : �H 2 �s
î	6�U���£
Æ�‘�S�›�r�•�i�Z�~
³�p�V�”�T

�›
¯�b�w�p�z (k1; k2) ���Ø�x�f�w�‡�‡�®�Ý�Œ�›
Q��̄®�J�è�›
Q�¯�w�Í�å�Ý�”�»�í���q�ˆ�s�b�\�q�U�p�V�”�{�\�w

�O�j�z A/B/C �w�à
ü�t�>���$�s�þ�Â�›�L�h�`�o�M�”�w�x k1 �w�G�V�^�p�K�”�{

ˆ k1 > k crit
1 �w�–�¬�p�x�z�H 1 �s
î	6�w�ò�S�U	G
ü�G�V�X�z	—�`�w�H 1 �s
î	6�p�f�w�™�w���£
Æ�‘�S�U	G

* 8 kcrit
1 �x k2 �t�x�‘���d�c�z�H 1 �s
î	6�w�ò�S k1 �U	��q�`�o�Í�»�”�ï�w�§�M�›�>�Š�o�M�”�\�q�›�™�¯�b�”�{
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ü�<�U�”�h�Š�z�’�“�w�¯�µ�Ä�x�H 2 �s
î	6�t�s�b�M�U�®�p�$�t�s�”�¢ A ���£�{

ˆ k1 � kcrit
1 �w�Ù�c�p�x�z�H 1 �s
î	6�q�H 2 �s
î	6�w�v�„�®�L�U�„�…�s�`�X�z�„�…�É�s
�
ü�U�7�&�q�s�”

�¢ B ���£�{

ˆ k1 < k crit
1 �w�–�¬�p�x�z�H 1 �s
î	6�w�ò�S�U	–�^�X�z
ã�M�ˆ�Š�p	G
ü�s�”�›�d�Ö�`�s�M�q���£
Æ�‘�S�U

	G
ü�t�x�<�U�’�s�M�h�Š�z�H 1 �s
î	6�›�°�X�q�”�\�q�U�ù�g�$�t�s�”�¢ C ���£�{

�\�w�›�Ã�n�Z�›�•�‡�Q�”�q�z A/B/C �w�~�–�¬�x�Í�w�‘�O�t�r	
�p�V�”�{

A ���•�H 2 �s
î	6�U
ì�0�$�t�®�X�Ý�Œ�›
Q�•�J�è�›
Q

ˆ 
:�¶�$	Ú�E�• k1 > k crit
1 �z�b�s�˜�j�H 1 �s
î	6�w�ò�S k1 �U	G
ü�G�V�X�z	—�”�w�H 1 �s
î	6�p���£
Æ�‘�S

�U�G�V�X�~
³�^�•�”�–�¬�{

ˆ �™�¯�•�H 1 �s
î	6�›	—�`�Ö�•�”�i�Z�p	G
ü 
 1; 
 2 �U�ÿ�<�b�”�h�Š�z�å�C�w�¯�µ�Ä�x�H 2 �s
î	6�t�s�b�M

�U�(�ù�U�G�V�M�{

ˆ �A�L�• G�
1 < G �

2 �¢�Ú
²	O�¹�£�{

ˆ �/���J�è�«�•�o� �‰�G�z�y�8�G�1�]�J�z�¼�g�Ú
²�0�f�U�®�X�J�è�{

B ���•�†
î	6�U�‰���S�t�®�X�¢�¤�1���£�Ý�Œ�›
Q�•�J�è�›
Q

ˆ 
:�¶�$	Ú�E�• k1 � kcrit
1 �{

ˆ �™�¯�•�H 1 �s
î	6�q�H 2 �s
î	6�w�v�„�®�L�U�„�…�s�`�X�z�É�s
�
ü�U�7�&�q�s�”�{

ˆ �A�L�• G�
1 � G�

2 �{

ˆ �/���J�è�«�•	ú�g�¶�p�/���$�t
Ý���^�•�”
ü�„�¶	6�z���É�$�s�°
`�J�è�{

C ���•�H 1 �s
î	6�U
ì�0�$�t�®�X�Ý�Œ�›
Q�•�J�è�›
Q

ˆ 
:�¶�$	Ú�E�• k1 < k crit
1 �z�b�s�˜�j�H 1 �s
î	6�w�ò�S k1 �U
z�±�$	–�^�M�–�¬�{

ˆ �™�¯�•�H 2 �s
î	6�w
²�t�z	G
ü�s�”�w�H 1 �s
î	6�›�æ�l�o�Ï���g�r�›
��Š�o�S�T�s�M�q�z�f�w�™�w���£


Æ�‘�S�U	G
ü�t�x�<�U�’�s�M�{

ˆ �A�L�• G�
1 > G �

2 �¢
²�W�`	O�¹�£�{

ˆ �/���J�è�«�•
:�¶�~�g�æ
ú�g�~�¨	Å�“�æ�s�r�w�J�è�{
ã�8�w�Ï���g�r�¢�µ�©�”�Ú��
R�£�U�f�w�™�w���£

�S�ù�M�›�G�V�X�(�È�b�”�{

�\�\�p�y�™�b�‚�V	O�A�s�:�x�z�H 2 �s
î	6�w�®�L�x�z�H 1 �s
î	6�t�‘�l�o�7�t�ÿ�<�`�h���£
Æ�‘�S�w	Í�t

�®	Í	Ð�d�¯�^�•�”
ÿ
ü�®�L�t�a�W�s�M�\�q�p�K�”�{�b�s�˜�j�z�H 2 �s
î	6�w�®�p�x�Š�í�$�t�H 1 �s
î	6�U�r�w

���S���£
Æ�‘�S�›�<�[�o�S�M�h�T�t�‘���b�”�{

�f�w�h�Š�z�7�&
�
ü�w�Í�»�”�ï�¢ A/B/C ���£�›�>���n�Z�”�w�x	��q�`�o�H 1 �s
î	6�w�ò�S k1 �p�K�“�z�H 2

�s
î	6�w�ò�S k2 �x	��t
ï�¶	6�x�a�S�w
+	j�t�è�¹�b�”�t�q�r�‡�”�{

�Ž	Í�‘�“�z TAD �w�Þ�Ã�ç�x�Í�w
‡�×�Ì�s�<�A�›�)�Q�”�•

�‰�a�®2 �s
î	6� �̄p�K�l�o�‹�z�J�è�›
Q�~�Ý�Œ�›
Q�w�§�M�t� �a�o�z�Ú
²	O�¹���¢ A �£�z�É�s���¢ B �£�z
²

�W�`	O�¹���¢ C �£�w�~�m�w�7�&
“�t�U�g�æ�$�t
\�a�˜�”�{
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î	6�-�h�7�&�=�Þ�Ã�ç

�›�t C ���p�x�z���X�w�¶	6	��w�Ú�ò�t
S�`�o�®�H 1 �s
î	6�w�„�O�›	O�X�b�”�\�q�U�ù�g�$� �̄q�M�O	ý�`�M�'

�t�U�˜�’�•�”�{

�H 2 �s
î	6�›�Â�µ�Ä�Ú
²�t�Ë�l�o�V�h	Ô�ù�w G�
1 �w�•�ˆ

�7�™�t�z�›�t�H 2 �s
î	6�›�Â�µ�Ä�Ú
²�t�Ë�l�o�V�h	Ô�ù�¢ T2 ! t f �w�Ã�v�£�w�H 1 �s
î	6�§�S G�
1 �w�•�ˆ�t

�m�M�o�ß�o�b�”�{�Ú�ò�$�t�x�z G�
2 ! B

c �¢	H�l�o�z G�
1 ! 0�£�U�7
³�z�m�‡�“�Â�µ�Ä�Ú
²�w�H 2 �s
î	6�t
¶	ü�“

�b�”�w�U�7�&�q�'
Ý�^�•�U�j�p�K�”�{

�`�T�`�z (10.69) �t�S�M�o T2 ! t f �q�b�”�q�z

T2 � T1 ! t f � T1; A1 ! e� 
 1 ( t f � T1 )

�p�K�“�z k1 = j@
1=@G1j �›�°���q�ˆ�s�d�y

G�
1 !

1 � A1

A1(t f � T1)k1
� A0G0 (10.71)

�q�s�”�{�\�\�p�z

0 < G �
1 =

1 � A1

A1(t f � T1)k1
� A0G0 =

e
 1 ( t f � T1 ) � 1
(t f � T1)k1

� A0G0 <
B
c

�q�s�”�Í�å�Ý�”�»�–�¬�¢�«�Q�y�z 
 1 �s�›�&�p�t
¬�‚�y * 9�£�x���O�`�O�”�h�Š�z�\�w�–�¬�t�S�M�o�º
æ�r G�
1 �U

���O�b�”�{�b�s�˜�j�z T2 ! t f �q�`�o�‹ G�
1 �x�¸�é�t�õ�•�c���v�w
Y�w�‹�t�Á�“
Ç�X �{�&�p�s�Í�å�Ý�”�»�–�¬

�t�S�M�o�x�z�H 2 �s
î	6�›�r�•�i�Z�Â�µ�Ä�Ú
²�‡�p�Ù�n�Z�o�‹�z�®�H 1 �s
î	6�t�‡�l�h�X�¯�µ�Ä�›�Â�T�s�M� �̄r

�¢ G�
1 = 0 �£�t�x	)���`�s�M�\�q�U
:�Ü�$�t�¬�Ý�p�V�”�{

�r	


�Š�Þ�Ã�ç�p�x 
 1; 
 2 �U

k1 =
�
�
�

@
1
@G1

�
�
� > 0; k2 =

�
�
�

@
2
@G2

�
�
� > 0

�›�è�a�o
î	6�§�S G1; G2 �t�‘���`�o�S�“�z�H 1 �s
î	6�t�x

�®�f�•�Ž�ñ�c�l�q�z�‘�“���£
Æ�‘�S�U�ÿ�M
+	j�p
*� �b�”�¯�q�M�O�Õ�8�$�s�Ý�æ�¿�Ä

�U
Ê�ˆ���‡�•�o�M�”�{�f�w�A�L�z�h�q�Q�H 2 �s
î	6�›�Â�µ�Ä�Ú
²�t
��”�`�h�q�`�o�‹�z (10.71) �t�‘�l�o�>�‡

�”���v�w G�
1 > 0 �›�H 1 �s
î	6�t�Â�“�p�o�”�\�q�U�7�&�q�s�”�{

�t�M�õ�Q�•�y�z TAD �t�‘�”
î	6�-�h�7�&�=�x�¢�&�p�s�Í�å�Ý�”�»�–�¬�t�S�M�o�£

�®�H 2 �s
î	6�›�r�•�i�Z�¼�g�Ú
²�t�/�d�o�‹�z�H 1 �s
î	6�›�¸�é�t�x�`�s�M�„�O�U�‘�M�¯

�q�M�O
‡�×�Ì�s�'�t�›�)�Q�”�{�\�•�x�z�®�Ú
²�°�÷�î�Z�t
¶	ü�“�b�”� �̄w�p�x�s�X�z�K�”���S
ã�M�ˆ�Š�p�w
î	6

�¢�Ï���{�Š�£�t
ž�c�°���w�¯�µ�Ä�›�Â�X�\�q�U�ù�g�$�p�K�”�\�q�›�™�¯�`�o�M�”�{

* 9 �\�\�p�z 
 1 = 
 1 + ( 
 base
0 � 
 1 ) e� �G 1 �p�K�”�\�q�t�«�™�b�”�{
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î	6�-�h�7�&�=�Þ�Ã�ç

�º
æ�r�U���O�`�s�M	Ô�ù�¢�z�:�r�£

(10.68) �U
R�“�q�h�s�M�q�V�z�º
æ�r�x���O�d�c�z�°
`�t�z�:�r�q�s�”�{�/���«�q�`�o


 0; 
 1; 
 2 �U��
:�¢ G �t�‘���`�s�M�£

�w	Ô�ù�z (10.54) �x

N (t f ) = G0A0A1A2 + G1A1A2 + G2A2

�q	{�Z�”�{�\�\�p

A0 = e� 
 0 (T1 � T0 ) ; A1 = e� 
 1 (T2 � T1 ) ; A2 = e� 
 2 ( t f � T2 )

�p�K�“�z�M�c�•�‹ 0 < A i � 1 �p G1; G2 �t�x�‘���`�s�M�{

�\�w�q�V�z N (t f ) �x (G1; G2) �t���`�o
¢���p�K�“�z�¯�µ�Ä
M�ÿ c(G1 + G2) = B �›�;�M�o G2 = B=c� G1

�q�S�Z�y

N (t f ) = G0A0A1A2 +
�

A1A2 � A2

�
G1 + A2

B
c

�q�°�!
:�w
¢���Ü�t�s�”�{�`�h�U�l�o�z�7�&�r�x

A1A2 � A2

8
><

>:

> 0 ) G1 =
B
c

; G2 = 0

< 0 ) G1 = 0 ; G2 =
B
c

�w�M�c�•�T�w�z�:�q�s�”�{

�\�\�p

A1A2 � A2 = A2(A1 � 1)

�p�K�“�z A2 > 0 �s�w�p
Ö�ø�x A1 � 1 �w
Ö�ø�q�°�•�b�”�{ T2 > T 1 �T�m 
 1 > 0 �p�K�•�y A1 = e� 
 1 (T2 � T1 ) < 1

�U
R�“�q�m�h�Š

A1A2 � A2 < 0

�q�s�“�z�°
`�$�s	Ý�¯�p�x

(G1; G2) =
�

0;
B
c

�

�b�s�˜�j�®�H 2 �s
î	6�t
¶	ü�“�¯�U�7�&�r�q�s�”�{�H 1 �s
î	6�t
¶	ü�“�q�s�”�w�x�z 
 1 = 0 �‡�h�x T2 = T1

�t�‘�l�o A1 = 1 �q�s�”�‘�O�s�@�=�$�s	Ô�ù�¢�H 1 �s
î	6�™�t�ì
¶�t���£�b�”�z�K�”�M�x�H 1 �s�q�H 2 �s�U�‰

�Ì���p�K�”�£�t�v�’�•�”�{

�Ú�ò�$�t�x�z���£
Æ�‘�S�U�¤�s�w
î	6�§�S�t�‘�l�o�!�=�d�c�°���p�K�”�q�V�z�¤
î	6�x�®�f�w�Ì�:�p�‡�q�Š

�o���£�^�À�›	Í	Ð�d�b�”�i�Z�¯�p�K�“�z�f�w�™�w���£
Æ�‘�S�x�r�w
î	6�p�‹�‰�a�p�K�”�{�`�h�U�l�o�z�Â�µ�Ä

�t�Ù�M�»� �Û�ï�¬�p�K�”�H 2 �s
î	6�t�D�ó�s�v�“�w�§�S�›	B�¤�^�d�”�w�U�7�‹���b�p�K�“�z�H 1 �s
î	6�t
¶	ü

�“�b�”�\�q�U�ù�g�$�t�s�”�w�x�z�H 1 �s
î	6�Ž�ñ�t�ì
¶�t���£�b�”�¢ 
 1 = 0 �£�s�r�w�Ã�z�s	Ô�ù�t�v�’�•�”�{
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î	6�-�h�7�&�=�Þ�Ã�ç

���É�å�¸�S�‘�|�¤�ï�Ä�é�Ð�”�t�‘�”�¶	6�d�º�Ï���w
°�A

�\�\�p�z�¤�¶	6�Ö�—�w�Â�µ�Ä�Ì�:�t�S�Z�”�’���/�)�›

A0 := G0 e� 
 0 (T1 � T0 ) e� 
 1 (T2 � T1 ) e� 
 2 ( t f � T2 ) (10.72)

A1 := G1 e� 
 1 (T2 � T1 ) e� 
 2 ( t f � T2 ) (10.73)

A2 := G2 e� 
 2 ( t f � T2 ) (10.74)

�q�S�X�q�z
ï�¶	6�x�a�S�x

N (t f ) = A0 + A1 + A2 (10.75)

�p�)�Q�’�•�”�{

�\�w�q�V�z
Y�F�=�d�º�µ�S�x

p(t f ; Ti ) =
A i

N (t f )
=

A i

A0 + A1 + A2
(i = 0 ; 1; 2) (10.76)

�p�K�“�z
P 2

i =0 p(t f ; Ti ) = 1 �U
R�“�q�m�{

�b�”�q�z�Â�µ�Ä�Ì�:�t�S�Z�”���É�å�¸�x

�a(t f ) =
2X

i =0

(t f � Ti )p(t f ; Ti ) =
A0(t f � T0) + A1(t f � T1) + A2(t f � T2)

A0 + A1 + A2
(10.77)

�p�)�Q�’�•�”�{�\�•�x�z�¶	6�x�a�S�U�r�w�Ì�:�w�¶	6�Ö�—�t�‘�“�§�Q�’�•�o�M�”�T�›
¯�b�¦
ª�p�K�“�z�‹�U�G

�V�M�„�r�y�M�¶	6�Ö�—�w�/�)�U�G�V�M�\�q�›�™�¯�b�”�{

�Í�t�z�d�º
ü
Í�w�³�ß�Ê�ï�¤�ï�Ä�é�Ð�”�¢ TAD �¤�ï�Ä�é�Ð�”�£�x�m�„
ü
Í�w�h�Š�z

S(t f ) = �
2X

i =0

p(t f ; Ti ) log p(t f ; Ti ) (10.78)

�p���[�^�•�”�{�\�•�x�z�¤�¶	6�Ö�—�w�/�)�U�r�w���S
ü�„�`�o�M�”�T�›
¯�b�¦
ª�p�K�“�z�‹�U�G�V�M�„�r
ó
:

�s�w�¶	6�Ö�—�U�É�s�t�/�)�`�o�M�”�\�q�›�™�¯�b�”�{

�\�•�’�w�¦
ª�›�;�M�”�\�q�p�z
²
…�p�˜�’�•�h�º
æ�r�w�Ï���x�Í�w�‘�O�t�r	
�p�V�”�{

ˆ �H 2 �s
î	6	O�¹���p�x�z�Ú
²�w�¶	6�Ö�—�w�/�)�U�§
��$�q�s�“�z p(t f ; T2) �U�G�V�X�s�”�h�Š�z���É�å�¸

�a(t f ) �x	–�^�X�z�¤�ï�Ä�é�Ð�” S(t f ) �‹�ÿ�X�s�”���²�U�K�”�{�b�s�˜�j�z�7�Ù�w
î	6�t�‘���`�h�Ï���q

�s�”�{

ˆ �„�…�É�s���p�x�z�¤�¶	6�Ö�—�w�/�)�U
z�±�$�É�s�q�s�“�z p(t f ; T0); p(t f ; T1); p(t f ; T2) �U�Ù�M�‹�›�q�”

�h�Š�z�¤�ï�Ä�é�Ð�” S(t f ) �x�7�G�q�s�”���²�U�K�”�{�\�w�q�V���É�å�¸ �a(t f ) �x�¤���$�s�‹�q�s�“�z
ó


:�s�w�¶	6�U�Ì�å�ï�µ�‘�X�/�)�`�o�M�”�Ï���q�r	
�p�V�”�{

ˆ 
²�W�`	B�¤���p�x�z	s�8�w�¶	6�Ö�—�w�/�)�U
ì�0�$�t�G�V�X�s�“�z p(t f ; T0); p(t f ; T1) �U
ÿ�C�b�”�h�Š�z

���É�å�¸ �a(t f ) �x�G�V�X�s�”�{�\�•�x�y�M�¶	6�Ö�—�t�§�Q�’�•�h�Õ�8�-�Ë���w�Ï���›
¯�b�{�¤�ï�Ä�é

�Ð�” S(t f ) �x�/�)�w	B�¤�S�t�‘���`�z�°
`�t�x�¤���S�T�’�ÿ�M�‹�›�q�”�{

�Ž	Í�‘�“�z���É�å�¸�x�¶	6�d�º�w�®�y�^�¯�›�z�¤�ï�Ä�é�Ð�”�x�¶	6�/�)�w�®
ü�„�S�¯�›
¯�b�¦
ª�p�K�“�z�†

	��›���;�b�”�\�q�p
î	6�-�h�w�Ï���$�›�Ã�›�‘�“�Ì�¬�t
°�A�p�V�”�\�q�U
ü�T�”�{
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10.4. TAD �t�‘�”
î	6�-�h�7�&�=�Þ�Ã�ç

�‡�q�Š

�Ž	Í�‘�“�z�Š
…�w 2 �s
î	6�Þ�Ã�ç�x�z TAD �w�Ë�Ì���Ï���t�‹�q�n�V�z�º
æ�r�w�E
¯�Ü (10.69) �q�º
æ�r�w

���O	Ú�E (10.68) �›�)�Q�”�\�q�p�z

G�
1 ? G�

2

�q�M�O�o	m�s
Æ�s�Ü�t���i�^�•�h�®�7�&
î	6�§�S�w�Ï��� �̄›�z	��q�`�o k1�¢�H 1 �s
î	6�w�ò�S�£�t�‘�l�o�›�Ã

�n�Z�’�•�”�~�m�w�Í�»�”�ï A/B/C �q�`�o�×
µ�t
ü�¨�p�V�”�\�q�›�Ô�`�h�{

�é�.�$�t�x�z

ˆ �º
æ�r�U���O�b�”�h�Š�t�x�z (T2 � T1)j@
1=@G1j �U
Æ�s�Ü (10.68) �›�¬�h�b
ž�A�U�K�”�{�\�•�x�®�H 1

�s
î	6�t�‘�”���£
Æ�‘�S�~
³�w�§�^�¯�q	s�8	Ú�E G0�z�'�‰ B �w���w�Ì�å�ï�µ�t�‘�l�o�º
æ�r�w���Á�U

�>�‡�”�\�q�›�™�¯�b�”�{

ˆ �º
æ�r�U���O�b�”	Ô�ù�z�f�w�•�”�x (10.69) �t�‘�“

G�
1 =

1 � A1

A1(T2 � T1)k1
� A0G0

�q�E�t�)�Q�’�•�z k1 �U�G�V�M�„�r G�
1 �x	–�^�X�z k1 �U	–�^�M�„�r G�

1 �x�G�V�X�s�”�{

ˆ �¥�„	Ú�E G�
1 = B=(2c) �t�0� �b�”�Ÿ�„�‹ kcrit

1 �x (10.70) �p�)�Q�’�•�z

8
>>>><

>>>>:

k1 > k crit
1 ) G�

1 < G �
2 (A ���•�H 2 �s	O�¹ )

k1 � kcrit
1 ) G�

1 � G�
2 (B ���•�É�s
�
ü )

k1 < k crit
1 ) G�

1 > G �
2 (C ���•
²�W�`	O�¹ )

�w�‘�O�t�z�~�m�w�7�&�Í�»�”�ï�U k1 �w�G	–�p�>�‡�”�{

�\�\�p k1; k2 �x�f�•�g�•�®�H 1 �s�~�H 2 �s
î	6�t�‘�”���£
Æ�‘�S�~
³�w�®�V�•�b�^� �̄›
¯�b�h�Š�z�\�w�~
ü

�¨�x�f�w�‡�‡�¶	6	��{���w�Ý�Œ�›
Q�•�J�è�›
Q�q�A�|�m�Z�o�r	
�p�V�”�{�›�t���s�w�A�L�x�z A/B/C �w�à
ü
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= S1 G(T1) = �S (1 )

�`�h�U�l�o 0 < S (1 ) < 1 �¢�§
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S� �´�h�k�U
Y�‹���v�£�p�K�•�y

N (t) = ( � S (1 )) t + const + o(1)
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11.2.3 � �ï�Í�ç�µ�Ö�—�t�0�b�”�§
u� �t�w�¿���®�L�•�w� �;

�H 6 	·�p�x�z TAD �%�t�S�Z�”� �ï�Í�ç�µ�Ö�—�t�0�b�”	•�R�§
u� �t�U�z

M cum = ��
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0�z��	ú�w�ÿ�<�z�•�ù

�¿���t�‘�”	Í	{�V�z
Ì�{�º�0�w�à
×�=�z�B
…
Q�w	«�æ�s�r�t�0� �b�”�{
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¯�b�{�f�w�O�j�z � 0 �x
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�x
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� 0 + 
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�x�z�¿���®�L�d�º�w�O�j�z�7	4�$�t
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 0 �U�G�V�M	Ô�ù�z�¿��
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M mkt
cum = �� � 0 eS� 1
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�M�”�{

�\�w�
�:�T�’�_�”�q�z TAD �t�S�Z�”�¿���®�L�Þ�Ã�ç�x�z	H�R�w Adstock ���Þ�Ã�ç�›�o�s�”�n
0�Â
¢�q�`�o

�p�x�s�X�z�¿���®�L�d�º�w
ü
Í�Ï���q�`�o�6�r	
�b�”�î
Ê�ˆ�›�)�Q�”�{�¿���®�L�w�§
u� �t�x�z�o
C�ª�f�w

���Ì�®�L�i�Z�p�s�X�z�d�º
ü
Í�w�Ë��
Q�z
R�L�8�õ�p�z�A�‹�õ�‰��
:�w
Ê�ù�d�t�‘�l�o�>�‡�”�{�`�h�U�l�o�z

�Ú�”�­�Â�Ÿ�ï�¬�ª�f�w
°�A�t�S�M�o�x�z�y�8�$�s
R�L�i�Z�p�s�X�z�¿���®�L�d�º�w
±�S�q�¤�ï�Ä�é�Ð�”�›�K�˜

�d�o
°�A�b�”�\�q�U	O�A�q�s�”�{

11.3 TAD �t�‘�”	ý�h�s�Þ�Ã�ç
ƒ�-�w�D�ó
Q

TAD �t�‘�”	Z�— f (t) �w�Ü (11.3) �T�’�z �; 
; � �›�¿���ª�f�w�›
Q�•�Ž
æ���¥�t� �a�o�&
~�t
ƒ���b�”�\�q�t

�‘�l�o�z	Z�Ø�Ö�— G(T) �t�0�b�”	Z�— f (t) �›�'���~�³�Û�á�è�”�³�ã�ï�b�”�\�q�U�p�V�”�{

�y�K�”�M�x�o�t	Z�Ø�Ö�— G(T) �t�|	Z�— f (t) �w�î���‹�T�’�z TAD �w �; 
; � �›�o
*���b�”�\�q�U�p�V�”�{�¢�\

�w	Ô�ù�x���w�è�$��
:�w�7�&�=�¢�«�y�8�¤�‡�p�w�§
u
�	Í�7�G�=�s�£�‹�4	•�$�t�å�C�`�o�‹�‘�M�{�£

�y�‡�h�z�7	4�$�t f (1 )�¢�7	4�$�s	Z�—�w	ü
ã�M�£�›
°�A�`�h�M�­�”�µ�p�x�z�7	4�‹���g�›�;�M�o�å�Ó�å�µ
þ

�í���p�w�Ã�w
Q�í�›
°�A�b�”�M�U�_�è�`�U�‘�M	Ô�ù�U�K�”�{

11.3.1 �n
0�©�U�‚�V
Œ�n
0�w�­�”�µ

� (t; T ) �x t � T = a �i�Z�t�‘���`�z � (t; T ) = � (a) �q�`�o�Ž�<�w�>���›�”�X�{

� (a) =
� � 1
a + �

(� > 1; � > 0); 
 �ù 0; � �ù 1 (11.14)

�\�•�x	Z�Ø G(T) �T�’�w�&�a�Ì�� t � T = a �U�Õ�M�„�r	Z�—�¢
�	Í�£ f (t) �•�w�8�4�®�L�U
,�X�s�”�z�‡�h�x	ˆ

�k�p�U�ÿ�X�s�”�¢�’�A�U�’�”�£�q�M�O�>���›�”�M�h�‹�w�q�ß�Q�’�•�”�{�\�w	Ô�ù�z f (t) �x (11.3) �t�\�•�’�›�Ú


€�E�Ö�`�z T �à a �w�!
:�!�õ�›�ª�`�o�-�‰�b�”�q�z

f (t) =
Z t

0

(� � 1)� ( � � 1)

(a + � ) � G(t � a)da (11.15)

�U�˜�’�•�”�{�Ö�— G(t) �ù G0�¢��	×�Ö�—�£�w	Ô�ù�z

f (t) = G0

Z t

0

(� � 1)� ( � � 1)

(a + � ) � da = G0

�
1 � (

�
t + �

) � � 1
�

�à G0(t �à 1 ) (11.16)

�q�s�“�z
ª	j Adstock �Þ�Ã�ç�q�‰�7�t��	×	Z�Ø�v�” G0 �U	4�z	Z�—�v�” f (1 ) �q�É�ç�b�”�{�\�w�Ì�z�’���©

S(a) �x

S(a) = exp
�
�

Z a

0
� (u)du

�
= (

�
a + �

) � � 1

�n
0�© K (a) �x

K (a) = � (a)S(a) =
(� � 1)� ( � � 1)

(a + � ) � ;
Z 1

0
K (a) da =

Z 1

0

(� � 1)� � � 1

(a + � ) � da = 1

�p�K�”�{�\�w�A�L�w�r	
�q�ß�o�x�Ž�<�w�è�“�p�K�”�{

ˆ �é�ï�¬�Â�”�ç�¢�Õ�8�’���£ �• S(a) �x�‚�V	Ð�$�n
0�w�h�Š�z�¦
:�n
0�¢
ª	j Adstock�£�t
z�‚�”�q	—
:�U
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�”�{�\�•�x�®	—
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=
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ü
Í

pres(a) =
S(a)

Z 1
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�t�0�`�o�z�¤�ï�Ä�é�Ð�” Sres �x
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= � log(� � 2) + log � +
� � 1
� � 2

(11.17)
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ì
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¯ 11.1 �p�K�”�{


¯ 11.1 �‚�V
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z�±�$�7�Ù�w�d�º�p�>�‡�”�U�z�º
æ�t�x�Ã�Š�o�y�M
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11.4. TAD �q ADSTOCK �w
z�±�•	?�¤�®�”�Ä�t�‘�”�¿���®�L�w
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�	Í�w�Ì���µ�­�”�ç�x���v�p�K�”�°�M�p�º
æ�’�®�x�Á�v�G�1�›�-�m���ù�–�¬�z � > 3 �p�x�’�®�q	ˆ�k�w
Ò�M�U

���v�w���É�å�¸�›�Ë�m�y�G�1�–�¬�q�s�”�{

11.3.2 
ó
:
��.�‰�Ì�î�æ�®�L�w
*��

�Š�Þ�Ã�ç�›
ó
:
��.�t�¦�Á�b�”	Ô�ù�z
��. m1; m2; : : : ; mk �t�0�`�o

f � (t) =
X

m

Z t

T1

� m (t; T ) � m (t; T ) gm (t; T ) dT +
X

m 6= n

Z t

T1

� mn (t; T ) � mn (t; T ) gmn (t; T ) dT (11.18)

�w�‘�O�t�z
��.��
ì�“�^�;�ò�¢ m 6= n �w�ò�£�›�å�C�b�”�\�q�p�z�‰�Ì	Z�Ø�t�‘�”
ì	Ð�®�L�•�§�Ç�Ì�æ�¸�”�³�ã

�ï�®�L�›�Þ�Ã�ç�=�p�V�”�{ [75]
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11.4 TAD �q Adstock �w
z�±�•	?�¤�®�”�Ä�t�‘�”�¿���®�L�w
:�‹�î�g

�Š
…�p�x	H�R���w
ª	j Adstock �q TAD �w�Ä	Å�6�q�—�w�§�M�›
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11.4.1 TAD �w
Ý���Þ�Ã�ç

�\�\�p�x���o�w�h�Š�z�0�¯�¥�„�Ö�—�w�ˆ�›�>���`�z

g(T; T) = G(T); Gbulk (t; T ) � 0

�q�b�”�{�^�’�t � �ù 1; �
�ù 0�z � �x T �t�‘���`�s�M�q�b�”�q�z TAD 
C�2�M���Ü�x

@
@t

g(t; T ) = � � (t)g(t; T )

�q�s�”�{

x(t) =
Z t

0
g(t; T )dT

�q�b�”�q�z�å� �Ó�Ç�¿�À���‘�“

d
dt

x(t) = g(t; t ) +
Z t

0

@
@t

g(t; T )dT = G(t) +
Z t

0

�
� � (t)g(t; T )

�
dT = G(t) � � (t)x(t)

�q�s�”�{�Ô�Í t = 0 ; : : : ; 111�¢ 16 	?�£�p�¿���Ð	Z�x�°�� G(t) � 1 �q�b�•�y�z�º
æ�µ�Ä�¿�« x(t) �x 1 �Ô�› 1 �µ

�Â�¿�Ó�q�b�”�)
ü�M���Ü�q�s�”�{
�	Í�w�î�q�t�0�b�”	ˆ�k � �x���Ô�w�ˆ
C�ˆ�`�z	?�¤�x�:�y�b�”�q�b�”�{

x(t+1) � x(t) = � � (t) x(t) + G(t)

yTAD (t) = � (t) x(t); � (t) =

8
<

:
�; ���Ô�¢ Mon{Fri �£

0; 	?�¤�¢ Sat, Sun�£
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11.4. TAD �q ADSTOCK �w
z�±�•	?�¤�®�”�Ä�t�‘�”�¿���®�L�w
:�‹�î�g

yTAD (t) �x�î�M�w
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�	Í�t�m�s�U�l�h�Ì�:�p � (t) �t�‘�l�o�º
æ�µ�Ä�¿�«

x(t) �U	ˆ�k�^�•�”�{
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ƒ���‹�¢�½�á�”�Ç�ï�¬�‹�£�p�K�”�{

11.4.2 
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Ý���Þ�Ã�ç

�°�M�z
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s(t) = G(t) + � s (t� 1); yLTI (t) = � 0 + � 1s(t)

�p
¯�`�z TAD �Þ�Ã�ç�w�A�L�t�0�`�o � 2 [0:6; 0:99] �¬�æ�¿�Å�p�Ñ�Ÿ�¿�Â�Ÿ�ï�¬�¢�7	–�Ë	Ð�£�b�”�{

11.4.3 �³�Û�á�è�”�³�ã�ï�A�L
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\�‰�U�z LTI �¢
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ã�M�›�6�q�b�”�{

�°�M�z
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ª	j Adstock�£�w�7�& � � 0:76
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¶�Ô RMSE�¢���M���É�Ë	Ð�¡�)�£�x�ÿ 0:674 �p�K�l�h�{

	s	?�U
ÿ�C�`�|�H 2 	?�Ž�ñ�U�n	—�Ä�è�ï�Å�q�s�”�g��

TAD �w	?�¤�®�”�Ä�Þ�Ã�ç�p�x�z�Ô�Í�p

x t +1 = (1 � � t ) x t + Gt ; yt = � t x t (11.19)

�q�G	\�^�•�”�{�\�\�p x t �x�º
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b���d�Ö G(T) �x t = T �t�S�M�o�d�º�í���•��

�V	Z�b�Ö�—�q�`�o���Ü�=�^�•�”�{


�	Í	Z�—�w���[


�	Í�x�z�º
æ�t�’���`�o�M�”
b���®�L�U	ˆ�k�^�•�z � �t�‘�“�µ�­�”�ç�!�õ�^�•�”�Ñ�é�”�q�`�o���[�^�•�”�{

�\�\�p�x���o�w�h�Š�z � �ù 1 �q�`�o

ŷ(t) =
Z t

�1
� (t; T ) g(t; T ) dT (11.21)

�p�)�Q�’�•�”�q�b�”�{

�Ì����
�
Q�w�>��

�3�„
b���w�—���Ï���U�z�d�Ö�T�’�w�&�a�Ô
:�¢�å�¬�£�w�ˆ�t�‘���b�”�q�>���`�z

� (t; T ) = � (a); a := t � T

�q�S�X�{�\�w�q�V�z t > T �t�S�Z�” (11.20) �w�‰�Í
æ
ü�x

d
da

g(a) = � � (a) g(a)

�q�s�“�z�Ã�ç�»�Ö�—�t�‘�”�´�ß�ï�Ó	Ú�E�›�ß�€�b�”�q�z�r�x

g(t; T ) = G(T) S(a); S(a) := exp
�

�
Z a

0
� (u) du

�
(11.22)

�p�)�Q�’�•�”�{ S(a) �x�®�°	ˆ�k�’���p�¯�›
¯�b�§�”�É�ç�p�K�“�z S(0) = 1 �z 0 � S(a) � 1 �›�¬�h�b�{

	Þ�ˆ���ˆ���•�w�<�£

�\�•�› (11.21) �t�E�Ö�`�z�!
:�!�õ a = t � T �›�æ�O�q�z

ŷ(t) =
Z 1

0
� (a) G(t � a) S(a) da

=
Z 1

0
G(t � a) K (a) da (11.23)
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11.5. TAD �q ADSTOCK �w
z�±�•�3�„
b���t�S�Z�”�—���®�L�w
:�‹�î�g

�h�i�`

K (a) := � (a) S(a) � 0 (11.24)

�p�K�”�{�b�s�˜�j�z
�	Í�x
b���Ö�—�w�d�º�q�§�”�É�ç K (a) �w	Þ�ˆ���ˆ�q�`�o
¯�^�•�”�{

�m�„�Ì���Þ�Ã�ç

�Ô�Í POS �Ã�”�»�›�{�O�h�Š�z�å�¬ a = 0 ; 1; : : : ; A �t�m�„�=�b�”�q�z

ŷ(t) =
AX

a=0

G(t � a) K (a) (11.25)

�›�˜�”�{


ª	j Adstock �q�w����


ª	j Adstock �Þ�Ã�ç�x�z

K ad (a) = �� a ; 0 � � < 1 (11.26)

�q�M�O�¦
:���§�”�É�ç�›�>���b�”�›	��­�”�µ�p�K�”�{�\�•�x�z � (a) � � 0�¢�°��	ˆ�k�p�£�›�>���`�h	Ô�ù�t�z

S(a) = e� � 0 a ; K (a) = � 0e� � 0 a

�q�s�”�\�q�t�0� �b�”�{

TAD �§�”�É�ç
*��

TAD �p�x K (a) �w��
:���›�¦
:��
:�t�v���d�c�z
‡
Û
M�ÿ�q���È
Q�w�ˆ�›�>���`�o
*���b�”�{�¶	6�8��

Ttrain �t�0�`�z

min
K � 0

X

t 2T train

�
y(t) �

AX

a=0

G(t � a)K (a)
� 2

+ �
A � 2X

a=0

�
� 2K (a)

� 2
(11.27)

�›�r�X�{�\�\�p � 2K (a) = K (a + 2) � 2K (a + 1) + K (a)�z � > 0 �x���È�=�w�§�^�p�K�”�{

���È
Q�w
M�ÿ�›�Ö�•�”
�� �q�`�o�x�z	Þ�ˆ���ˆ�Þ�Ã�ç�x���v�Ã�”�»�<�p�x�o�ð�J�q�s�“�z�7	–�Ë	Ð�w�ˆ�p�x

K (a) �U�Ê� �¶�t�a	Ò�&�ù�`�o
Æ�×
µ�s�ª�²�ª�²�›
\�a�•�b�M�h�Š�z K (a) � 0 �t�C�Q�o�z�m�„�$�s�Â�p�t�0

� �b�” � 2K (a) �w�Ë	Ð�è�›
G�b�”���È�=
Y���=�›�‹�Ö�`�z�Ä�è�ï�Å�x�•�0�`�m�m�Á	t�$�s	ü�ˆ�w�ˆ�›�H
M�b�”

�h�Š�p�K�”�{

�º
æ�d�º	Ý�6�¢�°	ˆ�k�µ�Ä�¿�«�£

�º
æ�t�’���`�o�M�”
b���®�L�w
ï�”�›

n̂(t) :=
Z t

�1
g(t; T ) dT =

AX

a=0

G(t � a) S(a) (11.28)

�q���[�b�”�{�\�•�x�z

G ! n̂ ! ŷ

�q�M�O�®
b���d�Ö�U�º
æ�t�•
u�^�•�z
�	Í
C
\�q�q�‹�t	ˆ�k�^�•�”�¯�Ï���›
¯�b�{
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11.5. TAD �q ADSTOCK �w
z�±�•�3�„
b���t�S�Z�”�—���®�L�w
:�‹�î�g

�î
÷	Í�z K̂ (a) �w�ˆ�U
*���^�•�”	Ô�ù�p�‹�z

Ŝ(a) /
AX

u= a

K̂ (u); Ŝ(0) = 1 (11.29)

�q�`�o�°	ˆ�k�’���p�›�Ï
R�b�•�y�z�º
æ	Ý�6 n̂(t) �›�D�¹�=�p�V�”�{

11.5.3 
:�‹�³�Û�á�è�”�³�ã�ï�A�L

�Š
…�p�x
†�Ì�w�Ì�Ž
Q�w�h�Š�z 28 �Ô�¢ 4 	?�£�› 1 �8���q�`�o�ù
R�Ã�”�»�›�;�M�h�{�Ö�— G(T) �x�Ž�<�w�ª�f

�á�;�›
Ý���b�”�•

ˆ �H 1 	?�•�½�å�³�Ð	Z�¢�°���§�S�£�q�`�o G(T) = 1

ˆ �H 2 	?�•�ª�f�s�`�q�`�o G(T) = 0

ˆ �H 3 	?�•
�	Ô�›�Ô�‘�¦�G�b�”
Ý���p G(T) �›
¢��
ÿ�C�¢	4�z�›�H 1 	?�q�‰���S�t�Ð
T�£

ˆ �H 4 	?�•�ª�f�s�`�q�`�o G(T) = 0 �¢�'��
°�A�à���£

�Š
…�p�x�|�›���w�Þ�Ã�ç�t���b�q�s�”�‘�O�s��	Ý�›�™
$�$�t
¬�•�\�q�›
†�Z�z�—���Ð�”�«�q�y�M�’�®�›�Ë�m

�q�M�O�°
`�$�s�—���Ï���›�>���`�h	Ô�ù�t
Ý���^�•�”�
���Ã�”�»�›�0
•�s�
���Ê� �¶�›
Ç�)�`�h	Í�p
\
R�`�z

�†	��O�w�•�ˆ�›
z�±�b�”�{
*���x�H 1 	?�™�H 3 	?�¢ 21 �Ô�£�›�¶	6�8���z�H 4 	?�¢ 7 �Ô�£�›�'��
°�A�8���q�`�o

�î�ª�`�h�{

�¢
$ 1�£�Ö�—�q
�	Í�w
z�±�¢�
���‹�q
*���‹�£


$ 11.2 �t�z G(T) �q
�	Í�
���‹ y(t)�z TAD �t�‘�”
*�� ŷ(t)�z
ª	j Adstock �t�‘�”
*�� ŷad (t) �›	O�v	{�V

�`�h�A�L�›�Ô�b�{


$ 11.2 �Ö�—G(T) �q
�	Í�
���‹ y(t)�z TAD 
*�� ŷ(t )�z Adstock 
*�� ŷad (t) �w
z�±�¢�H 4 	?�x�'��
°�A�à���£�{

�¢
$ 2�£ TAD �w�º
æ	Ý�6�w�D�¹�=


$ 11.3 �t�z G(T) �q TAD 
*�� ŷ(t)�z�S�‘�|�º
æ�µ�Ä�¿�« n̂(t) �w	O�v	{�V�›�Ô�b�{ G(T) �U���­�`�o�‹

n̂(t) �U�’���`�z�f�w�™�t ŷ(t) �U	Z�—�^�•�”�7� �U�¬�Ý�p�V�”�{
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11.6. TAD �Þ�Ã�ç�0
z
¯�¢�>���~�Ú�ò�~�7���g�æ�q�w�0
z�~���•
Q�£


$ 11.3 �Ö�—G(T) �q TAD 
*��	Z�— ŷ(t )�z�º
æ�µ�Ä�¿�« n̂(t) �w	O�v	{�V�{

11.5.4 �A�L�w�ß�o

�Š
ƒ���p�x�z�H 4 	?�U G(T) = 0 �p�K�”�h�Š�z�'��
°�A�à���w
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~�•�z�•�ù�z
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11.6 TAD �Þ�Ã�ç�0
z
¯�¢�>���~�Ú�ò�~�7���g�æ�q�w�0
z�~���•
Q�£

(1) �_	Z�` (2) �>���¢ �; 
; �; G (t; T )�£ (3) �Ú�ò�$�g���¢�y

���£

(4) �7���g�æ�q�w�0
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Q

TAD �¿���®�L�w
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�0�¯�¥�„�Ö�—�w�ˆ

�¢ g(T; T ) =

G(T); Gbulk (t; T ) � 0�£
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= � (� (t; T ) +


 (t; T ))g; f � (t) =Z t

0
� (t; T )� (t; T )g(t; T ) dT
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æ�µ�Ä�¿�«
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 �£�›
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�¦
: Adstock �Þ�Ã�ç
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�H 12 	· �&�A�g�æ�•�w� �;

12.1 TAD �t�‘�”�¿�Š�ˆ�¶�w�°
`�=�q Solow �Þ�Ã�ç�w�A��

�Š
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Ê�ˆ�›�;�M�o�z�¿�Š�•
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12.1.1 �,�Š
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ˆ �×
µ�n�ã�~�à
×�=�• 
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ˆ 	ý�F�d�¿�w
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+	j�~�A�¨�.�%�s�r�›�‡�q�Š�h�!�õ��
: � (t; T ) �›�‹�Ö�`�z�
���^�•�”�ˆ	Z

�› T1 = �1 �¢	G
ü�Ì���w�&�a�`�h��	×	Ý�6�›�Ú
€�{�O�h�Š�z T1 = �1 �›�>�;�£�q�`�o�z
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f � (t) =
Z t

�1
� (t; T ) � (t; T ) g(t; T ) dT (12.2)

�q���[�b�”�{�\�w���[�t�‘�“�z

ˆ 	Ý�6�!
:�• g(t; T )

ˆ �–�;�• � (t; T )

ˆ �A�‹
°�A�• � (t; T )

�U�Ì�¬�t
ü�m�^�•�”�{

12.1.3 
ï�¿�Š�q	B�ÿ�M���Ü


ï�¿�Š�”�›

K (t) =
Z t

�1
g(t; T ) dT

�q���[�b�”�{�b�”�q�å� �Ó�Ç�¿�À���‘�“

_K (t) = g(t; t ) +
Z t

�1

@
@t

g(t; T ) dT = G(t) +
Z t

�1
Gbulk (t; T ) dT �

Z t

�1
(� + 
 )( t; T ) g(t; T ) dT (12.3)

�›�˜�”�{�\�w
¯�Ü�x TAD �w�q�-�Ã�s�Ü�q�s�A�p�K�”�{�\�\�p
ï�d�¿�›

I (t) = G(t) +
Z t

�1
Gbulk (t; T ) dT

�q�S�X�{

12.1.4 Solow �Þ�Ã�ç�w�A��

Solow �Þ�Ã�ç�t�0� �b�”�Ž�<�w�>��

� (t; T ) + 
 (t; T ) = � (��
: ) (12.4)

� (t; T ) = �� (12.5)

�›�”�X�q�z (12.3) �x

_K (t) = G(t) + I (t) � �
Z t

�1
g(t; T ) dT = G(t) + I (t) � �K (t)

�q�s�“�z Solow ���¿�Š�•
u�M���Ü�x TAD �w�›	��s	Ô�ù�q�`�o�‹�T�•�”�{

12.1.5 ��	×�d�¿�<�t�S�Z�”�d�º�Ï��

�Ž�<�p�x�z TAD �U Solow �›�Ò�Q�o�)�Q�”	Ø�C�›�Ì�Ô�b�”�h�Š�z�0�¯��	×�d�¿�<�t�S�Z�”�d�º�Ï���›�ß�Q�”�{
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�>��

G(T) = I 0 (12.6)

Gbulk (t; T ) � 0 (12.7)

� (t; T ) + 
 (t; T ) = � (12.8)

� (t; T ) = � (a); a = t � T (12.9)

� (t; T ) = �� (12.10)

�\�•�x�z�¿�Š�d�º�w
ï�n�ã�p � (t; T ) + 
 (t; T ) = � �U
M�S�$�~�U	[�$�t	t�)�p�K�”�q�>���`�m�m�z�f�w�º��

�q�`�o�z�ˆ	Z�t�8�=�^�•�”�–�;�p � (t; T ) = � (a) �w�å�¸�M�²�w
�
ü�U�D�!�p�K�”	Ý�¯�›
Ý���`�o�M�”�{�«�Q

�y�z�Ž�<�w�‘�O�s	Ý�¯�p�K�”�{

ˆ 
ƒ
‹�w
ú�g�$	#�Ë�¢�à
×�=�£�x�‰�a�i�U�z�T�‡�‰�•�w
²�W�`�—�™�–�W�`�z�T�‡�p�w�å�¸�Ó�é�Ñ�•� �ç�U

�Ÿ�s�”

ˆ �‰�a�n�A�p�‹�z �–�l�o�A�‹�›
\�‰�n�“�M �q �–�˜�•�c�t�æ�˜�•�”�n�“�M �w
z�p�›�!�Q�”

�\�w�q�V�z � (a) �w�!�=�x�z�T�‡�»� �Û�ï�¬�•�á�;�Ï���w�§�M�›
¯�`�z
ï	#�Ë�×�.�x�!�=�`�s�M�{

�d�º�r

�\�•�’�w�>���w�‹�q�z�Ü (12.1) �t�S�Z�” g(t; T ) �w�°
`�r�x

g(t; T ) = I 0e� � ( t � T )

�q�s�”�{	H�l�o�z a = t � T �w�!
:�!�õ�t�‘�“�z�Ž�<�U�˜�’�•�”�{

K (t) =
Z t

�1
g(t; T ) dT =

Z 1

0
I 0e� �a da =

I 0

�
= K �

�b�s�˜�j�z K (t) �x��	×	Ý�6 K � �q�s�”�{ * 1

�ˆ	Z�w�°
`�Ü

�ˆ	Z�w��	×	Ý�6�t�m�M�o�‹�‰�7�t�z (12.2) �t�| a = t � T �w�!
:�!�õ�t�‘�“

f � (t) =
Z 1

0
�� � (a) I 0e� �a da = ��I 0

Z 1

0
� (a)e� �a da = f �

� (12.11)

�q�s�“�z f � (t) �x��	×	Ý�6 f �
� �q�s�”�{

�\�\�p�z � (a) � �� �q�b�”�q�z

f �
� = �� ��I 0

Z 1

0
e� �a da =

�� ��I 0

�
= �� ��K �

* 1 
u
ü�à���w�<�z�›���v�w T1 �q�”�M�h	Ô�ù�p�‹

K (t) =
Z t

T1

g(t; T ) dT =
Z t

T1

I 0e� � ( t � T ) dT =
I 0

�
(1 � e� � ( t � T1 ) ) !

I 0

�
= K � (t ! 1 )

�q�s�“�z�‰�a�A�L�q�s�”�\�q�U
ü�T�”�{
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`�=�q SOLOW �Þ�Ã�ç�w�A��

�q�M�O Solow ���w�����U
R�“�q�m�\�q�U
ü�T�”�{

	ý�h�s�Œ�_�•�¿�Š�”�U�‰�a�p�‹�ˆ	Z�x�Ÿ�s�“�O�”

(12.11) �q K � = I 0=� �T�’�z�ˆ	Z
+	j�¢�o�•�¿�Š�K�h�“�w�ˆ	Z�£�x

f �
�

K � = ��
Z 1

0
� (a) �e � �a da

�q�s�”�{�`�h�U�l�o�z

�®�‰�°�w�¿�Š�” K � �›�Ë�l�o�M�o�‹�z�T�‡�Ï���¢�d�º�Ï���£ � (a) �U�Ÿ�s�•�y�ˆ	Z
+	j�x�Ÿ�s�”�¯

�\�•�x Solow �Þ�Ã�ç�p�x
¯�q�p�V�s�M�®�L�p�K�”�{

12.1.6 ��	×�d�¿�<�t�S�Z�”�ˆ	Z
±�S�q�¤�ï�Ä�é�Ð�”

�Š
…�p�x�z
²
…�w�®��	×�d�¿�<�t�S�Z�”�d�º�Ï���¯�w
²��

g(T; T) = G(T) = I 0 � (t; T ) + 
 (t; T ) = �; � (t; T ) = � (a); a = t � T; � (t; T ) = ��

�w�‹�q�p�z�å�¸
ü
Í�t�‹�q�n�X��	×	Ý�6�t�S�Z�”�®�’�y�¿�Š
±�S�¢�d�º
±�S�£��̄®�ˆ	Z
±�S�¢	Z�—
±�S�£�¯�q�®�’

�y�¿�Š�¤�ï�Ä�é�Ð�”�¯�›�‹�Ö�b�”�{

�’�y�¿�Š
±�S�¢�d�º
±�S�£�q�ˆ	Z
±�S�¢	Z�—
±�S�£

a =: t � T �t�0�`�o

g(t; T ) = g(a) = I 0e� �a

�p�K�”�w�p�z�’�y�¿�Š
±�S�¢�d�º
±�S�£ D I �x

D I =

Z 1

0
ag(a)da

Z 1

0
g(a)da

=
I 0

Z 1

0
ae� �a da

I 0

Z 1

0
e� �a da

=
1
�

(12.12)

�q�s�”�{�°�M�z�ˆ	Z
±�S�¢	Z�—
±�S�£ D f � �x

D f � =

Z 1

0
a� (a)g(a)da

Z 1

0
� (a)g(a)da

=

Z 1

0
a� (a)e� �a da

Z 1

0
� (a)e� �a da

(12.13)

�q�s�“�z � (a) �U	��å���•� �”�„�r D f � �x	–�^�X�s�“�O�”�\�q�U
ü�T�”�{

�›�t � (a) = �� �w�q�V�x

D f � =
��

Z 1

0
ae� �a da

��
Z 1

0
e� �a da

= D I =
1
�

�q�s�“�z
Ò�M�w
±�S�x�°�•�`�z � + 
 = � �w�Ì���µ�­�”�ç�w�o
:�q�s�”�\�q�U
ü�T�”�{
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`�=�q SOLOW �Þ�Ã�ç�w�A��

�’�y�¿�Š�¤�ï�Ä�é�Ð�”

�’�y�¿�Š g(t; T ) = g(a) �t�0�`�o�z�’�y�¿�Š�µ�S r (a) �x

r (a) =
g(a)

Z 1

0
g(a)da

= �e � �a (12.14)

�q�M�O�¦
:
ü
Í�q�s�”�{�p
µ�z
R1

0 r (a)da = 1 �q�s�”�w�p�z�\�•�x�F�¨�=�µ�S�p�K�”�{

	H�l�o�z�’�y�¿�Š�¤�ï�Ä�é�Ð�” SI �›

SI : = �
Z 1

0
r (a) log r (a) da = �

Z 1

0
�e � �a log(�e � �a ) da = �

Z 1

0
�e � �a (log � � �a ) da

= � � log �
Z 1

0
e� �a da + � 2

Z 1

0
ae� �a da = 1 + log

1
�

= 1 + log D I (12.15)

�q���[�p�V�”�{ * 2

�\�•�x�z�d�Ö�¿�Š�U�b�Y�t�–�;�^�•�c�:�y�`�o�M�”�¢�’�y�¿�Š�U�y�M�¹ D I �U�G�V�M�£�q�z�’�y�¿�Š�w
ü
Í

�U�¿�U�l�h�¢���7
Q�U�G�V�M�¹ SI �U�G�V�M�£	Ý�¯�q�s�“�z�o�t�d�Ö�¿�Š�U�b�Y�t�–�;�^�•�o�M�”�¢�’�y�¿�Š

�U	ý�`�M�¹ D I �U	–�^�M�£�q�z�’�y�¿�Š�w
ü
Í�U
Œ�ö�=�`�h�¢���7
Q�U	–�^�M�¹ SI �U	–�^�M�£	Ý�¯�q�s�”�\�q

�›�™�¯�b�”�{�\�\�p�w�¤�ï�Ä�é�Ð�”�x�z�å�¸
ü
Í�w�¿�U�“�›
¯�b��	Ý�¦
ª�q�`�o�;�M�z	Ø�C�”�q�M�O�‘�“
ü
Í

�w�„�’�y�“�w�¦
ª�q�`�o�r	
�b�”�{

12.1.7 
ï�Å�• TAD �t�‘�”�¿�Š�ˆ�¶�w�Ï���$�6���Ü�=

�Š
…�p�x�z TAD �¢ Time Allocation Dynamics �£�w�î
Ê�ˆ�›�;�M�o�z�¿�Š�•
u�Þ�Ã�ç�›�d�º�Ï���t�‹�q�n�M

�o�6���Ü�=�`�z
ª	j�$�s Solow �Þ�Ã�ç�U�f�w�›	��s	Ô�ù�q�`�o�×
µ�t���‡�•�”�\�q�›�Ô�`�h�{
ï�n�ã�p�U�°��

�p�K�”�q�M�O�>���w�‹�q�p�x�z
ï�¿�Š�”�•
ï�ˆ	Z�x��	×�‹�t	)���`�z	H�R�Þ�Ã�ç�q�‰�°�w	B�ÿ�$�•�ˆ�U�6�q�^

�•�”�{

�°�M�p�z TAD �p�x�z�¿�Š�U�®�M�m�d�Ö�^�•�z�M�m�–�;�^�•�”�T� �̄q�M�O�å�¸�M�²�w�Ï���›�Ì�Ô�$�t�{�O�\�q

�U�p�V�”�{�f�w�A�L�z�¿�Š�”�U�‰�°�p�K�l�o�‹�z�T�‡�Ï���¢�–�;�w�»� �Û�ï�¬�•
�
ü�£�U�Ÿ�s�•�y�z�ˆ	Z
+	j

�•�ˆ	Z�›�r�O�¿�Š�w�å�¸�Ï
R�x�Ÿ�s�“�O�”�\�q�U�Ì�’�T�q�s�l�h�{�\�•�x�z
ï�”�w�ˆ�›	Ý�6�!
:�q�b�”	H�R�w

�¿�Š�•
u�Þ�Ã�ç�p�x�
�Q�”�\�q�w�p�V�s�M�®�L�p�K�”�{

�^�’�t�z��	×	Ý�6�t�S�Z�”�d�º
ü
Í�t�‹�q�n�V�z�’�y�¿�Š�•�ˆ	Z�t�0�`�o�®
±�S� �̄S�‘�|�®�¤�ï�Ä�é�Ð�”� �̄q

�M�O�¦
ª�›�‹�Ö�`�h�{�\�•�t�‘�“�z�¿�Š�U	��M	Ý�6�p	B�¤�$�t�–�;�^�•�o�M�”�w�T�z�K�”�M�x�y�M�¿�Š�U�Õ�X

�:�y�`�o�M�”�w�T�q�M�l�h�º
æ�Ï���w�§�M�›�z��
Q�$�T�m�D�¹�$�t
°�A�p�V�”�‘�O�t�s�”�{

�Ž	Í�‘�“�z TAD �x Solow �Þ�Ã�ç�q
T�ù�$�p�K�“�s�U�’�z�¿�Š�•
S�f�®�L�w�d�º�Ï���›�Ì�Ô�$�t�{�O�\�q�p�z

�ˆ	Z�~	Ð
:�~�þ�t�®�L�›�Ï���$�t�6�r	
�b�”�î
Ê�ˆ�›���™�b�”�{�\�•�x�z�Ú�«�é�&�A�t�S�Z�”	Ý�6�‘��
Q�•
S

�f�®�L�w
Æ�É�í
Q�›�z�q�-
T�ù�$�T�m�w�°�$�t�
�Q�”�h�Š�w�,
k�q�s�”�{

* 2 �H��	·�p���[�`�h�¤�ï�Ä�é�Ð�”�w
¯�Ü�q�‹
T�ù�b�”�{
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12.2. �&�A�¶�t�S�Z�”�ð�Ÿ�ï�Â�”�´�®�L�q
¢��
R�Õ�3�z�§
u� �t��
:

12.2 �&�A�¶�t�S�Z�”�ð�Ÿ�ï�Â�”�´�®�L�q
¢��
R�Õ�3�z�§
u� �t��
:

12.2.1 �&�A�¶�t�S�Z�”�ð�Ÿ�ï�Â�”�´�®�L

�¿�Š�w�µ�Í� �«�d�Ö G(T) = I 0� (T � T0) �t�0�b�”�¿�Š�±�”�Ï�µ�¢�Ž
æ�8�õ�^�•�h�±�”�Ï�µ�£ f (t) �x

f (t) =
Z t

0
� (t; T ) g(t; T ) dT

=
Z t

0
� (t; T )I 0 � (T � T0) exp

�
�

Z t

T

�
� (u; T ) + 
 (u; T )

�
du

�
dT

= I 0 � (t; T0) exp
�

�
Z t

T0

�
� (u; T0) + 
 (u; T0)

�
du

�
(12.16)

�Ž�ñ�x�H��	·�q�‰�a�^�æ�t�‘�l�o�z�¿�Š�d�<�t�0�b�”�ð�Ÿ�ï�Â�”�´�®�L�U�¬�Ý�^�•�”�{�b�s�˜�j�z�Ì�� T1 �t

�S�Z�”�o�•�µ�Í� �«�d�Ö�t�‘�”�¿�Š�8�õ f (t) �x�—�•�o�Ð�”�«�›�4�Q�z�f�w�Ð�”�«�•�”�q�ô�^�U T1 �t�‘���b�”

�ð�Ÿ�ï�Â�”�´�®�L�U�q�•�”�{�\�•�x�&�g���p�x�
���^�•�o�M�”�‹�w�w
ª	j Solow �Þ�Ã�ç�p�x�‹	Z�p�V�s�M�A�L

�p�K�”�{ [44, 99]

12.2.2 �&�A�¶�t�S�Z�”
¢��
R�Õ�3

a = t � T �q�`�z
R1

0

�
� (a) + 
 (a)

�
da < 1 �›�>���b�”�q�z�H��	·�w
¢��
R�Õ�3�U�¿�Š�d�<�w���º�p�f�w�‡

�‡�6�q�^�•�”�{�b�s�˜�j�z

S(a) �ù exp
�

�
Z a

0

�
� (u) + 
 (u)

�
du

�

�q�b�”�q�z��	×�d�¿ I 0 �w�‹�q�p

lim
t !1

dK
dt

= S(1 ) I 0 (12.17)

�q�s�”�{�\�•�x�î�¿�$�t�x�®�Ž
æ�8�õ�^�•�c�t�¾�”�¿�Š�¯�U
¢��
R�Õ�`���Z�”�\�q�›�™�¯�b�”�{�Ú�«�é�&�A�w

�¹�:�p�x�z
ƒ
‹�w�(	Ò�•�–�˜�•�s�M�¿�Š�d�º�¢�¹�¾�”�¿�Š�£�U�d�¿�®�p�•�¿�Š�w
‡�®�p
Q�t�Ú�A�b�”�\�q�›�™

�¯�`�z�n�ã�p 
 �w�ÿ�n�•�8�õ�p � �w�~
³�U�Õ�8
R�Õ�t�r�O�/�)�b�”�T�›�Ô�&�b�”�{�\�•�x
ª	j�Þ�Ã�ç�w�¦
:

	)��
þ�q�x�0	°�$�p�K�”�{ [98]

12.2.3 � �ï�Í�ç�µ�Ö�—�t�0�b�”�§
u� �t�w�&�A�%�•�w� �;

�H 6 	·�p�x�z TAD �%�t�S�Z�”� �ï�Í�ç�µ�Ö�—�t�0�b�”	•�R�§
u� �t�U�z

M cum = ��
� 0

� 0 + 
 0
= �� � 0 D = �� � 0 eS� 1

�q�`�o
¯�^�•�”�\�q�›�Ô�`�h�{�Š
…�p�x�z�\�w
Ó�'�$�s�§
u� �t��
:�›�z�&�A�%�t�S�Z�”�d�Ö�q�ˆ	Z�w�����q

�`�o�¡�ˆ�8�Q�”�{

�&�A�%�t�S�M�o�z�K�”�Ì�� T0 �t�¿�Š�z
ƒ
‹�z�U	[�z
��$�¿�o�z�¬�ž�d�¿�s�r�w�å�C�d�Ö�U�æ�˜�•�h�q�b�”�{

�\�•�x TAD �w�î
Ê�ˆ�p�x�z�0�¯�¥�„�t�S�Z�”� �ï�Í�ç�µ�Ö�—

G(T) = � G � (T � T0)

�q�`�o
¯�^�•�”�{�\�w�Ö�—�t�‘�“
\
R�^�•�h�d�º
R
ü�x�z�Ì���w�&�a�q�q�‹�t�’���`�z�f�w�°
æ�U
\�ˆ�z�±�”
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12.2. �&�A�¶�t�S�Z�”�ð�Ÿ�ï�Â�”�´�®�L�q
¢��
R�Õ�3�z�§
u� �t��
:

�Ï�µ���™�z�®�;�z
Ç�C�A�‹�s�r�w	Z�—�•�Â�“�p�o�’�•�”�{
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¯�q�›��
R�`�h	Í�p�Í�Ä�”�«�ï�'���›	Z�—�b�”�{�\�w�Ö	Z�—�Ï���x�z TAD �U�{�O�Ö�— )

�•
u ) 	Z�—�w�î
Ê�ˆ�q�;�ó�$�t�¨�Å�`�o�M�”�{ [104] �Š	·�p�x�z�ž�Â�ï�³�ã�ï�;�Ï�w�†��
Q�S�‘�|�-�‰�®�p�z

�s�’�|�t�Õ�����º�w�°��
Q�²	Í�q�M�O�
�:�T�’�z TAD �;�Ï�w� �;�›�¼�ˆ�”�{

13.1 TAD �t�,�n�X�Ý�Þ�æ���g
Ú�w���Ü�=�¢�,�Š�Ï���£

�Š	·�p�x�z�
���Ì�� t �›
ˆ�0�Ì���p�x�s�X�q�O�w�Ä�”�«�ï�•�”�q�`�o�r	
�b�”�{�¤�d�º�Ä�”�«�ï�w�Ö�—�Ì��

Ti �x�f�w�Ä�”�«�ï�w�•�”� �ï�Ã�¿�«�µ�t�0� �`�z�)
ü ai := t � Ti �›�z�f�w�Ä�”�«�ï�U�q�O�•�”�T�’�r�•�i

�Z�a�ˆ�t�K�”�T�›
¯�b�V�Å�$�s�&�a�Ì���q�ˆ�s�b�{�`�h�U�l�o�z�h�k�x�î�Ì���t�0�`�o�È���$�t
��æ�b�”�w�p

�x�s�X�z	ý�F�Ä�”�«�ï�U�Ö�—�^�•�”�h�|�t�¤�d�º�Ä�”�«�ï�w�å�¸ ai �U
ÿ�C�`�z�f�•�t� �a�o�G�1�§�S g(t; T i )

�U�n
0�b�”�{

�\�\�p�x�Ž	Í�w�,�Š�$�s�ß�Q�M�t	H�M�z TAD �Þ�Ã�ç�›� �;�`�o�z�t� �Þ�Ã�ç�t�S�Z�”�d�º�Ä�”�«�ï�w�®��

�®�G�1�¯�›���g�b�”�î
Ê�ˆ�›�Ï�™�b�”�{�m�„�$�s�Ä�”�«�ï�Ö�—�›�Ì�� Ti �t	!�Z	��“�z�f�w	s�8�§�S�›�0�¯�¥

�„�Ö�—�q�`�o

g(Ti ; Ti ) = G(Ti )

�q
¯�b�{�\�•�t�0�`�o�z TAD �w�¼� �Æ�Û�«�µ�Ü�x�Í�w�‘�O�t�s�”�{ * 1

@g(t; T i )
@t

= � 
 (t; T i ) g(t; T i ) (13.1)

�\�\�p t �x�m�„�$�s�Ä�”�«�ï�•�”�›
¯�b�h�Š�z	Í�Ü�x�k�µ�s�Ì��
•
ü�q�M�O�‘�“�‹�z�Ä�”�«�ï
\
R�µ�Â�¿�Ó

�]�q�w�Ë	ý���›�È���Ã�v�p�Ù�Å�`�h
¯�q�q�ˆ�s�b�{

�‡�h g(t; T i ) �x�z�Ì�� t �t�S�Z�”�d�º�Ä�”�«�ï Ti �w�®���®�G�1�§�S�¯�›
¯�b�{�Š	·�w�q	Ô�p�x�z�è	×�w

Attention �U�®�f�w�Ì�:�p�w���ù
z�¢�í���$	O�ˆ�£�¯�›�)�Q�”�w�t�0�`�z TAD 
Ú�x�®�Ì���M�²�t�r�w�d�º�›�r

�•�i�Z
\���^�d�”�T�¢�Ì���$�-���£�¯�›���;�Ï�q�`�o�Ì�Ô�=�b�”�{�b�s�˜�j�z Attention �›�”�õ�b�”�w�p�x�s

�X�z Attention �U�€	°�b�”�©�4	B�ù�w
\
R�q�¡�Ë�›�ˆ�$�t
M�š�b�”
Ú�q�`�o�•�”�n�Z�”�{

* 1 �m�„�$�t�x�z�Ä�”�«�ï
\
R�µ�Â�¿�Ó t ! t + 1 �t�S�M�o

g(t + 1 ; Ti ) = g(t; T i ) exp
�
� 
 (t; T i )

�

�w�‘�O�t�Ë	ý�^�•�”�q�r	
�p�V�”�{



13.1. TAD �t�,�n�X�Ý�Þ�æ���g
Ú�w���Ü�=�¢�,�Š�Ï���£

13.1.1 �n
0�p�w�Ï���¢�×
µ�n
0�´�€	°�4
Y�£

�n
0�p 
 (t; T i ) �x�z�Ö�—�T�’�w�&�a�Ì���t�‘�”�×
µ�n
0
R
ü�q�z�Ú
²�w�€	°�¢�«�™�£�t�‹�q�n�X���Ë�4
Y
R


ü�T�’�Ï
R�^�•�”�‹�w�q�b�”�{


 (t; T i ) := 
 min + max f 0; � 
 0(t � Ti ) � (1 � � ) 
 attn (t; T i )g ; � 2 [0; 1]; 
 min > 0 (13.2)

ˆ 
 0(t � Ti )�•�q�O�Ä�”�«�ï�•�” t �T�’�_�h�a�ˆ�Ä�”�«�ï�q�w�‘�m (t � Ti ) �t�‘���b�”�×
µ�n
0�ò�{�\�w

�‘�m�x�î�Ì���p�x�s�X�z�%�»�º�t�S�Z�”�Ä�”�«�ï���w
ì�0�$�•�”�)�›
¯�b�{

ˆ 
 attn (t; T i )�•�Ú
²�w�ž�Â�ï�³�ã�ï�/�)�S�t�,�n�X�4
Y�ò�{

�Ü (13.2) �x�z�€	°�^�•�s�M�d�º�x�×
µ�t�n
0�`�z�€	°�›�«�˜�`�h�d�º�x���º	Í	O�A�p�K�”�q
*���^�•�”�h�Š

�-�Ë�8���U���|�”�z�q�M�O�;�Ï�›
¯�q�b�”�{�‡�h�z � �x�×
µ�n
0�q���Ë�4
Y�w�r�j�’�›	O�¹�b�”�T�›�Ž
\�$�t

�)�Q�”�Ë� �Í�”�Í�å�Ý�”�»�p�K�”�{

�\�w�Ï���t�‘�“�z�Š�Þ�Ã�ç�t�S�Z�”�h�k�x�î�Ì���w�&�a�t�‘�l�o
\�a�”�w�p�x�s�X�z	ý�h�s�Ä�”�«�ï�Ö�—�t

�‘�”���º�w
²
��t
P�l�o
��æ�b�”�{

13.1.2 �†��
Q�q	G
ü	Ú�E�¢�Á�v�-�Ë�w�w�­�£

�†��
Q�w�h�Š�z 
 (t; T i ) � 0 �›�¬�h�b�‘�O�t�Ï
R�`�z�^�’�t�Í�›�>���b�”�{

Z 1

0

 0(a) da = 1 ; 
 attn (t; T i ) �x�Ì�����É�p	Í�„�›�‹�m�{ (13.3)

�C�Q�o�z 
 min > 0 �›�‹�Ö�b�”�\�q�p�z 
 (t; T i ) �U 0 �t�Á�“
Ç�X�\�q�›�w�­�b�”�{�\�w�q�V�z	G
ü	Ú�E�q�`�o

Z 1

T i


 (s; Ti ) ds = 1

�U
R�q�`�z�Ö�—�%�»�U���v�p	ý�F�Ä�”�«�ï�w�Ö�—�U���­�b�”	Ô�ù�z�Š	·�w�î
Ê�ˆ�p�x�
���Ì�� t �x�f�•�Ž	Í
�

�æ�`�s�M�h�Š�z�d�º�Ä�”�«�ï�w�å�¸ t � Ti �‹�{���^�•�”�{�\�w�q�V�z�G�1�§�S g(t; T i ) �x�f�w�Ì�:�w�‹�p�Z�A

�^�•�z�Ž�™�w�n
0�x
\�a�s�M�{

�°�M�z�Ö�—�%�»�U�'���b�”	Ô�ù�t�x�z�¤�d�º�Ä�”�«�ï�w�å�¸�U
ÿ�C�b�”�t�m�•�o�/�)�U�n
0�`�z�A�L�q�`�o

�d�º�x�ˆ�$�t
T�g�^�•�”�{

�b�s�˜�j�z�Š�Þ�Ã�ç�t�S�Z�”�h�k�x�î�Ì���w�&�a�t�‘�l�o
\�a�”�w�p�x�s�X�z	ý�F�Ä�”�«�ï�Ö�—�t�‘�”���º

�w
²
��t
P�l�o
��æ�b�”�{

13.1.3 �ž�Â�ï�³�ã�ï�4
Y�ò�w���[�¢	O�ˆ�q�`�o�w�‹�Ö�£

�ž�Â�ï�³�ã�ï�4
Y�ò 
 attn (t; T i ) �x�z Transformer �t�S�Z�”�«�™	O�ˆ�›�;�M�o�Í�w�‘�O�t���Š�”�{ [104] * 2

* 2 �î
÷�Ì�x�Ú�ç�½�Ô�¿�Å�ž�Â�ï�³�ã�ï�›���É�‡�h�x�7�G�p	B�ÿ�b�”�{
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13.2. �F�¨�=�q�©�4	B�ù�w
¬���¢ TAD �®�”�Ä�£

�‡�c�z�Ì�� t �t�S�Z�”�«�¤�æ qt �q�d�º�Ä�”�«�ï Ti �t�0� �b�”�©�” kT i �t�‘�“�z
ª	j�w Attention 	O�ˆ�›

w(t; T i ) :=
exp

�
qt � kT ip

dk

�

P
j :T j � t exp

�
qt � kT jp

dk

� (13.4)

�q���[�b�”�{�\�w�q�V
P

i w(t; T i ) = 1 �T�m 0 � w(t; T i ) � 1 �U
R�“�q�m�{

�\�w	O�ˆ�›�;�M�o�z


 attn (t; T i ) := � w (t; T i ); � � 0 (13.5)

�q���Š�”�{�\�•�t�‘�“�z�«�™�p�§�X�€	°�^�•�h�d�º�„�r 
 (t; T i ) �U�ÿ�<�`�z�-�Ë�8���U���|�”�{�\�\�p w(t; T i )

�x���„�p�K�”�h�Š�z 
 attn �w�k
ø�›�w�W�m�m�z�€	° ) ���Ë�w�¼�L�$�s
€���›�‹�Ö�p�V�”�{

13.2 �F�¨�=�q�©�4	B�ù�w
¬���¢ TAD �®�”�Ä�£

�Ü (13.1) �w�°
`�r�x�z t � Ti �t�0�`�o�Í�w�‘�O�t
¯�^�•�”�{

g(t; T i ) = G(Ti ) exp
�

�
Z t

T i


 (s; Ti ) ds
�

(13.6)

�\�•�x�Ä�”�«�ï�Ö�—�Ì�� Ti �t�S�M�o g(Ti ; Ti ) = G(Ti ) �T�’�•�‡�“�z�f�w�™�x�n
0�p 
 (s; Ti ) �t	H�l�o�¦


:�$�t�n	—�b�”�{

�\�\�p�z���®�G�1�›�F�¨�=�b�”�\�q�p�z�¬�p�$�s�®
\�V�’�“	O�ˆ�¯ p(t; T i ) �›���[�b�”�{

p(t; T i ) =
g(t; T i )P

j :T j � t g(t; T j )
(13.7)

�\�•�x softmax �t�¨�Å�w
Y�F�=�p�K�”�U�z�¼� �Æ�Û�«�µ�t���R�b�”�:�U�Ÿ�s�”�{

�Š	·�w�r	
�p�x�z�
���Ì�� t �x�q�O�w�Ä�”�«�ï�•�”�›
¯�b�h�Š�z	ý�F�Ö�—�U���­�`�h	Ô�ù�t�x t �‹�f�•�Ž

	Í
��æ�d�c�z p(t; T i ) �‹�f�w�Ì�:�w�‹�p�{���^�•�”�{�°�M�z�Ö�—�%�»�U�'���b�”	Ô�ù�t�x�z�y�M�d�º�„�r�å�¸

t � Ti �U
ÿ�G�`�z�0� �b�”�G�1�§�S g(t; T i ) �U
ì�0�$�t�ÿ�<�b�”�h�Š�z p(t; T i ) �‹�ˆ�$�t�6
�
ü�^�•�”�{

�`�h�U�l�o�z�-�Ë�x�€	°�t� �a�o�®
ž�A�s�q�V�i�Z���Ë�¯�^�•�z�Õ�M�%�»�Ö�—�w�‹�q�p�x�y�M�d�º�w
ì�0	O

�ˆ�U�ÿ�<�b�”�\�q�p�z�©�4	B�ù�U�ž�Í�$�t
T�g�^�•�”�{

�\�w p(t; T i ) �U�Ë� �Í�”�Í�å�Ý�”�» " �›�Ò�Q�”	Ô�ù�w�ˆ�z�Ä�”�«�ï Ti �›�©�4	B�ù St �t�’�b�{

St =
�

Ti
�
� p(t; T i ) > "

	
; " 2 (0; 1) (13.8)

�\�\�p " �x�G�1�w�`�V�M�‹�›
M�š�b�”�Ë� �Í�”�Í�å�Ý�”�»�p�K�”�{ * 3

13.3 �ž�Â�ï�³�ã�ï�•�w
€���¢�Ä
²�Ñ�Ÿ�ç�»�q�`�o�w TAD 
Ú�£

�©�4	B�ù St �w�ˆ�›�;�M�o�z�è	×�w Transformer �w�ž�Â�ï�³�ã�ï�-�‰�›�î�ª�b�”�{

* 3 �î
÷	Í�x
•
ü�D�ó
Q�w�h�Š�z�È�����è�¢ Top- k softmax �s�£�›�;�M�”�{ [68]
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13.4. 	H�R�� ATTENTION �q�w
z�±

Attn( qt ; V ) =
X

T i 2 St

softmax
�

qt � kT ip
dk

�
vT i (13.9)

�\�\�p vT i �x�‹�Õ�«�Ä�ç�p�K�“�z�\�•�x�ž�Â�ï�³�ã�ï
Ú�w�»�µ�«�p�K�”�{ TAD 
Ú�x�Ä
²�Ñ�Ÿ�ç�»�æ�ï�¬�;

�Ï�q�`�o�;�ó�`�z�«�™�-�‰�w�†��
Q�q�®�p�›�ô�Š�”�{ [85, 16]

�-�‰�”�x�“�v O(L jSt jd) �q�s�“�z jSt j � L �U�¡�Ë�^�•�”�–�¬�p�x�î�;	Í�G
ï�s�_�n�U�_���‡�•�”�{�h�i�`�z

jSt j �w�•�ˆ�x�Ö�—�%�»�•�Ë� �Í�”�Í�å�Ý�”�»�t�‘���b�”�h�Š�z�î�g�p�x jSt j �w
*� �q�©���¡�)�›���d�o�C���b

�”
ž�A�U�K�”�{

�Ö�—

�«�¤�æ�›�Ã�—� �Õ�ï�Ä�é�¬

�Ä�å�ï�µ�Ñ�¥�”�Ú�”�~�¤�ï�¯�”�¼

�þ�Â�•���º�›�¨	Z�¢�’�Š���ˆ�›
\
R�£

TAD �®�”�Ä�¢�Ä
²�Ñ�Ÿ�ç�»�£

�þ�Â�•�Ý�Þ�æ�T�’�©�4�›
¬��

�Ý�Þ�æ�Ì�ï�«

�a�ˆ�Ä�”�«�ï�—	Ý�6

�Ú�ç�½�Ô�¿�Å�~�ž�Â�ï�³�ã�ï

�þ�Â�•�©�4�w�ˆ�›���ù�~	B�ÿ

	Z�—
¯�q

	Z�—

�'���—
¯�q

TAD �Ë	ý�¢�-�Ë�—�h�k�£

�«�™	O�ˆ�p�-�Ë�8���›�Ð
T

�©�4�w�ˆ�I�b

�-�Ë�8���w�Ë	ý

�&�å�—
\��

�þ�Â
ü�r�• �¤�ï�¯�”�¼�¹���º�›�g�r�— TAD �®�”�Ä�¹�©�4�›
¬�•�—�ž�Â�ï�³�ã�ï�¹�©�4�›���ù�— TAD �Ë	ý�¹�-�Ë�~�h�k�›���g�{


$ 13.1 TAD �®�”�Ä�q�Ä�å�ï�µ�Ñ�¥�”�Ú�”�«�™�;�Ï�w�;�ó�$�m�s�U�“�¢�“�æ
$�£

13.4 	H�R�� Attention �q�w
z�±

	H�R�w Transformer �p�x�z
¶�Ä�”�«�ï�U�°�7�t�ž�Â�ï�³�ã�ï�-�‰�t�d�Ö�^�•�”�h�Š�z�Õ���Ö�—�Ì�t�x
Æ�A�s

�Ä�”�«�ï�U�Ê� �¶�q�`�o�’�“�z���º�-�Ë�w�°��
Q�•�-�‰�®�p�t
M�ÿ�U�K�l�h�{�\�•�’�t�0�b�”�~
³�Z�€�x�'��

�$�t�æ�˜�•�o�M�”�{ [4, 113]

�Š	��O�p�x�z TAD �¼� �Æ�Û�«�µ�t�,�n�M�o�d�º�Ä�”�«�ï�w�®
\�V�’�“	O�ˆ�¯�›�ˆ�$�t�Ë	ý�`�z�Ä
²�t
¬��

�›�æ�O�\�q�p�z

ˆ �Õ���Ö�—�Ì�w�«�™�w�†��
Q�²	Í

ˆ ���º�w�°��
Q�-�Ë

ˆ �-�‰�®�p�w�~
³

ˆ �™�¯�$�t	O�A�s�Ä�”�«�ï�w�§�Ð

�q�M�l�h�í�$�s�²	Í�U�8�4�p�V�”�{ TAD �x�Ì���Ï���q�×
µ�n
0�›
Ê�ˆ���‰�:�p	H�R�q�Ÿ�s�”�ž�Ó�é�”�½�p�K

�“�z�«�™�w�®�f�w	Ô�w���ù�¯�q�x���t�z�d�º�w�®�Ì���$
\���¯�›
ƒ�-�0	Å�q�`�o
~�“	Z�b�‹�w�p�K�”�{

13.5 TAD �®�”�Ä
M�š�¢�©�4	B�ù�w
¬���£�•�w� �;

�Š
…�p�x�z TAD �w�d�º
ü
Í�t�‹�q�n�X�®
±�S�¯�S�‘�|�®�¤�ï�Ä�é�Ð�”�¯�›�;�M�o�z TAD �®�”�Ä�w�‰���Í�å

�Ý�”�»�›�×�ˆ
M�š�b�”�î
Ê�ˆ�›���Š�b�”�{
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13.5. TAD �®�”�Ä
M�š�¢�©�4	B�ù�w
¬���£�•�w� �;

13.5.1 �d�º
ü
Í�q�`�o�w�Ä�”�«�ï�G�1

�Ü (13.7) �t�S�Z�” p(t; T i ) �x�z�a�ˆ�t�
���^�•�h�Ä�”�«�ï�K�”�M�x�º
æ	Ý�6 Ti �U�q�O�Ä�”�«�ï�Ì�� t �t�S

�M�o�€	°�^�•�”	O�ˆ�›
¯�b�{�«�™�;�Ï�•�Ž
æ�Ý�Þ�æ�t�S�M�o�®�r�w�a�ˆ	Ø�C�U�r�w���S
\�V�’�l�o�M�”�T�¯�›


¯�b�d�º
ü
Í�p�K�”�{

���[�‘�“ X

i

p(t; T i ) = 1 ; p(t; T i ) � 0

�›�¬�h�b�{�\�\�p ai := t � Ti �›�d�º�å�¸�q�z�•�{

13.5.2 �d�º
±�S�q�¤�ï�Ä�é�Ð�”

�d�º
ü
Í p(t; T i ) �t�0�`�o�z���É�d�º�å�¸�q�`�o�d�º
±�S D(t) �›

D(t) :=
X

i

ai p(t; T i ) (13.10)

�q���[�b�”�{ D(t) �U	–�^�M�„�r�z�Þ�Ã�ç�x�Ú�Ù�w	Ø�C�›�¤	ú�t�€	°�`�o�M�”�\�q�›�™�¯�b�”�{

�°�M�z�d�º
ü
Í�w�¿�U�“�›
¯�b�¦
ª�q�`�o�z�d�º�¤�ï�Ä�é�Ð�” S(t) �›

S(t) := �
X

i

p(t; T i ) log p(t; T i ) (13.11)

�q���[�b�”�{ S(t) �U�G�V�M�„�r�z�€	°�^�•�”�d�º�U
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LLM �º
æ�t�S�M�o�z	ý�h�s	Ø�C�w�v�Ö�•�º
æ	Ý�6�w�Ë	ý�›
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�S�› " (t) 2 [0; 1] �q�`�z�Ü (13.8) �w " �t�0� �^�d�”�{ * 5
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� � D

D(t) � D0
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(13.12)

* 4 �Š�Ø�p�w�¤�ï�Ä�é�Ð�”�x�m�„�¤�ï�Ä�é�Ð�”�p�K�“�z�H��	·�w�È���¤�ï�Ä�é�Ð�”�w���[�q�x
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*�æ�Ì�Ù�æ�³�”

�q�`�o�î
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q(t; T )g(t; T ) dT = 0 ( N (t ) = 0) (14.11)

�q�s�”�{�`�h�U�l�o�†	��›�‡�q�Š�o Z t

T1

q(t; T )g(t; T ) dT = 1f N ( t ) > 0g (14.12)

�q	{�Z�”�{

247



14.3. �o�°�±�”�Ì�•�ù�w
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14.4. TAD �t�‘�”	ý�`�M�¦
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14.4. TAD �t�‘�”	ý�`�M�¦
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14.5. �¬�p�a���›�;�M�s�M�4�j�æ�»�����w�-���Ï��
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Í�•�����¬�p�w�^�æ�›�º�A�`�o�M�”�{

�\�w�™�¯�p�z TAD �x
\���Ì���r
s�q�•�ù�b�”�w�p�x�s�X�z�f�•�›�Ö�—
\
R�a���q�d�º�µ�S�w�-�����›
‹�Q

�h�‘�“�G�V�s�î
Ê�t�’�Š���œ�p�M�”�{�b�s�˜�j�z
\����
: S(t; T ) �x�o� �w�w�-�”�p�x�s�X�z
\
R�p B (T) �q

�A�|�m�X�\�q�p�z�q�O�
���^�•�”�%�w
ü
Í g(t; T ) �›�)�Q�”�{

�å�¸�‘���Ë�²�”�Å�q�w�0� 

�^�’�t�z � (t; T ) �U�%�w�å�¸ a = t � T �w�ˆ�w��
:

� (t; T ) = � (a) (15.12)

�p�)�Q�’�•�”	Ô�ù�z TAD �x�å�¸�‘���Ë�²�”�Å�Þ�Ã�ç�›�×
µ�t�A���b�”�{ [106] �\�w�q�V

S(a) = exp
�

�
Z a

0
� (� ) d�

�
(15.13)

�q�s�”�w�p�z	��M�%�w�„�r
Æ�†���p	«�æ�`�•�b�M	Ô�ù�•�z�o�t�y�M�%�w�U���¥�!�ˆ�t�0�`�o
l	��t�s�”	Ô�ù�s

�r�z
��=�¶�$�t�^�‡�_�‡�s�>
†�›�°���`�h���Ü�p�G	\�p�V�”�{

�Ž	Í�‘�“�z TAD �x birth{death �����7�=�Þ�Ã�ç�z
\���Ì���r
s�z�å�¸�‘���Ë�²�”�Å�Þ�Ã�ç�›�z
\
R�Ì���å

�Õ�ç�m�V�w�d�º�µ�S g(t; T ) �›	��!
:�q�b�”�w�°�$�î
Ê�w�‹�q�p�6�G	\�b�”�‹�w�q�g�r�p�V�”�{

15.1.3 �%�w�å�¸
ü
Í�q�M�O�å�C	Ý�6�”

�7���w	B�ÿ�$�G	\�p�x�z�`�y�`�y
ï�%�w
: N (t) �•���É�$�s���7�=�p�U	��s	Ý�6�”�q�s�”�{�`�T�`�z TAD

�w�
�:�p�x�z
��=�%�w	Ý�6�x�°
`�t�x N (t) �w�ˆ�p�x�>�‡�’�s�M�{�s�e�s�’�z�‰�a N (t) �›�)�Q�”�Ë�m�w�%�p

�K�l�o�‹�z�f�•�›�Ï
R�b�”�%�w�w�å�¸
ü
Í g(t; T ) �U�Ÿ�s�•�y�z�f�w�™�w
ü�0�z
ˆ�Ó�z�K�”�M�x�Ÿ�Z�•�w� �t

�x�Ÿ�s�“�O�”�T�’�p�K�”�{
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�\�w�:�›�“�æ�$�t�Ô�b�h�Š�t�z�Ì�� t = t � �t�S�M�o
ï�%�w
:�U�s�`�M�Ë�m�w�%

N1(t � ) = N2(t � )

�›�ß�Q�”�{�°�M�w�%�p�x�y�M�%�w�U�°�X�’�“�z���M�w�%�p�x
z�±�$	ý�`�M�%�w�U��
:�›
Ž�Š�o�M�”�q�b�”�{�\

�w�q�V�z�‹�`
ˆ�Ó�Ë�²�”�Å�•
ü�0�p�U�%�w�å�¸�t�‘���b�”�s�’�y�z�†	��w	•�R�¼� �Æ�Û�«�µ�x�°
`�t�°�•�`�s

�M�{�b�s�˜�j�z�‰�a�q�O�‹ N (t � ) �›�Ë�m�T�’�q�M�l�o�z�‰�a	•�R�J�“�›	��”�q�x�v�’�s�M�{

�`�h�U�l�o�z
��=�%�w�—�¶�›�G	\�b�”�t�x�z�o�s�”
ï�” N (t) �i�Z�p�s�X�z�%�w�å�¸
ü
Í g(t; T ) �K�”�M�x

ga(t; a) �›	Ý�6�!
:�q�`�o�-�Ë�b�”�\�q�U�Š�í�$�t	O�A�p�K�”�{�\�w�:�t�z TAD �t�‘�”
��=�G	\�w�å�C�$�s
†

�Ì�—�U�K�”�{

15.2 
‡��	×
��=�q	Å�•�w TAD �$
†�Ì�>
†

15.2.1 �G
ˆ�Ó�™�s
î�q�&� �L�„

�G
ˆ�Ó�™�s
î�•�&� �L�„�x�z
��=
\
ú�¶�t�S�M�o�¿�X�Œ�’�•�h�q	Å�p�K�”�{ [87, 2, 93]�\�•�’�w�a���p�x�z

�K�”�Ì�:�p���X�w�%�w�U�æ�˜�•�h�™�z	ý�`�M�%�w���U
z�±�$�y�8���t
ÿ�C�`�z���7
Q�U�6�Ï
R�^�•�”�{�\�w�q

	Å�x�`�y�`�y
ï�%�w
:�•���7�=�p�w�Ì���!�=�q�`�o�G	\�^�•�”�U�z TAD �w�q	Ô�p�x�z�f�•�x�o�s�”
ï�”�w�s


î�p�x�s�X�z�d�º
ü
Í�w�6�$
R�q�`�o�g�r�^�•�”�{

�h�q�Q�y�z�G
ˆ�Ó� �Õ�ï�Ä�›�Ì�� t = tc �t�S�M�o�Ë�²�”�Å � (t; T ) �U�°�Ì�$�t�G�V�X�s�”�q	Å�q�`�o
¯�q�b

�”�\�q�U�p�V�”�{�\�w�q�V�z
ˆ�Ó� �Õ�ï�Ä�Ž
²�t�•
u�`�o�M�h�%�w�¯�×�”�Ä�w���X�U�æ�˜�•�z g(t; T ) �x�G�V�X

�!���b�”�{�f�w�™�z���¥�$�íO1�•	ý�h�s�Ç�¿�½��
R�t�‘�“	ý�F
\
R�p B (T) �U
ÿ�C�b�•�y�z
z�±�$	ý�`�M
\
R

�Ì���›�Ë�m�%�w�¯�×�”�Ä�U��
N�q�s�”�{�`�h�U�l�o�z�s
î�™�w
��=�%�x�z�o�t N (t) �U�i�w
+	j�t�Ù�n�M�h�q

�M�O�i�Z�p�x�s�X�z�º
æ�w�å�¸
ü
Í�U�G�V�X	��&�l�h	Ý�6�t�K�”�q�r	
�^�•�”�{

�\�w�_�M�t�q�m�q�z�G
ˆ�Ó�™�s
î�•�&� �L�„�x�z
ï�%�w
:�w
ÿ�n�p�x�s�X�z�%�w�å�¸
ü
Í�w
��u�q�6�Ï�™�q

�`�o�w�°�$�t�G	\�^�•�”�{�^�’�t�z�s
î�8�w
ü�0�Æ
Q�•
ˆ�Ó
l	�
Q�x�z�s
î�™�t�r�w�‘�O�s�å�¸
ü
Í�U��
R�^

�•�h�T�t�‘���b�”�D�ó
Q�U�K�”�{�`�h�U�l�o�z TAD �x�z�\�•�’�w
‡��	×�q	Å�t�0�`�o�z�d�º�Ï���›�Ì�Ô�$�t

���‰
†�Ì�>
†�›�)�Q�”�{

15.2.2 �…���$�6�$
R�w�r	



��=�™�t�x�z�Õ�M
z�±�$�†���s�Ì�8�q�z�y�M�6�$
R�8�U�¦�8�b�”�‘�O�t�_�Q�”�Ä�«�U���O�b�”�{ [34] �\�w�‘

�O�s�…���$�!�=�x�z���6
��=�z�%�w�Ï
R�z�K�”�M�x���7�=���S�w�
�:�T�’�æ�a�’�•�o�V�h�{ TAD �w�q	Ô�p�x�z

�\�w�‘�O�s�q	Å�x�z
\
R�p B (T) �•�Ë�²�”�Å � (t; T ) �U�Ì�!�=�b�”�\�q�t�‘�l�o�z�d�º
ü
Í g(t; T ) �U�°�Ì�$

�t�G�V�X�6�$
R�^�•�”�a���q�`�o�r	
�p�V�”�{

�q�X�t�z�†���8�t�x
z�±�$�¿�M�å�¸
ü
Í�U��
R�^�•�”�°�M�z�Ÿ�Z�8�t�x�›���w�å�¸�3�w�%�w�U
¬�R�$�t�æ�˜

�•�z	ý�h�s�¯�×�”�Ä�U�x���t�v�Ö�b�”�D�ó
Q�U�K�”�{�\�w�q�V�z�6�$
R�w	��.�q�s�”�w�U�r�w�Ì�8�t
\
R�^�•

�h�%�w���p�K�”�T�x�z g(t; T ) �›�-�Ë�b�”�\�q�t�‘�l�o	s�Š�o�Ì�Ô�$�t�å
{�p�V�”�{�`�h�U�l�o�z TAD �x�…��

�$�!�=�›�z�d�º
ü
Í�w�•
u�q�6�$
R�q�`�o�G	\�b�”�°�m�w
:�g�$�¹�:�›���™�b�”�{
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15.2.3 
ü�0�æ�ˆ���×�~
\
R�Þ�Ã�ç�•�w�¦�Á

�\�\�‡�p�w�^�æ�p�x�z	ý�F�%�w
\
R�p B (T) �›�Ž
\�$�t�)�Q�h�{�`�T�`
��=�t�S�M�o�x�z	ý�`�M�%�w�x�7

���%�w�w
ü�0�T�’
\�a�”�q�ß�Q�”�w�U�‘�“�×
µ�p�K�”�{�\�\�p�x�z�7���%�w�w
ü�0�U	ý�F�%�w�w
\
R�›�º
\�$

�t�æ�ˆ�b�”�×�~
\
R�Þ�Ã�ç�›���Ü�=�b�”�{
Â�M�x�z
��=�t�S�Z�”�Ì�”�µ�Ä�$���7�=�U�z�Ž
\�$���¥�!�=�w�ˆ�s

�’�c�z�%�w�w
\
R�d�º�f�w�‹�w�t�I�¼�b�”�º
\�$�a�I�q	Å�q�`�o�‹
\�a�O�”�\�q�›�z�7	–�w�r
s�D�ó�Þ�Ã�ç�t

�‘�l�o�Ô�b�\�q�p�K�”�{ [77, 29]

�‡�c�z�Ì�� T �t
\
R�^�•�h�%�w�¯�×�”�Ä�w�Ì�� t �t�S�Z�”�µ�S�› g(t; T ) �q�b�”�{	ý�F�%�w
\
R�x�7���%�w

�T�’�w
ü�0�t�‘�l�o�)�Q�’�•�”�‹�w�q�`�z�0�¯�¥�„�Ö�—

g(T; T) = B (T) :=
Z T

T1

� (T � T0) g(T; T0) dT0 (15.14)

�›�>���b�”�{�\�\�p � (T � T0) �x�z�Ì�� T0 �t
\
R�^�•�h�%�w�U�Ì�� T �t�S�M�o	ý�h�s�%�w�›
\�ˆ	Z�b
ü�0

�p�p�K�“�z
\
R�T�’�w�&�a�Ì�� T � T0 �w�ˆ�t�‘���b�”�q�>���`�o�M�”�{
ˆ�Ó�p�x���o�w�h�Š��
: � > 0 �q�b

�”�q�z�×�~
\
R�� TAD �M���Ü�x
@
@t

g(t; T ) = � �g (t; T ) (15.15)

�q	{�Z�”�{�`�h�U�l�o�z���Ü�$�t�x�è	×�w�0�¯�Ö�—�� TAD �M���Ü�q�‰�a���›�-�j�s�U�’�z�f�w�Ö�— B (T) �U

�a�ˆ�w�¯�×�”�Ä
ü
Í g(t; T ) �t�‘�l�o�×�~�Á�•�£�t�>�‡�”�:�U�Š�í�p�K�”�{

�Ü (15.15) �› T � t �t�0�`�o�r�X�q�z

g(t; T ) = B (T)e� � ( t � T ) (15.16)

�›�˜�”�{�\�•�x�z�Ì�� T �t
\
R�^�•�h�%�w�¯�×�”�Ä�U�z�f�w�™��
:�Ë�²�”�Å � �w�‹�q�p�¦
:�$�t�n
0�`�m�m

�Ì�� t �‡�p�����b�”�\�q�›
¯�`�o�M�”�{

�\�w�r�›�Ü (15.14) �t�E�Ö�b�”�q�z

B (T) =
Z T

T1

� (T � T0) B (T0)e� � (T � T 0) dT0 (15.17)

�›�˜�”�{�\�•�x�z	ý�F�%�w
\
R�p B (T) �U�×
ü�×
��w�a�ˆ�w�‹�w�—��
u
ü�q�`�o
¯�^�•�” renewal ���M���Ü�p

�K�“�z�a�ˆ�t
\
R�^�•�h�%�w�¯�×�”�Ä�U�°���w�Ì���›�&�h�w�j�t�6�|	ý�F
\
R�•�/�)�b�”�\�q�›�™�¯�`�o�M�”�{

�Í�t�z
ü�0�p � (T � T0) �q�`�o�z	��b�W�”�%�w�p�x
ü�0�ó�—�U	–�^�X�z�¤�å�¸�3�p�G�V�X�z�Ý�¸�t�s�”�q�6

�|	–�^�X�s�”�7�‹�o	m�s���q�`�o�z
ü�0�D�ó�Ì��
í

� (T � T0) =

8
>>><

>>>:

0; 0 � T � T0 < a 1;

� 0; a1 � T � T0 � a2;

0; T � T0 > a 2

(0 < a 1 < a 2) (15.18)

�›�>���b�”�{�\�\�p a1 �x
ü�0�ó�—�U�q�j	Í�U�”�‡�p�w�7�y�Ì���z a2 �x
ü�0�ó�—�U�æ�˜�•�”�Ì���z � 0 �x
R	Y

�8�t�S�Z�”
ü�0�§�S�p�K�”�{

�\�w�q�V�z�Ü (15.17) �x

B (T) = � 0

Z T � a1

T � a2

B (T0)e� � (T � T 0) dT0 (15.19)
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�q�s�”�{�h�i�`�z
u
ü
c�“�x T � T0 2 [a1; a2] �›�¬�h�b�a�ˆ�w
\
R�Ì�� T0 �t�0� �`�o�M�”�{�b�s�˜�j�z�q�O

�w	ý�F�%�w
\
R�p B (T) �x�z�a�ˆ�t
\
R�^�•�h�%�w�w�O�j�z�q�O�j�•�O�r
ü�0�D�ó�s
R	Y�3�t�Ö�l�o�M�”�¯

�×�”�Ä�w�ˆ�T�’�/�)�›	!�Z�”�{

�\�w�Ü�w�Õ�Ì���•�ˆ�›�ˆ�”�h�Š�t�z�¦
:���r

B (T) = B � erT (15.20)

�›�>���b�”�{�\�•�›�Ü (15.19) �t�E�Ö�b�”�q�z

erT = � 0

Z T � a1

T � a2

erT 0
e� � (T � T 0) dT0 (15.21)

�q�s�”�w�p�z�È�%�›�-�‰�`�o

1 = � 0

Z a2

a1

e� ( � + r )u du = � 0
e� ( � + r )a1 � e� ( � + r )a2

� + r
(15.22)

�›�˜�”�{�\�\�p u = T � T0 �q�!
:�!�õ�`�h�{�`�h�U�l�o�z
R�Õ�p r �x�\�w�›
Q�M���Ü�t�‘�l�o�>�‡�”�{

�q�X�t�¢�‹	Ú�E�x r = 0 �t�‘�l�o�)�Q�’�•�z

1 = � 0

Z a2

a1

e� �u du = � 0
e� �a 1 � e� �a 2

�
(15.23)

�b�s�˜�j

� crit
0 =

�
e� �a 1 � e� �a 2

(15.24)

�q�s�”�{�`�h�U�l�o�z

� 0 > � crit
0

�s�’�y
ÿ	é
ì�¢ r > 0�£�z

� 0 = � crit
0

�s�’�y�¤�q
ì�¢ r = 0 �£�z

� 0 < � crit
0

�s�’�y�n
0
ì�¢ r < 0�£�t�0� �b�”�{ * 1

�\�w�¢�‹	Ú�E�x�z
��=�%�w�¦�G�U�o�t
ü�0�§�S � 0 �w�G	–�i�Z�p�s�X�z
ü�0�D�ó�Ì��
í�w�•�” (a1; a2) �q�f

�w���t�^�;�b�”
ˆ�Ó�p � �w�•�ù�t�‘�l�o�>�‡�”�\�q�›�Ô�`�o�M�”�{�q�X�t�z a1 �U	–�^�M�„�r�z�b�s�˜�j�%�w

�U
ã�M�ˆ�Š�p
ü�0�ó�—�›�«�˜�b�”�„�r�¦�G�t���b�p�K�“�z�‡�h a2 � a1 �U�G�V�M�„�r
ü�0�D�ó�8���U�Õ�M�h�Š

* 1 �›
Q�M���Ü�x�z s := � + r �q�S�Z�y

1 = � 0

Z a2

a1

e� as da (15.25)

�q	{�Z�”�{�È�%�x s �w�È���s�o�Ð�n	—��
:�p�K�“�z�î�M

d

ds

Z a2

a1

e� as da = �
Z a2

a1

ae� as da < 0 (15.26)

�U
R�“�q�m�{�`�h�U�l�o�z�î���x���O�b�•�y�°�™�p�K�“�z r = 0 �›�)�Q�”�Ÿ�„	Ú�E

1 = � 0

Z a2

a1

e� �a da (15.27)

�›�¥�t�z � 0 > � crit
0 �p�x r > 0�z � 0 < � crit

0 �p�x r < 0 �q�s�”�{
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�¦�G�t���b�p�K�”�{�o�t�z
ˆ�Ó�p � �U�G�V�M�„�r�z
R	Y�3�t�x�a�b�”
²�t���X�w�%�w�U�æ�˜�•�”�h�Š�z	ý�F
\


R�x�H
M�^�•�”�{

�^�’�t	O�A�s�w�x�z�Ü (15.19) �U�z�º
\�$�s�Ì�”�µ�Ä�$���7�=�w�;�Ï�›�×
µ�t���œ�p�M�”�:�p�K�”�{�î�M�z

�K�”�Ì���3�t�G�V�s�%�w�¯�×�”�Ä�U
\
R�^�•�h�q�b�”�q�z�f�w�¯�×�”�Ä�x�Ì���—�• a1 �›�&�o
ü�0�D�ó�3�•�Ö

�“�z a2 �t�¸�”�‡�p�w���v�Ì���t�˜�h�l�o	ý�F
\
R�p B (T) �›�!�`	Í�[�”�{�`�h�U�l�o�z���7�=�w�C���x
ž�c

�`�‹�Ž
\�$�³�ã�¿�«�›
ž�A�q�d�c�z�a�ˆ�t��
R�^�•�h�G�V�s�¯�×�”�Ä�U�°���w
R	Y�Ì���›�&�o�6�|
\
R�•�/�)

�b�”�\�q�t�‘�l�o�z�º
\�$�t
\�a�O�”�{
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16.1.1 �é�´�µ�Â�Ÿ�¿�«
R�Õ�Þ�Ã�ç�w�6�q

�é�´�µ�Â�Ÿ�¿�«�Þ�Ã�ç�x�z
��±�U���¥	)�0�— K �t�‘�l�o
M�ÿ�^�•�”
R�Õ�›
¯�b�Þ�Ã�ç�p�z
ï
��±�x�Ž�<�w

�‘�O�t
¯�^�•�”�{�`�`�z N (0) > 0 �q�b�”�{ [105, 81, 72]

dN
dt

= rN
�

1 �
N
K

�
(16.4)

rN �x�¦
:�$�s�×
µ
ÿ�C�¢	Z
\�U�®�b�›	Í�s�”�£�›
¯�`�z
�
1 � N

K

�
�x K �t�Ù�n�X�t�m�•�o
R�Õ�U�·�=�b�”�®�L

�›
¯�`�o�M�”�{�0� �b�” TAD �Þ�Ã�ç�w
ƒ���›

ˆ 
 �ù 0; � �ù 1 �y�®�b�Ž�Ž�w
��±�n	—�A�¼�s�`�z�µ�­�”�ç��
:�w
ƒ��
Æ�A

ˆ � (t; T ) = dN (t) �y�®�b�p�q�`�o�w�Â�p��
:�›
��±�‘�����t
ƒ��

ˆ g(T; T) = G(T) := bN(T); Gbulk (t; T ) � 0 �y	Z
\�p�x�Ì�:�w
��±�t
z�«�b�”�0�¯�¥�„�Ö�—�q�>��

ˆ T1 = �1 �y�d�º T1 �w	s�8�‹�x�Á�v���w�a�ˆ�t
ƒ���¢��	×�$�s�d�º�Ï���›�Ì�Ô�b�”�h�Š�w�g
Ý�=�p�K

�“�z���v	s�8�Ì���w	Ô�ù�t�x	s�8�d�º�ò�U�C�˜�”�{�h�i�`�z	G
ü�Õ�Ì���™�t�x�‰�a�Ï���t�Ù�n�X�{�£

�q�b�•�y�z�d�º
ü
Í g(t; T ) �x

g(t; T ) = bN(T) exp
�
�

Z t

T
dN (s) ds

�

�q�s�”�w�p�z
ï
��±�¢
\��
��±�£�x

N (t) =
Z t

�1
g(t; T ) dT =

Z t

�1
bN(T) exp

�
�

Z t

T
dN (s) ds

�
dT

�q�s�”�{�\�\�p�z�H��	·�p�‹	Z�`�h TAD �w�q�-�Ã�s�Ü (6.24) �‘�“�z

d
dt

N (t) = G(t) � f (t) = bN(t) �
Z t

�1
� (t; T )g(t; T ) dT

= bN(t) � dN (t)
Z t

�1
g(t; T ) dT

= bN(t) � dN (t)N (t) = bN(t) � dN 2(t) (16.5)

�q�s�“�z r = b�z d =
r
K

�q�b�•�y�z�é�´�µ�Â�Ÿ�¿�«�Þ�Ã�ç�w N (t) �U�6�q�^�•�”�{ [55, 72]

r = b; d=
r
K

)
dN
dt

= rN
�

1 �
N
K

�
(16.6)

d > 0 �p
��±
ÿ�C�t
P�M�®�b�p�U
ÿ�C�`�o�^�è�•�ˆ�›�6�q�`�z d = 0 �¢���¥	)�0�— K �à 1 �•�Á�v�¿�o���¥�w

�Ã�v�£�p�x�¦
:��
:�$�!�=�¢
ÿ�C / �n	—�£�t�<�£�b�”�{�‡�h�z���¥	)�0�— K �›�Ì���‘���q�b�•�y�z�ˆ�$�é�´�µ

�Â�Ÿ�¿�«�Þ�Ã�ç�t�¦�Á�D�ó�p�K�”�{ [31]

16.1.2 TAD �t�‘�”�6�r	


TAD �t�‘�”�6�Ï
R�w�›�Ã�x�z r �• K �›�o�s�”�Ž
\�Í�å�Ý�”�»�p�x�s�X�z

ˆ 	Z
\�p b

ˆ �µ�S�®�b�p d
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�q�M�O�º
\�$�s�A
É�t
ü�r�p�V�”�:�t�K�”�{�\�•�t�‘�“�Ž�<�w�‘�O�s�×
µ�s�r	
�q�Œ�_�U�˜�’�•�”�•

ˆ 
R�Õ�p r = b �x�®	Z
\�p��̄¢	m
ÿ�C�p�£�q�`�o�Ú
€�r	
�D�ó�p�K�“�z
S�f�p�Ö�•�©�•�~
³�U r �t�)�Q�”

�®�L�›
ü�m
°�A�p�V�”�{

ˆ 	)�0�— K =
r
d

�x d �t�‘�l�o�>�‡�“�z�µ�S�®�b�p�¢�µ�S�‘���®�L = �¿�o
M�ÿ�~�•�ù�£�U���è�^�•�•�y K

�U�¦�G�b�”�\�q�›�Ô�b�{

ˆ 	H�R�w�é�´�µ�Â�Ÿ�¿�«�Â
¢�U�®�Ž
\�Í�å�Ý�”�»�p�)�Q�’�•�”�&�g�Ü�¯�t�q�r�‡�l�o�M�h�w�t�0�`�z TAD

�x�d�º T �¢�¯�×�”�Ä�£�Ï���t�,�n�X�Û�«�é�s�—�¶�T�’�‰�a�Â
¢�›�6�‹	Z�p�V�”�{ [69, 26, 49]

ˆ �^�’�t b; d; G �t T �‘���•�å�¸ t � T �‘���›�Ë�h�d�”�\�q�p�z�º
\�Í�å�Ý�”�»
ƒ���t�‘�”	ý�h�s�é�´�µ

�Â�Ÿ�¿�«�Â
¢�w�Þ�Ã�ç�›�Ï�™�b�”�\�q�U�p�V�”�{�\�•�t�‘�“�z	H�R�p�x
†�Ì�p�V�s�T�l�h
��±�ˆ�6�¼� 

�Æ�Û�«�µ�›
:�g�$�t
†�Ì�p�V�”�D�ó
Q�U�K�”�{�«�Q�y�z
‡�0�¯	Z
\�Ö�— Gbulk (t; T ) �U�‰
H�E�w
��±�t

�‘���b�”�>���¢���½�p�U	Í	¢�b�”�s�£�›�”�X�q�z�Õ�Ï�”�Ò�”�Ü�w�¤�¯�”�®�L�›
†�Ì�p�V�”�D�ó
Q�U�K�”�{

[92]

16.1.3 �d�º
ü
Í g(t; T ) �U�‹�h�’�b TAD �{���w	ý�h�s�Œ�_

g(t; T ) �w�����Ü


²
…�w�A�L�‘�“�z

� (t; T ) =
r
K

N (t); G(T) = r N (T); N (0) = N0 2 (0; K )

�t�0�`�o�z�é�´�µ�Â�Ÿ�¿�«
R�Õ
d
dt

N (t) = rN (t)
�
1 �

N (t)
K

�

�U
R�“�q�j�z�\�w
•
ü�M���Ü�›�r�X�q

N (t) =
K

1 + Ae� rt ; A =
K � N0

N0
(16.7)

�q�s�”�{�°�M�z g(t; T ) �x

g(t; T ) = rN (T) exp
�
�

Z t

T

r
K

N (s) ds
�

=
rK

1 + Ae� rT exp
�
�

Z t

T

r
1 + Ae� rs ds

�

=
rK

1 + Ae� rT exp
�
�

Z t

T

d
ds

log(A + ers ) ds
�

=
rK

1 + Ae� rT exp
�
� log

A + ert

A + erT

�

=
rK

1 + Ae� rT

A + erT

A + ert =
rKe rT

erT + A
A + erT

A + ert =
rKe rT

ert + A
(16.8)

�q�ì
¶�t���a�h
¯�Ü�U�˜�’�•�”�{�\�w�Ì�z

N (t) =
Z t

�1
g(t; T ) dT =

Z t

�1

rKe rT

ert + A
dT =

K
ert + A

[erT ]t�1 =
Ke rt

ert + A
=

K
1 + Ae� rt

�q�s�l�o�z (16.7) �q
T�ù�b�”�{�\�w
¯�Ü�x t; T �w�/�)
æ
ü�U

g(t; T ) =
rK

ert + A| {z }
�Ì�� t �w���v�H
M

� erT
|{z}

�d�º T �w
ÿ	é
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�w�‘�O�t �ì
¶
ü�m �^�•�”�\�q�›
¯�b�{	N�¢ T �£�M�²�x	m
.�s�¦
:�z�#�¢ t �£�M�²�x�H
M�µ�§�å�”�q�s�l�o�S�“�z

(i) �d�º T �¢�¯�×�”�Ä�£�w 	q	‚�x�-�Ë �z (ii) r �q A �w�Ý�� �U�0�›�z (iii) �Î�”�Ä�Ú�¿�Ó�w�r	
�U�°�™�t�s�”�{�^

�’�t�z�Ž�<�w�‘�O�s TAD �{���w	ý�h�s�Œ�_�U�˜�’�•�”�{

�d�º�¢�¯�×�”�Ä�£
z�w�Ì��
Æ�!��

�Ú�™�w t � T2 �p
g(t; T1)
g(t; T2)

=
erT 1

erT 2
= er (T1 � T2 )

�b�s�˜�j�z�‰�Ì�: t �p�_�h�d�º�¢�¯�×�”�Ä�£�w
ì�0�/�)�x �Ì���t�‘�’�c�°�� �q�s�”�{�‡�h T1 < T 2 �w�Ì�z

g(t; T1) < g (t; T2) �q�s�”�\�q�T�’	ý�`�M�d�º�w�M�U�d�º
ü
Í g(t; T ) �•�w�/�)�U�G�V�M�\�q�U
ü�T�”�{


Y�F�=�µ�S�q
ü�•


Y�F�=�µ�S p(t; T ) = g(t; T )=N(t) �x

p(t; T ) =
rKe rT

ert + A
1 + Ae� rt

K
= r e� r ( t � T )

�Ì�: t �T�’�_�h q-
ü�•�¢	Í�• q �›�r�O�Ú�Ù
ï � �£�x

q =

Z t

t � �
g(t; T ) dT

Z t

�1
g(t; T ) dT

=

Z t

t � �
erT dT

Z t

�1
erT dT

=
ert � er ( t � �)

ert = 1 � e� r �

�‘�l�o�z � �t�m�M�o�r�X�q�z

�( q) = �
1
r

log(1 � q) =
1
r

log
1

1 � q

�q�s�”�{�°�R�w�®�V�w	Í�• q �x�z�Ú�Ù�w �( q) �w�8���t���R�`�z
R�Õ�p r �¢	Z
\�p b�£�U�G�V�M�„�r �( q) �x�y

�X�s�”�h�Š�z� �‘�“�Ú�Ù�t�¿�o	B�¤�¡�U�7�&�q�M�O�r	
�q�s�”�{�›�t r ! 1 �p � ! 0�¢ q ! 1�£�q�s�”�U�z�\

�•�x���Ì
¶�”�Â�p�¢�ì
¶�D�o�Ã�v�£�t
ì�p�`�z�\�w�Ì p(t; T ) �x � ��
:�=�b�”�{

�7�&���­�ð�J�¢
•	{�ð�J�£�~�h�h�|


²
…�w�A�L�‘�“�z
Y�F�=�µ�S�x

p(t; T ) = r e� r ( t � T ) ; (T � t; r > 0) (16.9)

�q
¯�^�•�z�†�%�t t � T �›�»�Z�”�q�z

(t � T)p(t; T ) = r (t � T) e� r ( t � T )

�\�\�p�z a = t � T; f (a) = rae� ra �q�”�X�q�z f 0(a) = re� ra (1 � ra) = 0 �‘�“�Ã�‹ a = 1
r �›�‹�j�z f ( 1

r ) = 1 =e

�p�7�G�q�s�”�{ �`�h�U�l�o

0 � f (a) = rae� ra �
1
e
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a �›�‹�q�t�í�b�q�z

0 �
�
t � T

�
p(t; T ) �

1
e

(T < t ) (16.10)

�U
R�“�q�m�{

ˆ �Ü (16.10) �x�z�d�º�w�®�å�¸�¯ a = t � T �q
Y�F�=�µ�S p(t; T ) �w
u�U
Ó�'�$�t 1=e �›	Í�„�q�b�”�\�q

�›	��Á�b�”�{�›�t�7�G�x ra = 1 �¢�b�s�˜�j�å�¸ a = 1=r�£�p�a
R�^�•�z�é�´�µ�Â�Ÿ�¿�«
R�Õ�t�S�Z�”��

�®�å�¸�µ�­�”�ç�U 1=r �t�‘�“�›�Ã�n�Z�’�•�”�\�q�›�Ô�&�b�”�{

ˆ �"���¦
: p(t; T ) = re� r ( t � T ) �t�0�` (t � T)p � 1=e �x f (x) = xe� x �w�7�G 1=e �t���R�b�”�{�7�&��

�­�ð�J�¢
•	{�ð�J�£�w�Ã�v�p�7�&
“�t�w
R�­�¬�p�~�
�o�Â�ù�U 1=e �t�X�j�”�w�‹�‰���p�z�¦
:�¢�G�1

�s�`�£�Ï���t�S�Z�”�®�4�j�Ì���·	O�ˆ�¯�w�7�&�=�U f (x) �›
\�‰�h�Š�p�K�”�{ TAD �p�x�7���®�å�¸�U

t � T = 1=r�z�b�s�˜�j�Ú�Ù
ï 1=r �U� 	f�¡�w�3�q�`�o
¬�y�•�”�{
R�Õ�p r (= b) �U�G�V�X�s�”�q�7���®

�å�¸ t � T = 1=r �U
€�Ù�`�z r ! 1 �p�ì
¶�t�0�¯�/�) t = T �w�ˆ�q�s�”�\�q�U
ü�T�”�{

TAD �¤�ï�Ä�é�Ð�” S(t) �w�•�ˆ

p(t; T ) = r e� r ( t � T ) �w
¯�Ü�›�;�M�”�q�z TAD �¤�ï�Ä�é�Ð�” S(t) �x

S(t) = �
Z t

�1
p(t; T ) log p(t; T ) dT = �

Z t

�1
r e� r ( t � T ) log

�
r e� r ( t � T ) � dT

= � re� rt
Z t

�1
erT (log r � rt + rT ) dT = � re� rt (log r � rt )[

1
r

erT ]t�1 � re� rt
Z t

�1
rTerT dT

= � e� rt (log r � rt )ert � re� rt
Z t

�1
T(erT )0dT = � logr + rt � re� rt �

[TerT ]t�1 �
Z t

�1
erT dT

�

= � log r + rt � re� rt (tert �
1
r

ert ) = � log r + rt � rt + 1 = 1 + log
1
r

(16.11)

�q�s�”�{ * 1	H�l�o�z�¤�ï�Ä�é�Ð�” S(t) �x
R�Õ�p r (= b) �w�ˆ�p�>�‡�“�z�°���‹ 1 + log
1
r

�q�s�”�{

ˆ 1
r �U�G�V�M�„�r�z�d�º T �w�¿�U�“�¢ S(t)�£�U�G�V�M�{

ˆ r ! +0 �¢�‡�l�h�X
R�Õ�`�s�M�£�p p(t; T ) ! 0; S(t) ! 1 �q�s�”�{�\�•�x
Y�F�=�µ�S�U T �M�²�t�Ã�v

�‡�p�°�7�s
ü
Í�t�s�”�\�q�›�™�¯�`�z�%�U�ì
¶�t�Á�Ÿ	‚�=�b�”�\�q�t�0� �b�”�{

ˆ r ! 1 �¢�¶�`�X
R�Õ�b�”�£�p p(t; T ) ! � (t � T); S(t) ! �1 �q�s�”�{�\�•�x
Y�F�=�µ�S�U�0�¯ t = T

�t�Ã�v�‡�p�¢�"���£
Œ�ö�=�b�”�\�q�›�™�¯�`�z�%�U�ì
¶�t�Ÿ	‚�=�b�”�\�q�t�0� �b�”�{

ˆ
d
dt

S(t) = 0 �m�‡�“�z�¤�ï�Ä�é�Ð�”�x�Ì���M�²�t�!�=�`�s�M�{�\�•�x�Á�v���w�a�ˆ�T�’�w�d�º�/�)�›
S�é

�^�d�h
Y�F�=�µ�S p(t; T ) = r e� r ( t � T ) �x T � t �t�S�M�o�"���¦
:
ü
Í�t�s�”�U�z�Ì�� t �U�•�”�³�Ñ�Ä

�`�o�M�”�i�Z�p
ü
Í�w��	Ý�x
Æ�!�p�K�”�\�q�T�’�‹
T�ù
Q�w�K�”�A�L�p�K�”�{

�d�º
±�S�q	Z�—
±�S

�H��	·�p�‹�Ö�`�h�d�º
±�S�•	Z�—
±�S�w�“�æ�›�é�´�µ�Â�Ÿ�¿�«
R�Õ�t�K�o�x�Š�”�q�z

ˆ �Ì�:���Ë	��w���É�å�¸ D stock (t) () �d�º
±�S D(t)

* 1 �H��	·�p���[�`�h�¤�ï�Ä�é�Ð�”�w
¯�Ü�q�‹
T�ù�b�”�{
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ˆ �Ì�:�®�b	��w���É�å�¸ Dout (t) () 	Z�—
±�S F (t)

�q�s�”�{�b�”�q�z T1 = �1 �q�S�M�o

�Ì�:
ï
��±

N (t) :=
Z t

�1
g(t; T ) dT =

K
1 + Ae� rt

�
g(t; T ) =

rKe rT

ert + A

�

�Ì�:���Ë	��w���É�å�¸�¢�d�º
±�S�£

D stock (t) := D(t) =

Z t

�1
(t � T)g(t; T ) dT

Z t

�1
g(t; T ) dT

=
1 + Ae� rt

K
rK

ert + A

Z t

�1
(t � T)erT dT

=
r (1 + Ae� rt )

ert + A

Z t

�1

t � T
r

(erT )0dT =
r (1 + Ae� rt )

ert + A

�
[
t � T

r
erT ]t�1 +

Z t

�1

1
r

erT dT
�

=
r (1 + Ae� rt )

ert + A
1
r 2 [erT ]t�1 =

r (1 + Ae� rt )
ert + A

ert

r 2 =
r (1 + Ae� rt )

1 + Ae� rt

1
r 2 =

1
r

(16.12)

�q�s�“�z t �t�‘�’�c�°���‹
1
r

�q�s�”�\�q�U
ü�T�”�{

�Ì�:�®�b	��w���É�å�¸�¢	Z�—
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�t�S�M�o�z Gbulk (t; T ) � 0; Gtot (t) � 0�¢
‡�0�¯���V	Z�`�s�`�£�q�S�M�o

@
@t

p(t; T ) = p(t; T ) (h� i � � (t; T )) � p(t; t ) p(t; T ) (16.35)

�U�˜�’�•�”�{

�Ý�Þ�æ�è�µ�d�º�Ï��

�é�´�µ�Â�Ÿ�¿�«
R�Õ�w�‹�q�p�x�z�^�’�t

� (t; T ) = � (t) =) h � i � � (t; T ) = 0

�U
R�“�q�m�w�p�z
Y�F�=�d�º�µ�S�w
C�2�M���Ü�x

@
@t

p(t; T ) = � p(t; t ) p(t; T ) = � r p(t; T )

�q�s�”�{�`�h�U�l�o�z

p(t; T ) = re� r ( t � T )

�U�˜�’�•�”�{�b�s�˜�j�z�é�´�µ�Â�Ÿ�¿�«
R�Õ�p�x�z
ï�” N (t) �U�Ì���!�=�`�o�M�o�‹�z
Y�F�=�d�º�µ�S�x�å�¸

a = t � T

�t���b�”�¦
:
ü
Í�›�-�m�{
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�¦
:
ü
Í�x�z�å�¸�t���b�”
Œ
ü
Í

R(a) =
Z 1

a
re� ru du = e� ra

�U
R(a + b)

R(a)
= R(b)

�›�¬�h�b�q�M�O�™�¯�p�Ý�Þ�æ�è�µ�p�K�”�{�\�•�x�z�b�p�t�å�¸ a �i�Z�:�y�`�o�M�”�\�q�›�Œ�l�o�‹�z�f�w�™�^

�’�t b �i�Z�:�y�b�”
ì�0�$�Ï���U�!�˜�’�s�M�\�q�›�™�¯�b�”�{

�\�w�:�x�z TAD �t�S�Z�”�d�º	Ø�C�w�G�å�q�M�O�
�:�T�’�µ�¯
��M�{	Ú�E

p(t; t ) =
G(t)
N (t)

= r

�w�‹�q�p�x�z�Ú�™�w�Ì�� t �t�S�Z�”
ï�” N (t) �U�)�Q�’�•�•�y�z

G(t) = rN (t)

�U�Ú�j�t���‡�”�{�‡�h�z
ï�”�M���Ü
dN (t)

dt
= G(t) � � (t)N (t)

�‘�“�z

� (t) = r �
1

N (t)
dN (t)

dt
= r �

d
dt

logN (t)

�‹���‡�”�{

�`�h�U�l�o�z�\�w�%�p�x�z�d�º
ü
Í�w	Ä�I�›�å�C�$�t�G�å�`�s�X�o�‹�z�q�O�” N (t) �w�ˆ�T�’�z�¥�„�Ö�—

G(t)�z�Â�p�p � (t)�z�S�‘�|
Y�F�=�d�º�µ�S

p(t; T ) = re� r ( t � T )

�›�6�Ï
R�b�”�\�q�U�p�V�”�{�\�w�™�¯�p�z�é�´�µ�Â�Ÿ�¿�«
R�Õ�x�z�d�º	Ø�C�›�å�C�G�å�b�”�\�q�s�X�¡�Ë�D�ó

�s�Ý�Þ�æ�è�µ�d�º�Ï���›�‹�m�{

�^�’�t�z�\�w�Ï���x�d�º�¤�ï�Ä�é�Ð�”

S(t) = �
Z t

�1
p(t; T ) log p(t; T ) dT

�w�•�ˆ�q�‹
T�ù�b�”�{�¦
:���d�º
ü
Í�p�x
ü
Í���U�-���^�•�”�h�Š�z

dS(t)
dt

= 0

�q�s�”�{�b�s�˜�j�z�d�º	Ø�C�w�å�C�$�s	��˜�~�-�Ë�~	«�ˆ�›
ž�A�q�`�s�M�Ý�Þ�æ�è�µ�Ï���t�S�M�o�z�d�º�¤�ï

�Ä�é�Ð�”�x�-���^�•�”�{

�›�t�z
ï�”�U��	×

N (t) = N0

�p�K�”	Ô�ù�t�x�z

� (t) = r; G(t) = rN 0
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�q�s�“�z�Â�p�p�S�‘�|�Ö�—�‹��
:�q�s�”�{�\�w	Ô�ù�z�¦
:���d�º
ü
Í�x�ì
¶�s��	×	Ý�6�q�`�o�¡�Ë�^�•�”�{

�^�’�t�z

r ! 1

�w�Ã�v�p�x�z

re� ra ! � (a)

�q�s�”�{�\�•�x�z�Ö�—�^�•�h�”�U�º
æ�t�:�y�d�c�z�Ú�j�t	Z�—�•�Â�“�p�o�’�•�”���Ì
¶�”�Â�p�w�Ã�v�t�0� �b

�”�{�\�w	Ô�ù�z���v
ï�w�d�º
ü
Í�x��
R�^�•�c�z�d�º	Ø�C�›�G�å�b�”
ž�A�‹�s�M�{�`�h�U�l�o�z���Ì
¶�”�Â�p

�x�z�¦
:���Ý�Þ�æ�è�µ�d�º
ü
Í�w�Ã�v�q�`�o�g�r�p�V�”�{

16.1.5 �é�´�µ�Â�Ÿ�¿�«
R�Õ�w�^�;�j�g

�Š
…�p�x�z�é�´�µ�Â�Ÿ�¿�«�M���Ü
dN
dt

= rN (t)
�

1 �
N (t)

K

�
(16.36)

�›�z TAD �w
ï�”	)�§�q	Z�—�Â�p�w�
�:�T�’�6�r	
�`�z�f�•�t�0� �b�”�7	–�Ï
R�w�å�¬�å�ï�´�ž�ï�›�ß�o�b�”�{

�Š
…�w�è�$�x�z�é�´�µ�Â�Ÿ�¿�«���w	Z�—

f (N ) =
r
K

N 2

�›�å�¬�å�ï�´�ž�ï�w���y	Ú�E�T�’	ý�h�t�‹	Z�b�”�\�q�p�x�s�M�{�‰�`�–�z TAD �w
ï�”	)�§�Ü�q�é�´�µ�Â�Ÿ�¿

�«�M���Ü�›
z�±�b�”�\�q�p�z�\�w	Z�—�Ï
R�Ü�›�‰���`�z�f�w�‘�O�s TAD �%�›�7	–�^�;���Ü�q�`�o
¯�b�\�q�p

�K�”�{

�,�Š
ƒ���¢�6���£

�d�º
ü
Í g(t; T ) �w�Ì��
C�2�›�z TAD �w
C�2�M���Ü

@
@t

g(t; T ) = � � (t; T ) g(t; T ); g(T; T) = G(T) (16.37)

�p�G	\�`�z
ï�”

N (t) =
Z t

�1
g(t; T ) dT (16.38)

�›���[�b�”�{

�é�´�µ�Â�Ÿ�¿�«
R�Õ�t�0� �b�”�7	– TAD 
¯�q�q�`�o�z

G(T) = rN (T); � (t; T ) = � (t) =
r
K

N (t) (16.39)

�›�ß�Q�”�{�\�w�q�V�z � �x�d�º�Ì�� T �t�x�‘���d�c�z�q�O�w
ï�” N (t) �w�ˆ�t�‘���b�”	Ý�6�‘���Â�p�p�p�K�”�{

�\�w
ƒ���w�‹�q�p�z (16.37) �w�r�x

g(t; T ) =
rK e rT

ert + A
(16.40)

�q�s�“�z
ï�”�x

N (t) =
Z t

�1
g(t; T ) dT =

K
1 + Ae� rt (16.41)

�q�s�”�{�\�•�x�é�´�µ�Â�Ÿ�¿�«�M���Ü (16.36) �w�k�µ�r�p�K�”�{
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�q�w�°

�‡�h�z TAD �t�S�Z�”	Z�—�Ñ�å�¿�«�µ�x

f (t) =
Z t

�1
� (t) g(t; T ) dT = � (t)

Z t

�1
g(t; T ) dT = � (t)N (t) (16.42)

�p�K�”�{�`�h�U�l�o�z (16.39) �‘�“

f (t) =
r
K

N 2(t) (16.43)

�›�˜�”�{

	H�l�o�z�é�´�µ�Â�Ÿ�¿�«�M���Ü�x

dN
dt

= rN (t) �
r
K

N 2(t) = rN (t) � f (t) (16.44)

�q	{�Z�”�{�Ž�<�p�x�z�\�•�›
_N = rN � f

�q�t�G�b�”�{

�\�\�p	O�A�s�w�x�z (16.43) �x�^�;�j�g�T�’�‹�T�•�”�����p�x�s�X�z TAD �w
ï�”	)�§�Ü�q�é�´�µ�Â�Ÿ�¿�«�M

���Ü�q�w
z�±�T�’�‰���^�•�”	Z�—�Ï
R�Ü�p�K�”�z�q�M�O�:�p�K�”�{ TAD �$�t�x�z�é�´�µ�Â�Ÿ�¿�«�M���Ü�w
‡


¢���^�è�ò�x�z	Ý�6�‘���Â�p�p

� (N ) =
r
K

N

�t�‘�l�o
\�a�”	Z�—�Ñ�å�¿�«�µ

f = �N =
r
K

N 2

�q�`�o�r	
�^�•�”�{

�é�´�µ�Â�Ÿ�¿�«�~�å�¬�å�ï�´�ž�ï�w�Ï
R

�é�´�µ�Â�Ÿ�¿�«
R�Õ�t�0� �b�” TAD �%�p�x�z � � 1�z 
 � 0 �q�`�z�Ö�— G(T) �x	t�)�w
\
R�Ö�—�q�`�o�{

�M�z
ï�”�è�Õ�ç�p G(t) = rN (t) �q�‰���b�”�{�\�w�q�V�z TAD �w�,�Š�Ï���x�z�Ö�—�z�•
u�z	Z�—�w�~	��w	)�§

�q�`�o
¯�^�•�”�{

�°
`�t�x�z TAD �w�å�¬�å�ï�´�ž�ï�x�d�º
ü
Í g(t; T ) �q�Â�p�p � (t; T ) �›�,�Š�!
:�q�`�o�Ï
R�^�•�”�{�`�T

�`�Š
…�p�x�z (16.39) �w�‘�O�t � (t; T ) = � (t) �q�`�z�d�º�Ì�� T �•�w�‘���›�Ë�h�s�M	Ô�ù�›�ß�Q�”�{�\�w�q�V�z

N (t) =
Z t

�1
g(t; T ) dT; f (t) =

Z t

�1
� (t) g(t; T ) dT = � (t)N (t) (16.45)

�p�K�”�T�’�z T �M�²�t	V�ÿ�`�h�å�¬�å�ï�´�ž�ï

L = L(�; N;  )

�›�ß�Q�”�\�q�U�p�V�”�{

�Š
…�p�x�z	Z�—�Ñ�å�¿�«�µ �N �w�§
u�”�›�7�G�=�b�”�°�M�p�z	Ý�6�” N �w
ÿ�G�t
P�O�H
M�Ù�Â�ï�³�ß�ç

V(N ) �›�)�`�¾�X�7	–�Ï
R�›�ß�Q�”�{�b�s�˜�j�z

L(�; N;  ) = �N � V (N ) �  
�

_N � rN + �N
�

(16.46)
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�q�w�°

�q�”�X�{

�\�\�p�z�H�
�ò �N �x TAD �w	Z�—�Ñ�å�¿�«�µ f �›
¯�b�{�H���ò � V (N ) �x�z	Ý�6�” N �t�0�b�”�H
M�Ù

�Â�ï�³�ß�ç�p�K�“�z�§
u	Z�—�7�G�=�ð�J�›
‡�@�=�t�b�”�h�Š�w�ò�p�K�”�{ * 2 �H���ò�x�z TAD �w
ï�”	)�§

_N = rN � �N (16.47)

�›�]�b�Æ���ò�p�K�“�z  (t) �x�f�w�å�¬�å�ï�´�á�°��	Ð
:�p�K�”�{

���y	Ú�E

�‡�c�z � �t���b�”���y	Ú�E�‘�“�z

@L
@�

= N �  N = N (1 �  ) = 0 (16.48)

�›�˜�”�{�`�h�U�l�o�z N > 0 �w�–�¬�p�x

 = 1 (16.49)

�p�K�”�{

�Í�t�z  �t���b�”���y	Ú�E�x�Æ��	Ú�E�f�w�‹�w�p�K�“�z

@L
@ 

= 0 ) _N � rN + �N = 0 (16.50)

�b�s�˜�j�z
_N = ( r � � )N (16.51)

�›�)�Q�”�{

�^�’�t�z N �t���b�”���y	Ú�E�x�z � _N �w�ò�›
æ
ü
u
ü�b�”�\�q�p

� � V 0(N ) �  (� � r ) + _ = 0 (16.52)

�q�s�”�{ * 3

(16.49) �‘�“  = 1 �p�K�“�z�`�h�U�l�o _ = 0 �p�K�”�{�\�•�› (16.52) �t�E�Ö�b�”�q�z

� � V 0(N ) � (� � r ) = 0 (16.53)

�q�s�”�{	H�l�o�z

V 0(N ) = r (16.54)

�›�˜�”�{�‘�l�o�z��
:�ò�›	†�M�o�z

V(N ) = rN (16.55)

�p�K�”�{

* 2 � V (N ) �x�z	Z�—�Ñ�å�¿�«�µ �N �›�o	m�t�7�G�=�`�‘�O�q�b�”���²�t�0�`�o�z	Ý�6�” N �›�-�Ë�b�”�\�q�t
P�O�H
M�$
°�A�›�)�Q

�”�ò�p�K�”�{�é�´�µ�Â�Ÿ�¿�«
R�Õ�w���º�p�x�z�\�•�x�x�.
:�‡�h�x
ï�” N �U�G�V�M�„�r�¿�o	«
…�z�í��
Ž���z�º
æ�•�ù�z�¡�Ë
Û�Y

�U
ÿ�G�b�”�\�q�›
¯�b�{
* 3 �\�•�x Euler{Lagrange �M���Ü

@L

@N
�

d

dt

@L

@_N
= 0

�t�0� �b�”�{�!
ü
°�A�Ì�w � _N �w�ò�›
æ
ü
u
ü�b�”�\�q�p _ �U�q�•�”�{
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�\�w�A�L�x�z�H
M�Ù�Â�ï�³�ß�ç V(N ) �U�Ú�™�t�>���^�•�”�‹�w�p�x�s�X�z	Z�—�Ñ�å�¿�«�µ �N �w�§
u�7�G

�=�q TAD 
ï�”	)�§
M�ÿ�w���y	Ú�E�T�’�z
¢���Ù�Â�ï�³�ß�ç�q�`�o
¬�y�•�”�\�q�›�™�¯�b�”�{

�é�´�µ�Â�Ÿ�¿�«�M���Ü�w�6�q

���y	Ú�E�T�’�˜�’�•�h�A�L�›�‡�q�Š�”�q�z�7	–�Ï
R�w�å�¬�å�ï�´�ž�ï

L(�; N;  ) = �N � V (N ) �  
�

_N � rN + �N
�

�t�S�M�o�z

 = 1 ; V (N ) = rN

�U�˜�’�•�”�{

�\�w�‹�q�p�z�é�´�µ�Â�Ÿ�¿�«�M���Ü�q�w�‰���q�`�o

� (N ) =
r
K

N (16.56)

�›�”�X�q�z TAD �w	Z�—�Ñ�å�¿�«�µ�x

f (N ) = � (N )N =
r
K

N 2 (16.57)

�q�s�”�{�`�h�U�l�o�z�Æ��	Ú�E (16.51) �‘�“�z

_N = rN � � (N )N = rN �
r
K

N 2 = rN
�

1 �
N
K

�
(16.58)

�q�s�“�z�é�´�µ�Â�Ÿ�¿�«�M���Ü (16.36) �U�6�q�^�•�”�{

�\�\�p�z (16.56) �x���y	Ú�E�T�’�‹	Z�^�•�”�‹�w�p�x�s�X�z�é�´�µ�Â�Ÿ�¿�«�M���Ü�q�w�0� �t�‘�“�‰���^�•

�”	Ý�6�‘���Â�p�p�p�K�”�{�`�h�U�l�o�z�Š
…�w�^�;�j�g�x�z�é�´�µ�Â�Ÿ�¿�«���w
‡
¢��	Z�—�›
\
R�b�”�j�g�p

�x�s�X�z�é�´�µ�Â�Ÿ�¿�«�M���Ü�›�¬�h�b TAD �%�w�7	–�Æ�����^�;
¯�Ô�q�`�o�•�”�n�Z�’�•�”�{


5
P�!
:  = 1 �w�™�¯

�Š�Ï
R�t�S�M�o�z�Â�p�p � �t���b�”���y	Ú�E�T�’

 = 1

�U�˜�’�•�h�{�\�w	Ú�E�x�z�o�s�”�-�‰	Í�w
í�ˆ
ú�p�x�s�X�z TAD �$�t�x	Z�—�Ñ�å�¿�«�µ�q	Ý�6�n	—�w�v�„
°

�A�U�‰�°�p�K�”�\�q�›�™�¯�b�”�{

�î�M�z	Z�—�Ñ�å�¿�«�µ �N �›�
�o�•
ÿ�•�b�\�q�x�z TAD �w
ï�”	)�§�t�S�M�o	Ý�6�” N �›�
�o�•�i�Z�n	—

�^�d�”�\�q�t�0� �b�”�{�`�h�U�l�o�z  = 1 �x�z�q�O	Z�—�q�`�o	��“	Z�^�•�”�
�o�•�q�z	Ý�6�”�q�`�o	•�R�t

�’�^�•�”�
�o�•�U�z�‰�°�w�A�‹	��S�p
°�A�^�•�o�M�”�\�q�›
¯�b�{

�é�´�µ�Â�Ÿ�¿�«
R�Õ�w���º�p�x�z	Z�—�Ñ�å�¿�«�µ

f (N ) = � (N )N =
r
K

N 2

�x�z�x�.
:�‡�h�x
ï�” N �w
ÿ�C�t
P�l�o
\�a�”�•�ù�z�@	Z�z�×�~�H
M�®�L�›
¯�b�{�`�h�U�l�o�z  = 1 �x�z�\

�w�×�~�H
M�Ñ�å�¿�«�µ�q�`�o	��“	Z�^�•�”�
�o�•�q�z	Ý�6�” N �T�’�æ�˜�•�”�
�o�•�U�z�a
Æ�
�s�X�‰�°�A�‹

283



16.1. �é�´�µ�Â�Ÿ�¿�«
R�Õ�Þ�Ã�ç�w TAD �t�‘�”�6�r	
�q�w�°

�p�q�-	r�g�^�•�”�\�q�›�™�¯�b�”�{

�\�w�r	
�U�×
µ�t
R�q�b�”�h�Š�t�x�z	Z�—�q	Ý�6�n	—�U�‰�°�µ�­�”�ç�p�0� �b�”�\�q�U
ž�A�p�K�”�{�b�s�˜

�j�z�Š
…�p�>���`�h

� � 1; 
 � 0

�x	O�A�p�K�”�{ � 6= 1 �w	Ô�ù�z	Z�—�q	Ý�6�”�w�A�‹�µ�­�”�ç�U�!�õ�^�•�”�{�‡�h�z 
 6= 0 �w	Ô�ù�z	Z�— �N �q

�x���w�×
µ	«�„�&�Ï�U���O�b�”�h�Š�z	Ý�6�n	—�›�b�‚�o	Z�—�Ñ�å�¿�«�µ�q�‰�°�¹�b�”�\�q�x�p�V�s�M�{

�^�’�t�z�\�•�i�Z�p�x�é�´�µ�Â�Ÿ�¿�«���w�×�~�H
M�›�›�Ã�n�Z�”�t�x	G
ü�p�x�s�M�{�é�´�µ�Â�Ÿ�¿�«�M���Ü

�t�0� �b�”�h�Š�t�x�z�Â�p�p�U	Ý�6�”�t
z�«�b�”�\�q�z

� (N ) =
r
K

N

�U
ž�A�p�K�”�{�\�w�q�V�z	Z�—�Ñ�å�¿�«�µ�x

f (N ) = � (N )N =
r
K

N 2

�q�s�“�z
ª	j�$�é�´�µ�Â�Ÿ�¿�«�M���Ü�w�^�è�ò�q�°�•�b�”�{

	H�l�o�z
ª	j�$�é�´�µ�Â�Ÿ�¿�«
R�Õ�x�z TAD �w�
�:�T�’�x�z

� � 1; 
 � 0; � (N ) =
r
K

N

�›�¬�h�b�7	–�Ï
R�w�×�~�H
M�� TAD �%�q�`�o�r	
�p�V�”�{�\�w�q�V  = 1 �x�z�×�~�H
M�Ñ�å�¿�«�µ�q	Ý�6

�”�w�n	—�U�‰�°�A�‹	��S�p
°�A�^�•�”�\�q�›
¯�b�{

�4�
�• TAD �q�-�Ã�s�Ü�w�é�´�µ�Â�Ÿ�¿�«	V�ÿ
[


²
…�w�A�L�‘�“�z
_N (t) = rN (t) � f (t) = G(t) � f (t)

�\�\�p�z  (t) �p	O�ˆ
Ç�Z�`�h�d�º
ï�” W (t) �x

W (t) =
Z t

�1
 (t)g(t; T )dT =  (t)

Z t

�1
g(t; T )dT =  (t)N (t)

�q�s�”�w�p�z
dW(t)

dt
= _ (t)N (t) +  (t) _N (t) = _ (t)N (t) +  (t)

�
G(t) � f (t)

�

�q�s�”�{�\�•�‘�“�z

f (t) = G(t) �
1

 (t)
dW(t)

dt
+

_ (t)
 (t)

N (t) (16.59)

�U�˜�’�•�”�{�\�•�x�M�˜�y�® TAD �q�-�Ã�s�Ü�w�é�´�µ�Â�Ÿ�¿�«	V�ÿ
[�¯�q�z�‚�”�‹�w�p�K�”�{�›�t  (t) � 1

�w	Ô�ù�x�z

f (t) = G(t) �
dW(t)

dt
= G(t) �

dN (t)
dt

(16.60)

�q�s�“�z�µ�­�”�ç�s�`�¢ � � 1�£�z�n
0�s�`�¢ 
 � 0�£�w	Ô�ù�w�q�-�Ã�s�Ü�q
T�ù�b�”�{
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16.2. BERTALANFFY 
R�Õ�Þ�Ã�ç�w TAD �t�‘�”�6�r	
�q�w�°

�‡�q�Š

�Ž	Í�‘�“�z�é�´�µ�Â�Ÿ�¿�«�M���Ü�t�0� �b�”�7	–�Ï
R�w TAD �å�¬�å�ï�´�ž�ï�x�z

L(�; N;  ) = �N � V (N ) �  
�

_N � rN + �N
�

(16.61)

�p�)�Q�’�•�”�{

���y	Ú�E�T�’�z

 = 1 ; V (N ) = rN

�U�˜�’�•�”�{�\�\�p�z V(N ) �x�Ú�™�w�^�è�Ù�Â�ï�³�ß�ç�p�x�s�X�z�§
u	Z�—�7�G�=�q TAD 
ï�”	)�§
M�ÿ�›
‡

�@�=�t�†�q�^�d�”�h�Š�t
¬�y�•�”
¢���H
M�Ù�Â�ï�³�ß�ç�p�K�”�{

�°�M�z�é�´�µ�Â�Ÿ�¿�«�M���Ü�t�{���w
‡
¢���^�è�ò�x�z V(N ) �w
‡
¢��
Q�q�`�o�p�x�s�X�z	Ý�6�‘���Â�p�p

� (N ) =
r
K

N

�t�‘�”	Z�—�Ñ�å�¿�«�µ

f (N ) = � (N )N =
r
K

N 2

�q�`�o
¯�q�^�•�”�{

	H�l�o�z�Š
…�w�A�æ�x�Í�w�‘�O�t�‡�q�Š�’�•�”�{�é�´�µ�Â�Ÿ�¿�«�M���Ü�x�z TAD �w
ï�”	)�§

_N = rN � f

�t�S�M�o�z	Z�—�Ñ�å�¿�«�µ�›

f (N ) =
r
K

N 2

�q�‰���b�”�\�q�p�6�q�^�•�”�{�‡�h�z�f�w�7	–�^�;
¯�Ô�p�x�z	Z�—�Ñ�å�¿�«�µ�z	Ý�6�Ù�Â�ï�³�ß�ç�z TAD 	)

�§�Æ���w�~	��T�’�z  = 1 �S�‘�| V(N ) = rN �U�×
µ�t�˜�’�•�”�{

16.2 Bertalan�y 
R�Õ�Þ�Ã�ç�w TAD �t�‘�”�6�r	
�q�w�°


²
…�p�x�z�é�´�µ�Â�Ÿ�¿�«
R�Õ�Þ�Ã�ç�› TAD �w�
�:�T�’�6�r	
�`�z
ï�” N (t) �U
‡��	×�t�!�=�b�”�°�M�p�z


Y�F�=�d�º
ü
Í p(t; T ) �U�{���¦
:���›�-�m�q�M�O�›	��s�Ï���›�Ô�`�h�{�\�\�p�x�z�‰�a�X�y�/�$�s
R�Õ�Þ�Ã

�ç�p�K�” Bertalan�y 
R�Õ�Þ�Ã�ç [5] �›	��“	Í�[�z�é�´�µ�Â�Ÿ�¿�«
R�Õ�Þ�Ã�ç�q�w�0
z�›�è�a�o�z TAD �U�y�/


R�Õ�Þ�Ã�ç�w
��™�t�K�”�d�º�Ï���›�r�w�‘�O�t�D�¹�=�b�”�T�›�¬�Ý�b�”�{

16.2.1 TAD �t�S�Z�”
ƒ��

Bertalan�y 
R�Õ�Þ�Ã�ç�p�x�z
R�Õ�›�‰�=�q�Ÿ�=�w�)�q�`�o�
�Q�”�{�.�”�› N (t) �q�b�”�q�z�‰�=�Ö�—�x�.


¯�Ø
u�µ�­�”�ç�t
z�«�`�z�Ÿ�=�‡�h�x�¡�Ë�¯�µ�Ä�x�.�”�f�w�‹�w�t
z�«�b�”�q�ß�Q�”�{�\�w�q�V�z�‰�=�ò�x

N (t)2=3 �t
z�«�`�z�Ÿ�=�ò�x N (t) �t
z�«�b�”�{ TAD �w�
�:�p�x�z�\�•�x�¥�„�Ö�—�q	«�æ�p�›

G(t) = �N (t)2=3; � (t; T ) = � (16.62)
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16.2. BERTALANFFY 
R�Õ�Þ�Ã�ç�w TAD �t�‘�”�6�r	
�q�w�°

�q�”�X�\�q�t�0� �b�”�{�\�\�p � > 0 �x�‰�=�Ö�—�w�§�S�z � > 0 �x�o�•�Ì���K�h�“�w���®	«�æ�p�z�‡�h�x�E	�

�$�s�8�p�›
¯�b�{

�\�w
ƒ���w�Ú�ò�$�™�¯�x�Ì�¬�p�K�”�{�b�s�˜�j�z�Ì�� T �t�S�Z�”	ý�F�‰�=�Ö�—�x�z�f�w�Ì�:�w�x�.�”�w


¯�Ø
u�µ�­�”�ç N (T)2=3 �t�‘�l�o�>�‡�“�z�f�w�™�t�‰�=�^�•�h
R
ü�x�°���p � �p�æ�˜�•�”�{�`�h�U�l�o�z

Bertalan�y 
R�Õ�x�z�a�ˆ�w�¤�Ì�:�p
\�a�h
¯�Ø
u�µ�­�”�ç�w�‰�=�Ö�—�U�z�E	��$�t�n
0�`�s�U�’�q�O�w�.�”

�›�Ï
R�b�”�a���q�`�o�r	
�p�V�”�{ * 4

16.2.2 Bertalan�y ���w
R�Õ�M���Ü�¢
ï�”�M���Ü�£�w�‹	Z

�\�w�q�V�z�d�º
ü
Í�x
@g(t; T )

@t
= � �g (t; T ); g(T; T) = �N (T)2=3 (16.63)

�t	H�O�{�`�h�U�l�o�z

g(t; T ) = �N (T)2=3e� � ( t � T ) (16.64)

�p�K�”�{


ï�”�x

N (t) =
Z t

0
g(t; T ) dT (16.65)

�p�)�Q�’�•�”�{�\�w�Ü�›�Ì��
•
ü�b�”�q�z

dN (t)
dt

= g(t; t ) +
Z t

0

@g(t; T )
@t

dT

= �N (t)2=3 � �
Z t

0
g(t; T ) dT

= �N (t)2=3 � �N (t) (16.66)

�q�s�”�{�\�•�x Bertalan�y ���w
R�Õ�M���Ü�p�K�”�{

�\�w
•
ü�M���Ü�x�z y(t) = N (t)1=3 �q�”�X�\�q�p
¢���=�p�V�”�{�b�s�˜�j�z

N (t) = y(t)3 (16.67)

�‘�“�z

3y(t)2 dy(t)
dt

= �y (t)2 � �y (t)3 (16.68)

�p�K�”�T�’�z
dy(t)

dt
=

�
3

�
�
3

y(t) (16.69)

�q�s�”�{�\�\�p�z	s�8�Ì���› t = 0 �q�`�z
R�Õ�‰�•�Ì�w�Ã�v�q�`�o N (0) = 0 �›�”�X�q�z y(0) = 0 �p�K�”�{�\

�w�q�V�r�x

y(t) =
�
�

�
1 � e� �t= 3

�
(16.70)

* 4 G(t) / N (t )2=3 �q�M�O�>���x�z�Ö�—�U�º
æ
ï�” N (t) �f�w�‹�w�p�x�s�X�z�Ö�—� �ï�»�Ñ�£�”�µ�w���®�Ø
u�t
z�«�b�”	Ô�ù�w�2�?

�¶�$�Ù�Å�q�`�o�r	
�p�V�”�{�~�Í�i�$�s�”�t�0�`�o�E
¯�Õ�^�› ` �q�b�•�y N � `3 �z�¥�„�Ø
u�x `2 � N 2=3 �q�s�”�h�Š�p�K�”�{

Bertalan�y 
R�Õ�Þ�Ã�ç�p�x�z	«�=�+�í�w�º���s�r�w�‰�=�Ö�—�Ø�U�\�w�‘�O�s�Ö�—� �ï�»�Ñ�£�”�µ�q�`�o�;�ó�`�o�M�”�q�ˆ�s�d�” �{

�‰�7�w
¯�Ø
u
z�«���Ö�—�x�z
\
ú
R�Õ�t�v�’�c�z
ú�g�$�s�¥�„�·�ç�›�è�a�h
ú�í�~�¤�É�ç�ª�”�v�Ö�•�z�N�¢�t�0�b �”�Ó�÷�~
ú�v�Œ�:

�w�‘�O�s
ú�¿�v�Ö� �ï�»�Ñ�£�”�µ�›�‹�m TAD �%�t�‹�¦�Á�p�V�”�D�ó
Q�U�K�”�{
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16.2. BERTALANFFY 
R�Õ�Þ�Ã�ç�w TAD �t�‘�”�6�r	
�q�w�°

�p�K�“�z�`�h�U�l�o

N (t) = N1

�
1 � e� �t= 3

� 3
; N1 =

�
�
�

� 3

(16.71)

�›�˜�”�{�\�•�x�z�.�”�U
´�Ù�‹ N1 �t�o�Ð�t�Ù�n�X�\�q�›
¯�b�{

16.2.3 
Y�F�=�d�º�µ�S�w�‹	Z

�Í�t�z TAD �s�’�p�x�w�ÿ
\�”�q�`�o�z
Y�F�=�d�º�µ�S�›�‹�Ö�b�”�{�Ü (16.64) �q�Ü (16.71) �‘�“�z

N (T)2=3 =
�

�
�

� 2 �
1 � e� �T= 3

� 2
(16.72)

�p�K�”�{�`�h�U�l�o�z

g(t; T ) =
� 3

� 2

�
1 � e� �T= 3

� 2
e� � ( t � T ) (16.73)

�q�s�”�{�°�M�z

N (t) =
�

�
�

� 3 �
1 � e� �t= 3

� 3
(16.74)

�p�K�”�T�’�z
Y�F�=�d�º�µ�S�x

p(t; T ) =
g(t; T )
N (t)

= �

�
1 � e� �T= 3

� 2
e� � ( t � T )

�
1 � e� �t= 3

� 3 ; 0 � T � t (16.75)

�q
¯�^�•�”�{

�Ü (16.75) �x�z�q�O�w�.�” N (t) �U�z�a�ˆ�w�r�w�Ì�:�w�‰�=�Ö�—�t�‘�l�o�Ï
R�^�•�o�M�”�T�›
¯�b�{�è	×�w

Bertalan�y 
R�Õ�Þ�Ã�ç�x
ï�” N (t) �w�Ì���!�=�›�)�Q�”�U�z TAD 
¯�q�p�x�z�f�w
ï�”�w
��™�t�K�”�d�º�Ï
R


z p(t; T ) �›�Ì�Ô�p�V�”�{�\�•�x�z�‰�a�.�”�p�K�l�o�‹�z�f�w�.�”�U�Ú�Ù�w�‰�=�Ö�—�t�‘�l�o�§�Q�’�•�o�M�”

�w�T�z�a�ˆ�w�‰�=�Ö�—�U�Õ�X�’���`�o�Ï
R�^�•�o�M�”�w�T�›�à���b�”�”�p�K�”�{

16.2.4 ���É�d�º�å�¸

�^�’�t�z���É�d�º�å�¸�›

�a(t) =
Z t

0
(t � T)p(t; T ) dT (16.76)

�t�‘�l�o���[�b�”�{�\�w�”�x�z�q�O�w�x�.�”�›�Ï
R�`�o�M�”
ú�í�U�z���É�`�o�r�•�X�’�M
²�t�‰�=�~��
R�^�•

�h�‹�w�T�›
¯�b�{�b�s�˜�j�z �a(t) �x�q�O�w�.�”�w�®���É
Ê
R�å�¸�¯�q�r	
�p�V�”�{

�-�‰�w�h�Š�z�å�¸�Þ�”�Ý�ï�Ä

A(t) =
Z t

0
(t � T)g(t; T ) dT (16.77)

�›�‹�Ö�b�”�q�z

�a(t) =
A(t)
N (t)

(16.78)

�p�K�”�{�Ü (16.71) �›�;�M�”�q�z

A(t) = N1 e� �t
�

e�t � 1
�

�
9

2�

�
e2�t= 3 � 1

�
+

9
�

�
e�t= 3 � 1

�
� t

�
(16.79)
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16.2. BERTALANFFY 
R�Õ�Þ�Ã�ç�w TAD �t�‘�”�6�r	
�q�w�°

�q�s�”�{�`�h�U�l�o�z

�a(t) =
e� �t

h
e�t � 1

� � 9
2�

�
e2�t= 3 � 1

�
+ 9

�

�
e�t= 3 � 1

�
� t

i

�
1 � e� �t= 3

� 3 (16.80)

�›�˜�”�{


$ 16.1 �t�z � = 0 :25 �w	Ô�ù�w �a(t) �w�«�›�Ô�b�{���É
Ê
R�å�¸�x
R�Õ	s�8�t�x	–�^�X�z�Ì���q�q�‹�t
ÿ�C

�`�z
R	Y	Ý�6�t�S�M�o�°���‹�•
´�Ù�b�”�{�\�•�x�z
R�Õ�8�t�x�Ú�Ù�t�‰�=�^�•�h
R
ü�U�q�O�w�.�”�t�G�V�X�/

�)�b�”�h�Š�z�.�”�w�d�º�Ï
R�U	��M�\�q�›�™�¯�b�”�{�°�M�z
R	Y�8�t�Ö�”�q�z	ý�F�‰�=�Ö�—�q�E	��$	«�æ�U�ü

�“�ù�M�z�.�”�›�Ï
R�b�”�d�º
ü
Í�x��	×�$�s���t�Ù�n�X�{


$ 16.1 Bertalan�y-TAD �t�S�Z�”���É
Ê
R�å�¸ �a(t) �w�«�{�Í�å�Ý�”�»�x � = 0 :25 �q�`�h�{
�
¢�x��

	×�Ã�v 1=� �›
¯�b�{

16.2.5 ��	×�Ã�v

�Í�t�z t ! 1 �w��	×�Ã�v�›�ß�Q�”�{�å�¸�›

a = t � T (16.81)

�q	{�X�q�z	G
ü�G�V�s t �t�0�`�o N (T) ! N1 �p�K�”�h�Š�z

g(t; T ) � �N 2=3
1 e� �a = �N 1 e� �a (16.82)

�q�s�”�{�`�h�U�l�o�z
Y�F�=�d�º�µ�S�x

p1 (a) = �e � �a ; a � 0 (16.83)

�t	)���b�”�{�\�w�q�V���É
Ê
R�å�¸�x

�a1 =
Z 1

0
a �e � �a da =

1
�

(16.84)
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16.2. BERTALANFFY 
R�Õ�Þ�Ã�ç�w TAD �t�‘�”�6�r	
�q�w�°

�p�K�”�{�b�s�˜�j�z
R	Y��	×	Ý�6�t�S�M�o�x�z�q�O�w�.�”�›�Ï
R�b�”
ú�í�x�z���É�`�o 1=� �i�Z
²�t�‰�=�^�•

�h�‹�w�q�`�o�r	
�p�V�”�{

�‡�h�z��	×	Ý�6�t�S�Z�” TAD �¤�ï�Ä�é�Ð�”�x

S1 = �
Z 1

0
p1 (a) log p1 (a) da

= �
Z 1

0
�e � �a log

�
�e � �a �

da

= 1 � log � (16.85)

�p�K�”�{�`�h�U�l�o�z Bertalan�y-TAD �t�S�M�o�x�z
R�Õ	s�8�t�x�d�º
ü
Í�U	��M�‰�=�Ö�—�t� �”�U�z
R	Y�t


P�l�o�d�º
ü
Í�x�¦
:��	×�©�•���è�`�z���É
Ê
R�å�¸�S�‘�| TAD �¤�ï�Ä�é�Ð�”�‹�°���‹�•�^�è�b�”�{


C�2���•�Ì���‘���S�‘�|�d�º�‘���w�E	�	«�æ�p

�\�\�‡�p�w�^�æ�p�x�z Bertalan�y 
R�Õ�Þ�Ã�ç�t�0� �b�” TAD 
¯�q�q�`�o�z	«�æ�p�›��
:

� (t; T ) = � (16.86)

�q�`�h�{�\�w�>���w�‹�q�p�x�z�¤�d�º
R
ü�x�‰�°�w�E	��$	«�æ�p�p�n
0�`�z
R	Y��	×	Ý�6�t�S�M�o
Y�F�=�d�º

�µ�S�x�¦
:
ü
Í�•	)���b�”�{�`�T�`�z
\
ú
R�Õ�›�‘�“�q�î�$�t�
�Q�”	Ô�ù�z�E	��ó�—�•�¡�Ë�¯�µ�Ä�x�Ì���q�q

�‹�t�!�=�`�O�”�{�«�Q�y�z
R�Õ�ˆ�Š�z�B
…�z�ë�F	Ý�6�z���¥�9�S�z
C�a�ˆ�Š�z�Ý�=�s�r�t�‘�“�z���®	«�æ�p�x

�°���q�x�v�’�s�M�{

�H�°�w�¦�Á�q�`�o�z	«�æ�p�U�
���Ì���w�ˆ�t�‘���b�”	Ô�ù

� (t; T ) = � (t) (16.87)

�›�ß�Q�”�{�\�w�q�V�z TAD 
C�2�M���Ü�x

@g(t; T )
@t

= � � (t)g(t; T ); g(T; T) = �N (T)2=3 (16.88)

�q�s�“�z�f�w�r�x

g(t; T ) = �N (T)2=3 exp
�

�
Z t

T
� (s) ds

�
(16.89)

�p�)�Q�’�•�”�{�\�\�p�¦
:�¼� �x�z�Ì�� T �t�‰�=�^�•�h
R
ü�U�z�Ì�� T �T�’ t �‡�p�w���t	!�Z�h�§
u�$�s�E

	�
Û�Y�›
¯�`�o�M�”�{�`�h�U�l�o�z � (t) �‘���w Bertalan�y-TAD �x�z
R�Õ�Â
¢�›�z
¯�Ø
u�µ�­�”�ç�w�‰�=�Ö

�—�q�z�Ì�E�]�q�t�!�=�b�”�E	��y�w�‹�q�p��
R�^�•�”�d�º
ü
Í�q�`�o�r	
�b�”�î
Ê�ˆ�p�K�”�{

�\�w	Ô�ù�z
ï�”�x

N (t) =
Z t

0
�N (T)2=3 exp

�
�

Z t

T
� (s) ds

�
dT (16.90)

�p�)�Q�’�•�”�{�`�h�U�l�o�z � (t) �U�ô�M�Ì�8�›�è�a�`�h�d�º
Ú�x�§�X�_�’�•�z � (t) �U�ÿ�M�Ì�8�t�x�a�ˆ�w�‰�=

�Ö�—�U�Õ�X�’�“�•�b�X�s�”�{�\�w�‘�O�t�z�Ì���‘���w	«�æ�p�›�‹�Ö�b�”�q�z
R�Õ�d�º�w�¤�t�z�f�w�Ì�8�w�E	�

���¥�w��
{�U�’�”�{

�H�Ë�w�¦�Á�q�`�o�z	«�æ�p�U�
���Ì�� t �q�Ö�—�Ì�� T �w
Ò�M�t�‘���b�”	Ô�ù

� (t; T ) (16.91)
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16.2. BERTALANFFY 
R�Õ�Þ�Ã�ç�w TAD �t�‘�”�6�r	
�q�w�°

�›�ß�Q�”�{�\�w�q�V�z
@g(t; T )

@t
= � � (t; T )g(t; T ); g(T; T) = �N (T)2=3 (16.92)

�p�K�“�z

g(t; T ) = �N (T)2=3 exp
�

�
Z t

T
� (s; T) ds

�
(16.93)

�q�s�”�{�\�•�x�z�‰�=�^�•�h�Ì�� T �t�‘�l�o�z�f�w�™�w	«�æ�~�¡�Ë�~�E	��s�8�w	!�Z�M�U�Ÿ�s�”�\�q�›�™�¯

�b�”�{

�\�w�¦�Á�x�z��
: � �w Bertalan�y �Þ�Ã�ç�p�x
¯�q�p�V�s�M�d�º
¬���›�G	\�b�”�{�«�Q�y�z
R�Õ	s�8�t��
R

�^�•�h
Ê	ë�q
R	Y�™�t��
R�^�•�h
Ê	ë�p�E	��s�8�U�Ÿ�s�”	Ô�ù�z�K�”�M�x�›���w
C�a�ˆ�Š�p��
R�^�•�h
R
ü�U

�Õ�X�’�”	Ô�ù�z�‡�h�x���¥�µ�Ä�è�µ�›	!�Z�h�Ì�8�w�d�º
Ú�U
¬�R�$�t
,�X�s�”	Ô�ù�t�x�z � (t; T ) �w�‹�Ö�U�×


µ�p�K�”�{�å�¸�!
: a = t � T �›�;�M�•�y�z

� (t; T ) = � (t; a) (16.94)

�q	{�X�\�q�‹�p�V�z�\�w	Ô�ù�t�x�z
R
ü�w��
R�™�å�¸�t� �a�h�E	��s�8�•
Ê	ë�Ë	ý�›�G	\�p�V�”�{

�h�i�`�z � (t; T ) �›�°
`�t�•�b�q�z
ï�”�x

N (t) =
Z t

0
�N (T)2=3 exp

�
�

Z t

T
� (s; T) ds

�
dT (16.95)

�p�)�Q�’�•�z���a�h	×
•
ü�M���Ü�q�`�o�{�O�\�q�x�°
`�t�x�É�`�X�s�”�{�b�s�˜�j�z�\�w	Ô�ù�w Bertalan�y-

TAD �x�z�è	×�w
ï�”
R�Õ�M���Ü�q�M�O�‘�“�z�d�º�©�›�‹�m Volterra ���w
u
ü�M���Ü�q�`�o�g�r�^�•�”�{

�°�M�p�z
:�‹�-�‰�w�
�:�T�’�x�z�\�w�¦�Á�x
z�±�$�×
µ�t�{�O�\�q�U�p�V�”�{�Ì���›�m�„�=�b�•�y�z�¤�d�º


Ú�t�0�`�o

g(t + � t; T ) ' g(t; T ) exp (� � (t; T )� t) (16.96)

�q�ž�Í�Ë	ý�`�z�¤�Ì���p

N (t) =
Z t

0
g(t; T ) dT (16.97)

�›�-�‰�`�z�f�w�‹�T�’	ý�`�M�¥�„�Ö�—

g(t; t ) = �N (t)2=3 (16.98)

�›�)�Q�•�y�‘�M�{�`�h�U�l�o�z�r
s�$�t�x���a�t�X�M�‹�w�w�z TAD-DB �•
:�‹�³�Û�á�è�”�³�ã�ï�w�î
Ê�ˆ�p

�x�z � (t; T ) �‘���w�Þ�Ã�ç�›�Ú
€�{�O�\�q�U�p�V�”�{

�Ž	Í�‘�“�z Bertalan�y-TAD �t�x�~�m�w�Š
Ú�U�K�”�q�ß�Q�’�•�”�{�H�°�t�z � = const �w	Ô�ù�x�z�y�/�$�s

Bertalan�y 
R�Õ�›�6�q�`�z
R	Y��	×	Ý�6�t�S�M�o�¦
:���w�d�º
ü
Í�z���É
Ê
R�å�¸ 1=� �z��	× TAD �¤�ï�Ä�é

�Ð�” 1 � log � �›�)�Q�”�{�H�Ë�t�z � = � (t) �w	Ô�ù�x�z
R�Õ�ˆ�Š�•�Ž
æ���¥�t�‘���b�”�E	��y�›	��“���‰
‡��

	× Bertalan�y-TAD �q�s�”�{�H�~�t�z � = � (t; T ) �w	Ô�ù�x�z��
R�Ì���t�‘���`�h�d�º
¬���•
Ê	ë�Ë	ý�›�G	\

�b�”�d�º�‘���� Bertalan�y-TAD �q�s�”�{�\�w�H�~�w���x�r
s�$�t�x
ó�v�p�K�”�U�z TAD �w�Š�R�w�§�ˆ�p�K

�”�d�º�Ï���w�D�¹�=�q
:�‹�$�6�Ï
R�t�7�‹�&�`�h�¦�Á�p�K�”�{
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16.3 �0�¯���V	Z�`�p�t�‘�”�w�°�$�g�r

16.3.1 �0�¯���V	Z�`�p�w�‹�Ö


²
…�‡�p�t�_�h�‘�O�t�z�é�´�µ�Â�Ÿ�¿�«
R�Õ�Þ�Ã�ç�q Bertalan�y 
R�Õ�Þ�Ã�ç�x�z�M�c�•�‹
ï�” N (t) �w
C

�2�M���Ü�q�`�o�x�y�/�$�s
R�Õ�Þ�Ã�ç�p�K�”�{�`�T�`�z TAD �w�
�:�T�’�_�”�q�z�†	��x�Ÿ�s�”�d�º�Ï���›�‹

�m
R�Õ�a���q�`�o�r	
�p�V�”�{�\�w�)�Ÿ�›�w�°�$�t
T�g�b�”�h�Š�t�z�0�¯���V	Z�`�p

h(t) =
G(t)
N (t)

(16.99)

�›�‹�Ö�b�”�{�\�\�p�z G(t) �x�Ì�� t �t�S�Z�”�0�¯�Ö�—�p�K�“�z N (t) �x�f�w�Ì���t���O�b�”
ï�”�p�K�”�{�`�h

�U�l�o�z h(t) �x�z�o�•
ï�”�K�h�“�t�r�•�i�Z	ý�`�M�d�º
R
ü�U�v�Ö�`�o�M�”�T�›
¯�b�{

16.3.2 
Y�F�=�d�º
ü
Í�w�°
`��


ª	j TAD �p�x�z�Ì�� T �t�Ö�—�^�•�h
R
ü�w�Ì�� t �t�S�Z�”�’���”�x

g(t; T ) = G(T) exp
�

�
Z t

T
� (s; T) ds

�
(16.100)

�p�)�Q�’�•�”�{�°�M�z G(T) = h(T)N (T) �p�K�”�T�’�z
Y�F�=�d�º
ü
Í�x

p(t; T ) =
g(t; T )
N (t)

= h(T)
N (T)
N (t)

exp
�

�
Z t

T
� (s; T) ds

�
(16.101)

�q	{�Z�”�{

�^�’�t�z

q(t) =
d
dt

logN (t) (16.102)

�q�S�Z�y�z
N (T)
N (t)

= exp
�

�
Z t

T
q(s) ds

�
(16.103)

�p�K�”�{�`�h�U�l�o�z�Ü (16.101) �x

p(t; T ) = h(T) exp
�

�
Z t

T
f q(s) + � (s; T)g ds

�
(16.104)

�q
¯�^�•�”�{�\�\�p�z

� (s; T) = q(s) + � (s; T) (16.105)

�q	{�Z�y�z

p(t; T ) = h(T) exp
�

�
Z t

T
� (s; T) ds

�
(16.106)

�q�s�”�{

�Ü (16.106) �x�z�0�¯�Ö�—�t�‘�l�o
\
R�^�•�”�d�º
ü
Í�w�°
`���›�)�Q�o�M�”�{�\�w�Ü�T�’
ü�T�”�‘�O�t�z
Y

�F�=�d�º
ü
Í p(t; T ) �x�z�Ö�—�Ì�� T �t�S�Z�”�0�¯���V	Z�`�p h(T) �q�z�f�w�™�w�’���S�‘�|
ï�”�4
Y�›
¯�b

�¦
:�¼� �t�‘�l�o�>�‡�”�{�b�s�˜�j�z h(T) �x�d�º
ü
Í�w�Ö�±	Ú�E�›�F���`�z � (s; T) �x�Ö�—�™�w�d�º
R
ü�U�Ì

�� t �‡�p�t�r�w�‘�O�t
ì�0�$�t�’���b�”�T�›�F���b�”�{
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�›�t � (t; T ) = � (t)�¢ T �t�‘���`�s�M�£�w	Ô�ù�x

� (s; T) =
1

N (s)
dN (s)

ds
+ � (s) =

G(s) � f (s)
N (s)

+ � (s) =
G(s)
N (s)

�
� (s)N (s)

N (s)
+ � (s) =

G(s)
N (s)

= h(s)

�q�s�”�w�p�z

p(t; T ) = h(T) exp
�

�
Z t

T
h(s) ds

�
(16.107)

�q�s�”�{ * 5

16.3.3 ���É�d�º�å�¸�w�°
`
¯�Ü

�°�M�z���É�d�º�å�¸�x

a(t) =
Z t

T1

(t � T)p(t; T ) dT (16.108)

�p�K�”�T�’�z�Ü (16.106) �›�;�M�•�y

a(t) =
Z t

T1

(t � T)h(T) exp
�

�
Z t

T
� (s; T) ds

�
dT (16.109)

�q	{�Z�”�{

�`�h�U�l�o�z���É�d�º�å�¸ a(t) �x�z�a�ˆ�w�¤�Ö�—�Ì�� T �t�S�Z�”�0�¯���V	Z�`�p h(T) �q�z�f�w�™�w�’��

�Ï���›	O�ˆ�q�`�o�z�q�O���O�b�”
R
ü�w�Ö�—�Ì���w�y�^�›���É�`�h�”�p�K�”�{

�›�t � (t; T ) = � (t)�¢ T �t�‘���`�s�M�£�w	Ô�ù�x

a(t) =
Z t

T1

(t � T)h(T) exp
�

�
Z t

T
h(s) ds

�
dT (16.110)

�q�s�”�{ * 6

16.3.4 �é�´�µ�Â�Ÿ�¿�«
R�Õ�q Bertalan�y 
R�Õ�t�S�Z�”�0�¯���V	Z�`�p

�\�w�°
`���t�,�n�X�q�z�é�´�µ�Â�Ÿ�¿�«
R�Õ�q Bertalan�y 
R�Õ�w�§�M�x�z�‡�c h(t) �w�Ì���‘��
Q�w�§�M�q

�`�o
T�g�p�V�”�{�é�´�µ�Â�Ÿ�¿�«
R�Õ�p�x�z
ï�”�M���Ü

dN (t)
dt

= rN (t)
�

1 �
N (t)

K

�
(16.111)

�›

G(t) = rN (t); f (t) =
r
K

N (t)2 (16.112)

�q
ü�r�b�”�\�q�p�z

h(t) =
G(t)
N (t)

= r (16.113)

�q�s�”�{�b�s�˜�j�z�é�´�µ�Â�Ÿ�¿�«
R�Õ�p�x�z�o�•
ï�”�K�h�“�w	ý�F�Ö�—�p�U�Ì���t�‘�’�c�°���p�K�”�{�f�w

�h�Š�z�Ü (16.106) �t�S�Z�”�Ö�±�¼�  h(T) �x�°���q�s�“�z
Y�F�=�d�º
ü
Í�x�
���Ì���t�‘���`�s�M�‰���$�s��

* 5 �é�.�$�t�-�‰�b�”�q�z�é�´�µ�Â�Ÿ�¿�«�p�x (16.9) �z Bertalan�y �p�x (16.75) �U�g�•�g�•�0� �b�”�{
* 6 �é�.�$�t�-�‰�b�”�q�z�é�´�µ�Â�Ÿ�¿�«�p�x (16.12) �w D stock (t ) := D (t ) �zBertalan�y �p�x (16.80) �w �a(t ) �U�f�•�g�•�0� �b�”�{
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�›�-�j�•�b�M�{�î�M�z
²
…�p�_�h�‘�O�t�z�&
~�s TAD 
¯�q�w�<�p�x

p(t; T ) = re� r ( t � T ) (16.114)

�q�M�O�{���$�s�¦
:��
ü
Í�U�q�•�”�{�\�w	Ô�ù�z	s�8�Ì�� T1 �w�è�¹�›�Á�¹�p�V�”�–�¬�p�x�z���É�d�º�å�¸�‹

a(t) '
1
r

(16.115)

�q�s�“�z�„�…�°���t�-�h�•�”�{

�\�•�t�0�`�o�z Bertalan�y 
R�Õ�Þ�Ã�ç�p�x�z

dN (t)
dt

= �N (t)2=3 � �N (t) (16.116)

�›

G(t) = �N (t)2=3; f (t) = �N (t) (16.117)

�q
ü�r�b�”�\�q�p�z

h(t) =
G(t)
N (t)

= �N (t) � 1=3 (16.118)

�q�s�”�{�`�h�U�l�o�z Bertalan�y 
R�Õ�p�x�z
ï�” N (t) �U
ÿ�C�b�”�t�m�•�o�z�o�•
ï�”�K�h�“�w	ý�F�Ö�—�p
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¯�Ø
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M�ÿ
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16.3.5 �d�º
ü
Í�q���É�d�º�å�¸�•�w���™

�Ü (16.107) �S�‘�|�Ü (16.110) �T�’
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Q�x�z�q�O�w�d�º
ü
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�Ú
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R
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Ž�Š�”
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R
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16.3.6 
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R�Õ�Þ�Ã�ç�w
��™�t�K�”�d�º�Ï���›	��“	Z�`�z
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�t
\
R�^�•�h
R
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h(t) �x�z�)�Q�’�•�h
ï�”�Þ�Ã�ç�› TAD �•�Ë�j	Í�[�”�M�w
ü�r�w�“�M�q�A�|�m�M�h�”�p�K�”�{�`�T�`�z�{�q�h

�|
ü�r�›���Š�•�y�z h(t) �x
Y�F�=�d�º
ü
Í p(t; T ) �S�‘�|���É�d�º�å�¸ a(t) �w	ü�”
ã�M�›�g�r�b�”�h�Š�w�,

�Š�$�s�Ö�±�”�q�s�”�{

16.4 �0�¯���V	Z�`�p�U�§
��b�”�d�º�å�¸�Ï��

�Š
…�p�x�z�0�¯���V	Z�`�p

h(t) =
G(t)
N (t)

(16.119)

�U�z
Y�F�=�d�º
ü
Í�z�d�º�å�¸�Þ�”�Ý�ï�Ä�z�Ý�Þ�æ�è�µ
Q�z�S�‘�|�d�º�Ï���w
ì
$�$
ü�¨�›�r�w�‘�O�t�§
��b

�”�T�›
T�g�b�”�{


²
…�‡�p�t�_�h�‘�O�t�z
ª	j TAD �t�S�M�o�z�Ö�—�U�0�¯�¥�„ T = t �T�’�w�ˆ�)�Q�’�•�z���®	Z�—�p�U�d

�º�Ì�� T �t�‘���`�s�M	Ô�ù�z
Y�F�=�d�º
ü
Í p(t; T ) �x (16.107) �w�‘�O�t
‡	×�t���?�s���t���a�”�{�6���b

�”�q�z

p(t; T ) = h(T) exp
�

�
Z t

T
h(s) ds

�
(16.120)

�q�s�”�{

�Ü (16.120) �x�z�é�.�$�s G(t) �• N (t) �w��
:���›�>���d�c�t�˜�’�•�”�{�b�s�˜�j�z�é�´�µ�Â�Ÿ�¿�«
R�Õ�•

Bertalan�y 
R�Õ�w�‘�O�s�x���Þ�Ã�ç�t
Œ�q�l�o�z�0�¯���V	Z�`�p h(t) �w�ˆ�U
Y�F�=�d�º
ü
Í�w�Ö�±�Ï���›�§


��`�o�M�”�\�q�›�Ô�`�o�M�”�{

�s�S�z���v�w	s�8�Ì�� T1 �T�’�^�æ�›�•�Š�”	Ô�ù�t�x�z

Z t

T1

h(T) exp
�

�
Z t

T
h(s) ds

�
dT = 1 � exp

�
�

Z t

T1

h(s) ds
�

(16.121)

�p�K�”�{�`�h�U�l�o�z�Ü (16.120) �U
¶�í�” 1 �w
Y�F�=�µ�S�q�`�o�f�w�‡�‡
R�“�q�m�h�Š�t�x�z T1 = �1 �q�ˆ

�s�d�”	G
ü�s�a�ˆ�d�º�U�K�”	Ô�ù�z�K�”�M�x	s�8�ò�w�è�¹�›�Á�¹�p�V�”	Ô�ù�›�ß�Q�”�{���v	s�8�Ì���T�’�w�a

�I�a���p�x�z	s�8�d�º
R
ü�›���ò�q�`�o�{�O
ž�A�U�K�”�{

16.4.1 �§
u���V	Z�`�Ì���q
‡��	×�¦
:�Ï��

�Ü (16.120) �w	O�A�s�›�Ã�x�z�§
u���V	Z�`�Ì��

H (t) =
Z t

h(s) ds (16.122)

�›�‹�Ö�b�”�q�Ì�Ž�t�s�”�{�\�w�q�V�z

Z t

T
h(s) ds = H (t) � H (T) (16.123)

�p�K�”�T�’�z

p(t; T ) = h(T) exp (� (H (t) � H (T))) (16.124)

�q	{�Z�”�{

�^�’�t�z�!
:

u = H (T); U = H (t) (16.125)
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�›�‹�Ö�b�”�q�z

du = h(T)dT (16.126)

�p�K�”�h�Š�z

p(t; T )dT = exp ( � (U � u)) du (16.127)

�q�s�”�{�b�s�˜�j�z�¹�Ì�� T �p�_�”�q h(t) �w�Ì���‘��
Q�›
S�é�`�h
‡��	×
ü
Í�p�K�l�o�‹�z�§
u���V	Z�`�Ì

�� H �p�_�•�y�z	×�t�¦
:
ü
Í���w�Ï���›�‹�m�{

�\�w�\�q�x�z�Ü (16.120) �U�è	×�w�¦
:
ü
Í�w�o�s�”�¦�Á�p�x�s�X�z
‡��	×�s�Ì���!�õ�›���‰�¦
:�Ï���p�K�”

�\�q�›�™�¯�b�”�{�›�t h(t) = r �U��
:�p�K�•�y�z

H (t) � H (T) = r (t � T) (16.128)

�q�s�“�z

p(t; T ) = re� r ( t � T ) (16.129)

�q�M�O�è	×�w�"���¦
:
ü
Í�U�˜�’�•�”�{�`�h�U�l�o�z�é�´�µ�Â�Ÿ�¿�«
R�Õ�p�q�•�h�{���¦
:���w�d�º
ü
Í�x�z

�Ü (16.120) �t�S�Z�”��
: h �w�›	��­�”�µ�q�`�o�g�r�p�V�”�{

16.4.2 
Œ
ü
Í�q
ü�•
ï

�Ü (16.120) �T�’�z�Ì�� t �T�’�_�o�z�å�¸�U a �Ž	Í�p�K�”�d�º
R
ü�w
Œ
ü
Í�x

Rt (a) =
Z t � a

T1

p(t; T ) dT (16.130)

�p�K�”�{	s�8�Ì���w�è�¹�›�Á�¹�p�V�”	Ô�ù�t�x�z

Rt (a) = exp
�

�
Z t

t � a
h(s) ds

�
(16.131)

�q�s�”�{

�`�h�U�l�o�z�Ì�� t �T�’�_�o�Ú�Ù � �w�d�º
R
ü�U
Ž�Š�”�Â�ù�x

Qt (�) =
Z t

t � �
p(t; T ) dT

= 1 � exp
�

�
Z t

t � �
h(s) ds

�
(16.132)

�p�K�”�{�‘�l�o�z�Ú�Ù
ï � q(t) �U	Í�• q �w�d�º
R
ü�›�r�O	Ú�E�x

Z t

t � � q ( t )
h(s) ds = log

1
1 � q

(16.133)

�q�s�”�{

�\�•�x�z�d�º
ü
Í�w
ü�•
ï�U�¹�Ì���w
ï�f�w�‹�w�p�x�s�X�z�§
u���V	Z�`�p�w
ï�t�‘�l�o�>�‡�”�\�q�›�Ô�`

�o�M�”�{��
: h(t) = r �w	Ô�ù�t�x�z

� q =
1
r

log
1

1 � q
(16.134)

�q�s�“�z�é�´�µ�Â�Ÿ�¿�«
R�Õ�t�S�Z�”
ü�•
ï�w�Ü�t�°�•�b�”�{
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16.4.3 �d�º�å�¸�Þ�”�Ý�ï�Ä�w���a�h�Š
Ú

�Í�t�z�d�º�å�¸

a = t � T (16.135)

�w�Þ�”�Ý�ï�Ä�›�ß�Q�”�{ m �Í�Þ�”�Ý�ï�Ä�›

M m (t) =
Z t

T1

(t � T)m p(t; T ) dT (16.136)

�q���[�b�”�{�\�\�p�z

M 0(t) = 1 (16.137)

�q�b�”�{

�Ü (16.120) �x�z T < t �t�S�M�o
@p(t; T )

@t
= � h(t)p(t; T ) (16.138)

�›�¬�h�`�z�¥�„�p�x

p(t; t ) = h(t) (16.139)

�p�K�”�{ m � 1 �t�m�M�o�Ü (16.136) �›�Ì��
•
ü�b�”�q�z

dMm (t)
dt

=
Z t

T1

m(t � T)m � 1p(t; T ) dT +
Z t

T1

(t � T)m @p(t; T )
@t

dT

= mM m � 1(t) � h(t)M m (t) (16.140)

�›�˜�”�{�\�\�p�z	Í�z T = t �T�’
\�a�”�¥�„�ò�x�z m � 1 �p�x (t � t)m = 0 �q�s�”�h�Š	«�Q�”�{

�`�h�U�l�o�z�d�º�å�¸�Þ�”�Ý�ï�Ä�x

dMm (t)
dt

= mM m � 1(t) � h(t)M m (t) (m � 1) (16.141)

�q�M�O���a�h
¢���Š
Ú�›�¬�h�b�{�\�w�Ü�x�z�0�¯���V	Z�`�p h(t) �U�z�d�º�å�¸
ü
Í�w���É�i�Z�p�s�X�z�ô�Í

�Þ�”�Ý�ï�Ä
¶�.�w�Ì��
C�2�›�§
��b�”�\�q�›�Ô�`�o�M�”�{

�›�t m = 1 �w	Ô�ù�z���É�d�º�å�¸

a(t) = M 1(t) =
Z t

T1

(t � T)p(t; T ) dT (16.142)

�x
da(t)

dt
= 1 � h(t)a(t) (16.143)

�›�¬�h�b�{�`�h�U�l�o�z���É�d�º�å�¸�x�z	`���$�s�Ì���µ�­�”�ç

1
h(t)

(16.144)

�t�²�T�l�o���è�b�”�”�q�`�o�r	
�p�V�”�{ h(t) �U�G�V�M�q�V�z���É�d�º�å�¸�x	–�^�X�-�h�•�z h(t) �U�ÿ�<�b�”

�q�z���É�d�º�å�¸�x
ÿ�C�`�•�b�M�{
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�Í�t m = 2 �w	Ô�ù�z�Ë�Í�Þ�”�Ý�ï�Ä

M 2(t) =
Z t

T1

(t � T)2p(t; T ) dT (16.145)

�x
dM2(t)

dt
= 2a(t) � h(t)M 2(t) (16.146)

�›�¬�h�b�{�d�º�å�¸�w
ü�„�›

v(t) = M 2(t) � a(t)2 (16.147)

�q�S�X�q�z�Ü (16.143) �q�Ü (16.146) �‘�“�z

dv(t)
dt

=
dM2(t)

dt
� 2a(t)

da(t)
dt

= f 2a(t) � h(t)M 2(t)g � 2a(t) f 1 � h(t)a(t)g

= h(t)
�

a(t)2 � v(t)
	

(16.148)

�›�˜�”�{�`�h�U�l�o�z
ü�„ v(t) �x�z���É�d�º�å�¸�w�Ë	Ð a(t)2 �t�²�T�l�o�z���S h(t) �p���è�b�”�{

�\�w�‘�O�t�z h(t) �x���É�d�º�å�¸�i�Z�p�s�X�z�d�º�å�¸
ü
Í�w�¿�U�“�‹�§
��b�”�{�›�t h(t) = r �U��
:�p

�K�”	Ô�ù�z�Ü (16.141) �w��	×�r�x

M m =
m
r

M m � 1 (16.149)

�›�¬�h�b�{�`�h�U�l�o�z

M m =
m!
r m (16.150)

�p�K�”�{�\�•�x�z�{���¦
:
ü
Í

p(t; T ) = re� r ( t � T )

�w m �Í�Þ�”�Ý�ï�Ä�t�°�•�b�”�{

�›�t�z

a(t) = M 1 =
1
r

; M 2 =
2
r 2 ; v(t) = M 2 � a(t)2 =

1
r 2 (16.151)

�q�s�”�{�b�s�˜�j�z��
: h �w	Ô�ù�t�x�z���É�d�º�å�¸�q
ª	j� �)�U�q�‹�t 1=r �t�‘�l�o�›�Ã�n�Z�’�•�”�{

16.4.4 �d�º�¤�ï�Ä�é�Ð�”�w
C�2

�Ü (16.120) �U
R�“�q�m	Ô�ù�z�d�º�¤�ï�Ä�é�Ð�”

S(t) = �
Z t

T1

p(t; T ) log p(t; T ) dT (16.152)
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�w
C�2�‹���?�t
¯�^�•�”�{ p(t; T ) �x
Y�F�=�^�•�o�M�”�¢
Rt

T1
p dT = 1 �£ �q�`�z�Ü (16.138) �›�;�M�”�q�z

dS(t)
dt

= � p(t; t ) log p(t; t ) �
Z t

T1

@p(t; T )
@t

f logp(t; T ) + 1 gdT

= � h(t) log h(t) + h(t)
Z t

T1

p(t; T )f logp(t; T ) + 1 gdT

= � h(t) log h(t) + h(t)f� S(t) + 1 g

= h(t)f 1 � S(t) � logh(t)g (16.153)

�›�˜�”�{ * 7

�`�h�U�l�o�z�d�º�¤�ï�Ä�é�Ð�”�x�z	`���$�s�,	j�‹

Sinst (t) = 1 � logh(t) (16.154)

�t�²�T�l�o���è�b�”�”�q�`�o�g�r�p�V�”�{

�›�t h(t) = r �U��
:�p�K�”	Ô�ù�z��	×�r�x

S = 1 � logr = 1 + log
1
r

(16.155)

�q�s�”�{�\�•�x�z�{���¦
:���d�º
ü
Í�w�¤�ï�Ä�é�Ð�”�q�°�•�b�”�{

16.4.5 h(t) �w�Ã�v�q�d�º�Ï��

�0�¯���V	Z�`�p h(t) �w�Ã�v�x�z�d�º�Ï���w�Ã�z�s	ü�”
ã�M�›�F���b�”�{

�‡�c�z��
: h(t) = r �w	Ô�ù�›�ß�Q�”�{�\�w�q�V

p(a) = re� ra ; a = t � T � 0 (16.156)

�p�K�”�{ r ! 1 �p�x�z

re� ra ! � (a) (16.157)

�q�s�“�z�d�º
ü
Í�x�0�¯ T = t �t	B�¤�b�”�{�\�•�x�z�Ö�—�^�•�h
R
ü�U�º
æ�t�:�y�d�c�z�h�i�j�t	Z�—�‡�h�x

�q�O
R
ü�•�Â�“�p�o�’�•�”���Ì
¶�”�Â�p�w�Ã�v�t�0� �b�”�{

�°�M�z r ! 0 �p�x�z�Ú�™�w���v�s�å�¸ a �t�0�`�o

p(a) ! 0 (16.158)

�q�s�”�{�`�T�`�z
ü
Í�w�í�”�U	«�æ�b�”�˜�Z�p�x�s�X�z�Á�v�G�w�d�º�å�¸���•�€�[�o�M�”�{�î�M�z

M 1 =
1
r

; v =
1
r 2 (16.159)

�p�K�“�z�M�c�•�‹ r ! 0 �p
C�„�b�”�{�`�h�U�l�o�z�\�w�Ã�v�x�z�Á�v
R�Ú
¢	Í�w
Y�F�=�D�ó�s�°�7
ü
Í�p�x�s

* 7 �\�•�x 5 	·�p�‹	Z�`�h�0�¯���V	Z�`�t�S�Z�”�¤�ï�Ä�é�Ð�”
C�2�Ü (5.22)

dS(t )

dt
+ p(t; t ) ( S(t ) � 1) = Cov( �; log p) � p(t; t ) log p(t; t )

�t�S�M�o�z � �U T �t�‘���`�s�M�\�q�T�’�z Cov( �; log p) = 0 �q�s�”�\�q�z p(t; t ) =
G(t)

N (t )
= h(t ) �p�K�”�\�q�T�’�‹�‹	Z�p�V�”�{
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�X�z�d�º�í�”�U�Á�v���•�¿�U�”�Ã�v�q�`�o�r	
�^�•�”�{

�h�i�`�z���v�w�
��
í 0 � a � L �t	Ú�E
Ç�Z�o
Y�F�=�b�•�y�z

p(a j 0 � a � L ) =
re� ra

1 � e� rL (16.160)

�p�K�“�z

r ! 0 (16.161)

�t�S�M�o

p(a j 0 � a � L ) !
1
L

(16.162)

�q�s�”�{�\�w�™�¯�p�z���v�
��
í�º�p�x�°�7
ü
Í�t�Ù�n�X�{

�Ž	Í�‘�“�z h(t) �x�z�d�º
ü
Í�›�0�¯�•�½	V�^�d�”�T�z�a�ˆ�M�²�•�¿�[�”�T�›�§
��b�”�”�q�_�s�d�”�{�G�V�s

h(t) �x	��M�d�º
R
ü�•�w	B�¤�›�‹�h�’�`�z	–�^�s h(t) �x�d�º�å�¸�w
ÿ�G�q
ü
Í�w�¿�U�“�›�‹�h�’�b�{

16.4.6 �Ý�Þ�æ�è�µ
Q�w�Ë�m�w�™�¯

�Ü (16.120) �x�z�Ý�Þ�æ�è�µ
Q�t�m�M�o�‹�µ�¯
��M�Ï���›�Ë�m�{�h�i�`�z�\�\�p�x�Ë�m�w�™�¯�›�à���b�”
ž�A

�U�K�”�{

�H�°�x�z�¹�Ì�� a = t � T �t���b�”�è	×�w�Ý�Þ�æ�è�µ
Q�p�K�”�{��
: h(t) = r �w	Ô�ù�z
Œ
ü
Í�x

R(a) = e� ra (16.163)

�p�K�“�z

R(a + b) = R(a)R(b) (16.164)

�›�¬�h�b�{�`�h�U�l�o�z�\�w	Ô�ù�z�d�º�å�¸
ü
Í�x�¹�Ì���t���`�o
��t�Ý�Þ�æ�è�µ�p�K�”�{

�\�•�t�0�`�o�z�°
`�w�Ì���‘�� h(t) �p�x�z
Œ
ü
Í�x

Rt (a) = exp
�

�
Z t

t � a
h(s) ds

�
(16.165)

�p�K�“�z�è	×�x

Rt (a + b) 6= Rt (a)Rt (b) (16.166)

�p�K�”�{�`�h�U�l�o�z�¹�Ì���t���`�o�x
‡�Ý�Þ�æ�è�µ�p�K�”�{

�H�Ë�x�z�º
æ�Ì���t���b�”�Ý�Þ�æ�è�µ
Q�p�K�”�{�Ü (16.127) �p�_�h�‘�O�t�z�§
u���V	Z�`�Ì��

H (t) =
Z t

h(s) ds

�›�‹�Ö�b�”�q�z
ü
Í�x�º
æ�å�¸

A = H (t) � H (T) (16.167)

�t���`�o

p(A) = e� A (16.168)

�q�M�O�¦
:���t�s�”�{�\�w�™�¯�p�z�°
`�w�Ì���‘�� h(t) �p�K�l�o�‹�z�º
æ�Ì���p�x�Ý�Þ�æ�è�µ�s�Ï���›�Ë�m�{
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�h�i�`�z�\�w�º
æ�Ì���p�w�Ý�Þ�æ�è�µ
Q�x�z	Ø�C�ä�—�¶�$�s�™�¯�p�w�Ý�Þ�æ�è�µ
Q�q�x�Ÿ�s�”�{�°
`�w�Ì��

�‘�� h(t) �p�x�z�º
æ�Ì�� H (t) �›�Œ�”�h�Š�t�z�a�ˆ�w�&�Ï

h(s); T � s � t

�›
u
ü�b�”
ž�A�U�K�”�{�b�s�˜�j�z�d�º�Ï���›�6�Ï
R�b�”�h�Š�t�x�z�a�ˆ�w h(s) �w�G�å�U
ž�A�p�K�”�{

�°�M�z h(t) = r �U��
:�p�K�”	Ô�ù�t�x�z

p(t; T ) = re� r ( t � T ) (16.169)

�U�Ì�� t �t�‘���`�s�M���p
R�“�q�m�{�\�w	Ô�ù�z�q�O�Ì�� t �z�q�O
ï�” N (t)�z�S�‘�|��
: r �U�)�Q�’�•�•�y�z

�›���s�d�º�G�å�›�å�C�$�t�-�Ë�`�s�X�o�‹�z
Y�F�=�d�º
ü
Í�›�6�Ï
R�p�V�”�{�\�w�™�¯�p�z�é�´�µ�Â�Ÿ�¿�«��

�w��
: h �x�z�¹�Ì���t���b�”�Ý�Þ�æ�è�µ
Q�i�Z�p�s�X�z	Ø�C�ä�—�¶�$�s�™�¯�p�w�§�M�Ý�Þ�æ�è�µ
Q�›�Ë�m�›��

�s	Ô�ù�p�K�”�{

16.4.7 �0�¯���V	Z�`�p�w
´�Ù�•�ˆ�t�‘�”
ì
$�$
ü�¨

�7�™�t�z h(t) �w�Õ�Ì���•�ˆ�t�‘�l�o�z�d�º�å�¸�Ï���›
ì
$�$�t
ü�¨�b�”�{�›�t�z�Õ�Ì���p

h(t) � ct� � ; c > 0 (16.170)

�q	ü�”
ã�O	Ô�ù�›�ß�Q�”�{

� < 0�•�0�¯�½	V
ì

� < 0 �w	Ô�ù�z

h(t) ! 1 (16.171)

�p�K�”�{�\�w�q�V	ý�F�Ö�—�U
ì�0�$�t�§�X�s�“�z�d�º
ü
Í�x�q�O�Ì�� T = t �w�Ù�c�t	B�¤�b�”�{���É�d�º�å�¸

�q
ü�„�x�q�‹�t 0 �•�Ù�n�V�z

p(t; T ) ! � (t � T) (16.172)

�t�Ù�n�X�{�\�•�x�z���Ì
¶�”�Â�p�‡�h�x�0�¯�½	V
ì�t�0� �b�”�{

� = 0 �•��	×�¦
:
ì

� = 0 �w	Ô�ù�z

h(t) ! c > 0 (16.173)

�p�K�”�{�\�w�q�V�z

p(t; T ) ! ce� c( t � T ) (16.174)

�q�s�“�z��	×�¦
:���w�d�º
ü
Í�U�˜�’�•�”�{�d�º�å�¸�Þ�”�Ý�ï�Ä�x

M m !
m!
cm (16.175)

�•	)���b�”�{�›�t�z

M 1 !
1
c

; v !
1
c2 (16.176)
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�p�K�”�{�\�w
ì�x�z�¹�Ì���t���`�o
��t�Ý�Þ�æ�è�µ�s�d�º�Ï���›�Ë�m�{�é�´�µ�Â�Ÿ�¿�«
R�Õ�x�z�\�w��	×�¦
:


ì�w�E
¯�«�p�K�”�{

0 < � < 1�•�±�Ò
¢���¤� �´�ï�¬
ì

0 < � < 1 �w	Ô�ù�z

h(t) ! 0 (16.177)

�p�K�”�U�z

H (t) =
Z t

h(s) ds ! 1 (16.178)

�p�K�”�{�`�h�U�l�o�z���V	Z�`�p�x�ÿ�<�b�”�‹�w�w�z�§
u�$�s�Ë	ý�x���X�{

�\�w	Ô�ù�z���É�d�º�å�¸�x�“�v

M 1(t) �
1

h(t)
�

1
c

t � (16.179)

�w�‘�O�t
ÿ�C�b�”�{�b�s�˜�j�z�d�º�å�¸�x
C�„�b�”�U�z�%�w�¹�Ì�� t �‘�“�x�—�X
ÿ�C�b�”�{�\�•�x�z�±�Ò
¢��

�¤� �´�ï�¬
ì�q�z�‚�”�{�\�w
ì�p�x�z�º
æ�Ì���t���`�o�x�¦
:���Ï���U�-�h�•�”�U�z�¹�Ì���t���`�o�x
‡�Ý�Þ

�æ�è�µ�p�K�”�{

� = 1 �•�Ÿ�„�¤� �´�ï�¬
ì

� = 1 �w	Ô�ù�z

h(t) �
c
t

(16.180)

�p�K�”�{���É�d�º�å�¸�x
dM1(t)

dt
= 1 �

c
t
M 1(t) (16.181)

�t	H�O�h�Š�z

M 1(t) �
t

c + 1
(16.182)

�q�s�”�{

�^�’�t�z M m (t) � Am tm �q�S�X�q�z�Ü (16.141) �‘�“

mA m = mA m � 1 � cAm (16.183)

�p�K�”�T�’�z

Am =
m

c + m
Am � 1 (16.184)

�›�˜�”�{�`�h�U�l�o�z

Am =
m!

(c + 1)( c + 2) � � � (c + m)
(16.185)

�p�K�”�{

�\�w
ì�p�x�z�d�º�å�¸�x�¹�Ì�� t �q�‰�a�¦�”�¼�”�p
ÿ�C�b�”�U�z�f�w
z�p�x c �t�‘�l�o�>�‡�”�{�‡�h�z
Œ
ü


Í�x

Rt (a) = exp
�

�
Z t

t � a

c
s

ds
�

=
�

1 �
a
t

� c
(16.186)

�q�s�”�{�`�h�U�l�o�z�d�º�Ï���x�å�¸ a �f�w�‹�w�p�x�s�X�z
z�p a=t �t�‘�l�o�›�Ã�n�Z�’�•�”�{�\�•�x�z�Ý�Þ
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��b�”�d�º�å�¸�Ï��

�æ�è�µ�p�x�s�M�U�µ�­�”�ç
Æ�!�$�s�G�1�Ï���›�Ë�m�Ÿ�„
ì�p�K�”�{

� > 1�•�Z�A�G�1
ì

� > 1 �w	Ô�ù�z

h(t) ! 0 (16.187)

�p�K�“�z�^�’�t

H (1 ) =
Z 1

h(s) ds < 1 (16.188)

�p�K�”�{�\�w	Ô�ù�z�§
u�$�s�Ë	ý�”�U���v�t�q�r�‡�”�h�Š�z	s�8�d�º�‡�h�x�a�ˆ�d�º�w�è�¹�U	G
ü�t
š�M�v�^

�•�s�M�{�f�w�h�Š�z�d�º
ü
Í�x	ý�F�Ö�—�t�‘�l�o�Ë	ý�^�•���Z�”�q�M�O�‘�“�‹�z�y�M�d�º
R
ü�U�§
��$�t�’�”

�Z�A�$�s�Ï���›�Ë�m�{

�Þ�”�Ý�ï�Ä�Š
Ú�p�x�z�Õ�Ì���p h(t) �w�/�)�U	–�^�X�s�”�h�Š�z

dMm (t)
dt

' mM m � 1(t) (16.189)

�q�s�“�z

M m (t) � tm (16.190)

�w�¦�”�¼�”�p
ÿ�G�b�”�{�›�t�z

M 1(t) � t (16.191)

�q�s�“�z���É�d�º�å�¸�x�%�w�¹�Ì���q�‰�a�¦�”�¼�”�p
ÿ�C�b�”�{�\�•�x�z�ì
¶�ô�¸�=
ì�z�K�”�M�x�Z�A�G�1
ì

�q�z�‚�”�{

�Ž	Í�w
ü�¨�›�‡�q�Š�”�q�z
¯ 16.1 �w�‘�O�t�s�”�{


¯ 16.1: �0�¯���V	Z�`�p h(t) � ct� � �t�‘�”�d�º�å�¸�Ï���w
ì
$�$


ü�¨

�–�¬ h(t) �w�•�ˆ �d�º�å�¸�Ï�� �Ý�Þ�æ�è�µ
Q

� < 0 h(t) ! 1 �0�¯�½	V
ì�{

���É�d�º�å�¸�q
ü�„�x 0 �•�Ù

�n�V�z p(t; T ) �x T = t �t	B

�¤�b�”�{

�@�=�$�Ý�Þ�æ�è�µ�{

���Ì
¶�”�Â�p�w�Ã�v�t�0� �b

�”�{

� = 0 h(t) ! c > 0 ��	×�¦
:
ì�{

p(t; T ) ! ce� c( t � T ) �zM m !

m!=cm �{

�¹�Ì���p
��t�Ý�Þ�æ�è�µ�{

�é�´�µ�Â�Ÿ�¿�«���w�E
¯�$�Ï

���{

0 < � < 1 h(t) ! 0�z�T �m

H (t) ! 1

�±�Ò
¢���¤� �´�ï�¬
ì�{

�� �É �d �º �å �¸ �x �“ �v

M 1(t) � t � =c �p
ÿ�C�b�”�{

�º
æ�Ì���p�x�¦
:���{

�¹�Ì���p�x
‡�Ý�Þ�æ�è�µ�{

�Í�Ö�”�´�•���X
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¯ 16.1 �0�¯���V	Z�`�p h(t) � ct� � �t�‘�”�d�º�å�¸�Ï���w
ì
$�$
ü�¨�¢���V�£

�–�¬ h(t) �w�•�ˆ �d�º�å�¸�Ï�� �Ý�Þ�æ�è�µ
Q

� = 1 h(t) � c=t �Ÿ�„�¤� �´�ï�¬
ì�{

M 1(t) � t=(c + 1) �{

�d�º�Ï���x a=t �t�‘���b�”�{

�Ý�Þ�æ�è�µ�p�x�s�M�U�z�µ

�­�”�ç
Æ�!�$�s�G�1�Ï�� �›

�Ë�m�{

� > 1 h(t) ! 0�z�T �m

H (1 ) < 1

�Z�A�G�1
ì�{

�Ë	ý�”�U���v�t�q�r�‡�“�z�y

�M�d�º�U�§
��$�t�’�”�{

M m (t) � tm �{


‡�Ý�Þ�æ�è�µ�{

	s�8�d�º�w�è�¹�U
š�M�v�^�•

�t�X�M�{

�\�w
ì
$�$
ü�¨�x�z�é�.�$�s
ï�”
R�Õ�Þ�Ã�ç�w��
:���t�‘���`�s�M�{
ž�A�s�w�x�z
Y�F�=�d�º
ü
Í�U�Ü

(16.120) �t���a�”�\�q�z�S�‘�|�0�¯���V	Z�`�p h(t) �w
´�Ù�•�ˆ�p�K�”�{�`�h�U�l�o�z�é�´�µ�Â�Ÿ�¿�«
R�Õ�z

Bertalan�y 
R�Õ�z Gompertz ��
R�Õ�z�f�w���w�&�g�$
R�Õ�Â
¢�x�z
ï�”�M���Ü�w���f�w�‹�w�p�x�s�X�z�f�\�T

�’� �‹�^�•�” h(t) = G(t)=N(t) �w�Õ�Ì���•�ˆ�t�‘�l�o�d�º�å�¸�Ï���w
ì�q�`�o
ü�¨�p�V�”�{

�s�S�z�Z�A�G�1
ì�x�z
¢��
R�Õ�3�q
��X�����b�”�{�Z�A�G�1
ì�p�x h(t) ! 0 �T�m H (1 ) < 1 �p�K�”�h�Š�z

�Õ�Ì���p�x�d�º�Ë	ý�w�®�L�U	��‡�“�z
dMm (t)

dt
' mM m � 1(t)

�q�s�”�{�`�h�U�l�o�z

M 1(t) � t; M m (t) � tm

�U�˜�’�•�z���É�d�º�å�¸�x�
���Ì���t�0�`�o
¢���t
ÿ�C�b�”�{�\�w�™�¯�p�z�Z�A�G�1
ì�x
¢��
R�Õ�3�›
\�ˆ	Z

�b�E
¯�$�s�—�¶�$	Ú�E�p�K�”�{

�h�i�`�z
¢��
R�Õ�3�x�Z�A�G�1
ì�i�Z�t�v���^�•�s�M�{�«�Q�y�Ÿ�„�¤� �´�ï�¬
ì h(t) � c=t �p�‹�z

M 1(t) �
t

c + 1

�q�s�“�z���É�d�º�å�¸�x
¢���t
ÿ�C�b�”�{�`�h�U�l�o�z
¢��
R�Õ�3�x�z
ì
$	Í�p�x�Ÿ�„�¤� �´�ï�¬
ì�q�Z�A�G

�1
ì�w
Ò�M�t�‡�h�U�”�D�¹�=	Í�w�›�Ã�q�`�o�g�r�p�V�”�{�†	��w�§�M�x�z
²	��p�x�§
u�Ë	ý�” H (t) �U
C�„�`

���Z�”�w�t�0�`�z�™	��p�x H (1 ) < 1 �q�s�“�z�y�M�d�º�U�Z�A�$�t�’�”�:�t�K�”�{

16.4.8 �é�´�µ�Â�Ÿ�¿�«
R�Õ�q Bertalan�y 
R�Õ�w
ì
$	Í�w�•�”�n�Z

�Ž	Í�w
ì
$�$
ü�¨�t�z
²
…�‡�p�t�{�l�h�é�´�µ�Â�Ÿ�¿�«
R�Õ�Þ�Ã�ç�q Bertalan�y 
R�Õ�Þ�Ã�ç�›�•�”�n�Z�”

�\�q�U�p�V�”�{

�‡�c�z�é�´�µ�Â�Ÿ�¿�«
R�Õ�Þ�Ã�ç�p�x�z

G(t) = rN (t) (16.192)

�p�K�”�T�’�z�0�¯���V	Z�`�p�x

h(t) =
G(t)
N (t)

= r (16.193)
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�q�s�”�{�b�s�˜�j�z h(t) �x�Ì���t�‘�’�c�°���p�K�”�{�`�h�U�l�o�z�é�´�µ�Â�Ÿ�¿�«
R�Õ�x�z
ì
$	Í�p�x

� = 0

�t�0� �b�”��	×�¦
:
ì�t���b�”�{�\�w�q�V�z
Y�F�=�d�º
ü
Í�x

p(t; T ) = re� r ( t � T ) (16.194)

�p�K�“�z���É�d�º�å�¸�S�‘�|
ü�„�x

a(t) =
1
r

; v(t) =
1
r 2 (16.195)

�q�s�”�{�`�h�U�l�o�z�é�´�µ�Â�Ÿ�¿�«
R�Õ�x�z
ï�” N (t) �U
‡��	×�t�!�=�b�”�t�‹�T�T�˜�’�c�z
Y�F�=�d�º
ü


Í�x��	×�¦
:���›�-�m�z
ì
$	Í�w�/���$�s��	×�¦
:
ì�q�`�o�r	
�p�V�”�{

�Í�t�z Bertalan�y 
R�Õ�Þ�Ã�ç�›�ß�Q�”�{ Bertalan�y ���w
ï�”�M���Ü�x

dN (t)
dt

= �N (t)2=3 � �N (t) (16.196)

�p�K�“�z TAD �w�
�:�p�x

G(t) = �N (t)2=3 (16.197)

�q
ü�r�p�V�”�{�`�h�U�l�o�z�0�¯���V	Z�`�p�x

h(t) =
G(t)
N (t)

= �N (t) � 1=3 (16.198)

�p�K�”�{

�\�\�p�z

y(t) = N (t)1=3 (16.199)

�q�S�X�q�z
dy(t)

dt
=

�
3

�
�
3

y(t) (16.200)

�p�K�”�T�’�z�Õ�Ì���Ã�v�p�x

y(t) !
�
�

(16.201)

�q�s�”�{�`�h�U�l�o�z

N (t) ! N1 =
�

�
�

� 3

(16.202)

�p�K�“�z

h(t) = �N (t) � 1=3 ! �N � 1=3
1 = � (16.203)

�q�s�”�{

	H�l�o�z Bertalan�y 
R�Õ�Þ�Ã�ç�‹�z�Õ�Ì���Ã�v�p�x

h(t) ! � > 0

�q�s�”�h�Š�z
ì
$	Í�p�x��	×�¦
:
ì�•
´�Ù�b�”�{�\�w�Ã�v�t�S�M�o�z
Y�F�=�d�º
ü
Í�x

p1 (a) = �e � �a ; a = t � T (16.204)
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�q�s�“�z

a1 =
1
�

; v1 =
1
� 2 (16.205)

�›�¬�h�b�{

�h�i�`�z Bertalan�y 
R�Õ�Þ�Ã�ç�x�z�é�´�µ�Â�Ÿ�¿�«
R�Õ�Þ�Ã�ç�q�x�Ÿ�s�“�z�7	s�T�’��	×�¦
:
ì�t�K�”�˜�Z

�p�x�s�M�{
R�Õ	s�8�t�x N (t) �U	–�^�M�h�Š�z

h(t) = �N (t) � 1=3 (16.206)

�x�G�V�X�z�d�º
ü
Í�x
z�±�$	ý�`�M�d�º
R
ü�t� �“�•�b�M�{�°�M�z
R�Õ�U
��‰�q N (t) �U
ÿ�C�`�z h(t) �x�ÿ�<

�`�o�z�7	4�$�t � �•
´�Ù�b�”�{�\�w�h�Š�z Bertalan�y 
R�Õ�x�z
ì
$	Í�p�x�z	��M�d�º
R
ü�t	B�¤�`�h	Ý�6�T

�’�z��	×�¦
:���w
R	Y�`�h�d�º�Ï���•� �æ�b�”
­� �J�“�q�`�o�g�r�p�V�”�{

�^�’�t�z	s�8�‹ N (0) �U	G
ü	–�^�M	Ô�ù�t�x�z	s�8�Ù�c�p

N (t)1=3 '
�
3

t (16.207)

�q�s�”�h�Š�z

h(t) = �N (t) � 1=3 '
3
t

(16.208)

�q�s�”�{�\�•�x�z
ì
$	Í�p�x�Ÿ�„�¤� �´�ï�¬
ì

h(t) �
c
t

�t �Ù�M�a�I�$�•�ˆ�p�K�”�{�` �T�`�z�\ �w�•�ˆ�x	s�8�a�� �t �v�’ �•�z�Õ�Ì�� �p�x h(t) ! � �q�s�”�h�Š�z

Bertalan�y 
R�Õ�w�7	4
ì�x��	×�¦
:
ì�p�K�”�{

�Ž	Í�›�‡�q�Š�”�q�z�é�´�µ�Â�Ÿ�¿�«
R�Õ�x�z
¶�Ì���›�è�a�o h(t) = r �›�-�m��	×�¦
:
ì�w�/���«�p�K�”�{�°

�M�z Bertalan�y 
R�Õ�x�z
R�Õ	s�8�t�x�G�V�s h(t) �t�‘�l�o	��M�d�º
R
ü�t� �“�z
R�Õ�q�q�‹�t h(t) �U�ÿ�<

�`�z�7	4�$�t h(t) ! � �w��	×�¦
:
ì�•
´�Ù�b�”�{�`�h�U�l�o�z�†	��x�‰�a��	×�¦
:
ì�•���`�O�”�U�z�é�´�µ

�Â�Ÿ�¿�«
R�Õ�U�7	s�T�’��	×�¦
:���d�º�Ï���›�-�m�w�t�0�`�z Bertalan�y 
R�Õ�x
ì
$	Í�w
­� �J�“�q�`�o�d

�º�å�¸�Ï���w�!�=�›�Ô�b�:�t�Š�í�$�s�§�M�U�K�”�{

16.4.9 �d�º�’���^�;
É�q�`�o�w�r	


�s�S�z�Ü (16.107) �x�z�^�’�t�^�;
É�$�s�Ï���›�‹�m�{

U(t; T ) = exp
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��t

�Ý�Þ�æ�è�µ�p�K�”�{

�‡�h�z�›���s�d�º�G�å�s�`�t
Y�F

�=�d�º
ü
Í�›�6�Ï
R�p�V�”�q�M�O

�™�¯�p�z	Ø�C�ä�—�¶�$�t�‹�§�M�Ý

�Þ�æ�è�µ
Q�›�Ë�m�{

�°
`�t�x h(t) �U�Ì���!�=�b�”�h�Š�z�¹�Ì

���t���`�o�x
‡�Ý�Þ�æ�è�µ�p�K�”�{

�h�i�`�z�§
u���V	Z�`�Ì��

H (t) =
Z t

h(s) ds

�t���`�o�x�¦
:���Ï���›�Ë�m�{

�\�w�™�¯�p�z�º
æ�Ì���p�x�Ý�Þ�æ�è�µ�i

�U�z�d�º�6�Ï
R�t�x�a�ˆ�w h(s) �w�&�Ï	Ø

�C�U
ž�A�q�s�”�{

�0�¯���V	Z�`�p�t�‘�”�r	


h(t) = r

�p�°���p�K�”�h�Š�z�o�•
ï�”�K�h

�“�w	ý�F�Ö�—�p�x	×�t�-�h�•�”�{

�\�w�h�Š�z�d�º
ü
Í�x�
���Ì���t

�‘���`�s�M�‰���$�s�Û�7�›�-�m�{

h(t) = �N (t) � 1=3

�p�K�”�h�Š�z
R�Õ�q�q�‹�t�o�•
ï�”�K�h

�“�w	ý�F�Ö�—�p�U�ÿ�<�b�”�{

�\�w�h�Š�z�d�º
ü
Í�x	��M
R
ü�¤	ú�T�’�z

�y�M
R
ü�‹���‰���7�s�Ï
R�•�!�=�b�”�{

�Í�Ö�”�´�•���X
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ü
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�
�: �é�´�µ�Â�Ÿ�¿�«
R�Õ�Þ�Ã�ç Bertalan�y 
R�Õ�Þ�Ã�ç

�Ú�ò�$�r	
 
ï�”�U
ÿ�Q�o�‹�z�o�•
ï�”�K�h�“

�p�x	×�t�‰�a�Â�ù�p	ý�`�M
R
ü�U

�™�…�^�•�”�{

�`�h�U�l�o�z�q�O�w�Ï
R�x	×�t�‰

�a�å�¸
ü
Í�w���›�-�m�{

�.�”�U	–�^�M
R�Õ	s�8�t�x�z
¯�Ø
u�Ö�—

�U
ï�”�t�0�`�o
ì�0�$�t�G�V�M�h�Š�z
z

�±�$	ý�`�M
R
ü�U�§
��$�t�s�”�{

�.�”�U�G�V�X�s�”
R	Y�8�t�x�z
¯�Ø
u�Ö

�—�w
ì�0�$�/�)�U�ÿ�<�`�z�y�M
R
ü�‹��

�‰�d�º�$�t���7�s�Ï
R�•� �æ�b�”�{

TAD �$�™�[ �é�´�µ�Â�Ÿ�¿�«
R�Õ�x�z
ï�”�è�Õ

�ç�p�x
‡��	×�p�K�”�t�‹�T�T�˜�’

�c�z
Y�F�=�d�º
ü
Í�w�è�Õ�ç�p�x

��	×�¦
:���›�-�m�›	��s�×�~
T�ù

�$ TAD �%�q�`�o�r	
�p�V�”�{

Bertalan�y 
R�Õ�x�z�¥�„�‡�h�x
¯�Ø
u�t


M�ÿ�^�•�h�Ö�—�t�‘�l�o�z
ï�”
R�Õ�q�q

�‹�t�d�º�å�¸�Ï
R�U�!�=�b�” TAD �%�q

�`�o�r	
�p�V�”�{

�h�i�`�z�7	4�$�t�x��	×�¦
:
ì�•
´�Ù�b

�”�h�Š�z	��¸�8�T�’
R	Y�8�•�w�d�º�Ï��

�w
­� �a���U�Š�í�$�p�K�”�{

�7���g�æ�p�x�_�Q�t�X�M�: 	H�R�w�é�´�µ�Â�Ÿ�¿�«�M���Ü�p�x�z


ï�” N (t) �w�^�è�a���x�G	\�p�V

�”�U�z�q�O�w
ï�”�U�r�w�Ö�—�Ì��

�w
R
ü�T�’�Ï
R�^�•�o�M�”�T�x�_

�Q�s�M�{

	H�R�w Bertalan�y �M���Ü�p�x�z
¯�Ø
u�µ

�­�”�ç�w�Ö�—�q�.�”�µ�­�”�ç�w	«�æ�t�‘

�”
ï�”
R�Õ�x�G	\�p�V�”�U�z�q�O�w�.�”

�›�Ï
R�b�”�‰�=�Ö�—�w�d�º�å�¸
ü
Í�x�Ì

�Ô�^�•�s�M�{

TAD �t�‘�”���•
Q �d�º
ü
Í g(t; T )�z
Y�F�=�d�º
ü
Í

p(t; T )�z���É�d�º�å�¸ a(t)�z
ü�„

v(t)�z�¤�ï�Ä�é�Ð�” S(t) �›�è�a�o�z

�é�´�µ�Â�Ÿ�¿�«
R�Õ�w�º
æ�d�º�Ï

���›�Ì�Ô�p�V�”�{

�d �º 
ü 
Í g(t; T )�z
Y �F �= �d �º 
ü 
Í

p(t; T )�z���É�d�º�å�¸ a(t)�z
ü�„ v(t) �›

�è�a�o�z
\
ú
R�Õ�t�S�Z�”�®	��¸�8�x	ý

�`�M
R
ü�¤	ú�z
R	Y�8�x�y�M
R
ü�‹���‰

�Ï
R�¯�q�M�O�Ú�ò�›
:�g�$�t
¯�q�p�V�”�{

�Í�Ö�”�´�•���X
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�
�: �é�´�µ�Â�Ÿ�¿�«
R�Õ�Þ�Ã�ç Bertalan�y 
R�Õ�Þ�Ã�ç

�w�°�$�g�r �†�Þ�Ã�ç�w�§�M�x�z
ï�”�M���Ü�w���i�Z�p�s�X�z�0�¯���V	Z�`�p

h(t) =
G(t)
N (t)

�w�Ì���‘��
Q�w�§�M�q�`�o
T�g�p�V�”�{�é�´�µ�Â�Ÿ�¿�«
R�Õ�p�x h(t) �U�°

���p�K�“�z
Y�F�=�d�º
ü
Í�x�{���¦
:���›�-�m�{�°�M�z Bertalan�y 
R�Õ�p

�x h(t) �U
R�Õ�q�q�‹�t�ÿ�<�`�z�d�º
ü
Í�q���É�d�º�å�¸�U
R�Õ�ˆ�Š�t� �a

�o�!�=�b�”�{�h�i�`�z�Õ�Ì���p�x h(t) ! � �q�s�”�h�Š�z Bertalan�y 
R�Õ

�‹�7	4�$�t�x��	×�¦
:
ì�•
´�Ù�b�”�{�`�h�U�l�o�z�é�´�µ�Â�Ÿ�¿�«
R�Õ�x��

	×�¦
:
ì�f�w�‹�w�z Bertalan�y 
R�Õ�x	��M�d�º�¤	ú�w�a�I	Ý�6�T�’��	×�¦


:
ì�•�²�T�O
­� �J�“�q�`�o�r	
�p�V�”�{�\�w�™�¯�p�z TAD �x�z�y�/�$�s


ï�”
R�Õ�Þ�Ã�ç�w
��™�t�K�”�d�º�Ï���›
z�±�b�”�h�Š�w�w�°�$�s�î
Ê�ˆ�›

�)�Q�”�{
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�H 17 	· Kovacs �®�L�w TAD �t�‘�”�w�°�$�g�r�•
ú�g�T�’

��
ü�ú�%�•

�Š	·�p�x�®	ý�h�s�j�g�w�‹	Z�¯�w�J�P�q�`�o�® Kovacs �®�L�¢�M�˜�•�” Kovacs �Ë�ï�Ó�£�¯�›	��“	Í�[�”�{
ú�g

�¶�~�ô
ü� �w
ü�ú�p�x�z
‡�o�Ð�s���è�q	Å�q�`�o Kovacs �®�L�U�y�/�$�t�
���^�•�o�M�” [56, 25, 102, 76, 71,

6]�{ Kovacs �®�L�x�z�K�”�Ì�:�t�S�M�o�
���”�U�‰�°�w�‹�›�q�l�o�M�”�t�‹�T�T�˜�’�c�z�f�w�™�w�Ì��
C�2�U�°

�•�`�s�M�q�M�O�z�d�º�‘��
Q�›�Ô�b�E
¯�$�s�q	Å�p�K�”�{

�Š	·�p�x�z�\�w Kovacs �®�L�›�z Time Allocation Dynamics �¢ TAD �£�w�î
Ê�ˆ�t�‘�l�o�6�Ï
R�b�”�{�‡�c


ú�g�¶�t�S�Z�” Kovacs �®�L�›���Ü�=�`�z�f�w�Š�í�U�®�Š�¹�”�p�x	Ý�6�›�°�™�t���Š�’�•�s�M�¯�q�M�O�d�º�Ï

���w�ð�J�p�K�”�\�q�›�Ô�b�{�f�w�O�Q�p�z�‰���s�Ï���›�‹�m��
ü�ú�w�%�t�0�`�z Kovacs ���w
‡�o�Ð� �t�U�°


`�t�'�t�^�•�”�\�q�›
T�g�b�”�{

17.1 
ú�g�t�S�Z�” Kovacs �®�L

�Š	·�p�x�z
ú�g Kovacs �®�L�p�
���^�•�”�Š�¹�”�¢
z�0
u�z�¤�ï�»�ç�Ð�”�z� �?� �t�s�r�£�w���ç�T�’�w� 

�)�›�z TAD �w�Š�¹�”

N (t) :=
Z t

0
g(t; T ) dT (17.1)

�p�E
¯�^�d�”�{�\�\�p g(t; T ) �x�®�Ì�� T �t
\
R�¢�Ö�—�£�^�•�h���è�/�)�U�z�Ì�� t �t�r�•�i�Z�’���`�o�M�”

�T�¯�›
¯�b�d�º
ü
Í�p�K�”�{�`�h�U�l�o N (t) �x���è�/�)�w
ï�è�p�K�“�z�î�g�p�����^�•�”�
���” X (t) �w� 

�) � X (t) := X (t) � X eq �q
z�«���� � X (t) = c N(t)�¢��
: c�£�p�A�y�•�”�”�q�`�o�r	
�^�•�”�{

17.1.1 Kovacs �Ó�é�Ä�¯�ç�w TAD ���Ü�=

�å�¸�› a := t � T �q�S�X�{�µ�­�” �ç�! �õ�x�Ã�s�¢ � � 1�£�z�Â�p�x�Á�`�¢ � � 0�£�z 
 (t; T ) �x	j �� 	×


 (t; T ) = 
 (t � T) = 
 (a) �›�>���b�”�{�Ö�—�x�0�¯�¥�„�Ö�—�w�ˆ

g(T; T) = G(T); Gbulk (t; T ) � 0

�›�>���`�z�®�§�M�æ�ˆ�¢	j
‹�£ ! �4�; ! 	��M�æ�ˆ�¢
•	–�s�6�æ�ˆ�£�¯�t�0� �^�d�”�{�é�.�$�t�x

G(T) =

8
>>><

>>>:

Gh ; 0 � T < t 1 (�§�M�æ�ˆ )

0; t1 � T < t w (�4�;�8�� )

Gc; T � tw (	��M�æ�ˆ )

(17.2)
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�q�`�z Gh � Gc �›�>���b�”�{ TAD �w
C�2�M���Ü�x T1 = 0 �q�`�o�z

@
@t

g(t; T ) = � 
 (t; T )g(t; T ) (17.3)

�°
`�r�x

g(t; T ) = G(T) exp
�

�
Z t

T

 (u � T) du

�
= G(T) exp

�
�

Z a

0

 (s) ds

�
(17.4)

S(a) = exp
�

�
Z a

0

 (s) ds

�
=) S0(a) = � 
 (a)S(a) (17.5)

�q�S�X�q�z�
���”�¢�Š�¹�”�£ N (t) �x

N (t) =
Z t

0
g(t; T ) dT =

Z t

0
G(T)S(t � T) dT (17.6)

�q�s�”�{

17.1.2 ���®�n
0�p�w�Þ�Ã�ç
ƒ���¢�����è�µ�Ö�«�Ä�ç�£

Kovacs �®�L�w�7	–�Þ�Ã�ç�q�`�o�z�%�U
ó
:�w�n
0�Þ�”�Å�¢���M�Þ�”�Å�z�—�M�Þ�”�Å�s�r�£�›�Ë�m�q�>���b

�”�{�¢�����è�¢���è�µ�Ö�«�Ä�ç�£�q�`�o�w�¦
:�è�Ù�Å�x�ê�„
Q�~�¨�å�µ���è�p
ª	j�$�p�K�” [25, 6]�{�£�f�•�g�•

�w�Þ�”�Å�x�¦
:�è�”�Ä � i �p� �q�t�n
0�b�”�{�Ì�� a := t � T �t�S�Z�”
¶�.�w	`���$�n
0�p�x�z�f�w�Ì�:�p
\

�V�’�l�o�M�”
R
ü
z�p�t� �a�h�C	O���É�p
¯�^�•�”�q�ß�Q�”�{�b�s�˜�j���®�n
0�p�x


 (a) =

mX

i =1

wi � i e� � i a

mX

i =1

wi e� � i a

; wi > 0;
mX

i

wi = 1 ; � i > 0 (17.7)

�p�)�Q�’�•�”�{

���®�n
0�p�T�’
\����
:�x

S(a) = exp
�

�
Z a

0

 (s) ds

�
= exp

�
�

Z a

0

mX

i =1

wi � i e� � i s

mX

i =1

wi e� � i s

ds
�

= exp
�

�
Z a

0

�
� mX

i =1

wi e� � i s � 0

mX

i =1

wi e� � i s

ds
�

= exp
� Z a

0

�
log(

mX

i =1

wi e� � i s)
� 0

ds
�

= exp
� �

log(
mX

i =1

wi e� � i s)
� a

0

�
= exp

�
log(

mX

i =1

wi e� � i a) � log(
mX

i =1

wi )
�

=
mX

i =1

wi e� � i a (17.8)
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�q�s�”�{�M�¤�z log(
P m

i =1 wi ) = log 1 = 0 �›�;�M�h�{�\�w�q�V�z


 (a) =

X

i

wi � i e� � i a

X

i

wi e� � i a
= �

S0(a)
S(a)

�q�s�“�z�h�`�T�t (17.5) �U
R�“�q�m�\�q�U
ü�T�”�{�‡�h�z�¥�„�‹�q�`�o


 (0) =
X

i

wi � i ; lim
a!1


 (a) = min f � i : wi > 0g (17.9)

�U
R�“�q�m�¢�7�—�Þ�”�Å�t�§
��^�•�”�£�{�›�t�o�°�¦
: S(a) = e� �a �p�x 
 (a) � � �t�@�=�b�”�{

17.1.3 �o�°�¦
: vs ���Ì��	��S

�‹�` S(a) = e� �a �w�o�°�¦
:���p�K�•�y�z N (t) �x�o�Ð�t	)���`�z�4�;�™�‹���ç�t�o�Ð�t	)���b�”�{�`�T�`�z


ó
:�w�Ì���µ�­�”�ç�›�Ë�m	Ô�ù�t�x�z�4�;�™�w	��M�æ�ˆ�t�0�`�o�°
æ�w�Þ�”�Å�U�a	Ò�t�/�)�`�z�°�Ì�$�t���ç


+	j�›	Í�s�”�®�Ë�ï�Ó�¯�U
\�a�O�”�{�\�•�x Kovacs �®�L�w�7	–�g�r�p�K�”�{�¢ Kovacs �®�L�U�o�°���è�p�x
\

�a�c�z���è�Ì���w
ü
Í�¢���Ì��	��S�£�t�‘���b�”�q�M�O�g�r�x�y�/�$�p�K�” [56, 6]�{�£

17.1.4 Kovacs �®�L�w	Ú�E

TAD �w
¯�G�t�‘�“�Í�U�‹�T�•�”�{�h�k�© S(a) =
P

i wi e� � i a �›�Ë�m�%�t�0�`�z	Í�G�Ó�é�Ä�¯�ç�™�w� �)

D(t) = N (t) � Neq

�›�ß�Q�”�{�\�\�p Neq = lim t !1 N (t) �x�Õ�Ì���™�w
+	j�p�K�”�{�\�w�q�V�z (17.6) �t�| (17.8) �T�’

D(t) = N (t) � Neq =
Z t

0
G(T)S(t � T) dT � Neq =

mX

i =1

Z t

0
G(T)wi e� � i ( t � T ) dT � Neq (17.10)

�q�s�”�{�\�\�p�z�å� �Ó�Ç�¿�À���‘�“�z�Ž�<�q�s�”�{ * 1

d
dt

D(t) =
d
dt

N (t) =
mX

i =1

�
wi G(t) +

Z t

0

@
@t

�
G(T)wi e� � i ( t � T ) � dT

�

=
mX

i =1

wi

h
G(t) � � i

Z t

0
G(T)e� � i ( t � T ) dT

i
(17.11)

17.1.5 2 
R
ü�¢�Ë	O�¦
:�£�w	Ô�ù

�\�\�p�x���o�w�h�Š�z m = 2 �m�‡�“�Ë	O�¦
:�w	Ô�ù�t D(t) �U�Á	t�Ã�G�›�q�“�O�”�T�›�ß�Q�”�{
\����
:�x

S(a) = w1e� � 1 a + w2e� � 2 a ; wi > 0; w1 + w2 = 1 ; 0 < � 1 < � 2 (17.12)

* 1 ���V	Z�`�ò�›���‰ (17.3) �t�|�°
`�r (17.4) �T�’ d
dt N (t) �›�Ú
€�-�‰�z�‡�h�x TAD �w�q�-�Ã�s�Ü�T�’�‹�‰�7�w
¯�Ü�U�˜�’�•�”�{
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�p�)�Q�’�•�z�Ó�é�Ä�¯�ç G(T) = Gh (0 � T < t 1); 0 (t1 � T < t w ); Gc (T � tw ) �q�b�”�{ u := t � tw � 0

�q�S�X�q�z (17.11) �x 0 �› t �t���b�”
•
ü�›
¯�b�q�`�o

D 0(tw + u) = w1G(t) � w1� 1

Z t

0
G(T)e� � 1 ( t � T ) dT + w2G(t) � w2� 2

Z t

0
G(T)e� � 2 ( t � T ) dT

= ( w1 + w2)Gc � w1� 1

Z t 1

0
Gh e� � 1 ( t � T ) dT � w1� 1

Z t

t w

Gce� � 1 ( t � T ) dT

� w2� 2

Z t 1

0
Gh e� � 2 ( t � T ) dT � w2� 2

Z t

t w

Gce� � 2 ( t � T ) dT

= ( w1 + w2)Gc � w1Gh
�
e� � 1 ( t � T ) � t 1

0 � w2Gh
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e� � 1 ( t � T ) � t

t w
� w2Gc

�
e� � 2 ( t � T ) � t
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�

= w1c1e� � 1 u + w2c2e� � 2 u (17.13)
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317



17.1. 
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17.2. KOVACS �®�L�w��
ü�ú�0� 


$ 17.1 Kovacs �Ë�ï�Ó�w
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17.3. TAD �Þ�Ã�ç�0
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�H 18 	· TAD-DB �¢�d�º�Ã�”�»�Õ�”�µ�£�w�‹�Ö�q�f�w� �;
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18.1 TAD �g�æ�t�,�n�X TAD-DB �w�7	–�Ï��
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�A�‹�õ�‰�™�w	Z�—�¢�Þ�Ã�ç	Z�—�£

�º
æ�•
u�T�’�Ž
æ	Z�—���•� �æ�b�”�v�”�w�O�j�z	Z�—���w�o�•�%�¢
�	Í�~�˜�:�~�®�;�s�r�£�t�õ�‰�^�•�h�g

�æ	Z�—�x

~f model (t) =
Z t

T1

� (t; T ) � (t; T ) g(t; T ) dT (18.2)
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g(t; T ) ( t � T)
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��±�ˆ�6�w�d�º�Ï��

g(t; T ) �w�®
Æ�D�o
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C�2�w	Ý�¯�›
$ 18.6 
$ 18.7 �t�Ô�b�{
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Y�‹�›�-�j�s�U�’�n	—�t�8�a�z�Ù�å�p�x�¸�é�t�Ù�n�V�m�m�K�”�¢
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�\�q�›�Ô�&�b�”�{	Z
\
:�w�n	—�t�‘�“	ý�`�M�¯�×�”�Ä�w�/�)�U	–�^�X�s�l�h�\�q�•�z��
H�E�ž���w
��±�Ï���U


R	Y�`�h�\�q�U
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ü�£�w�Î�”�Ä�Ú�¿�Ó�›	°�ù�b�”�q�z�\�•�’���m�w�µ�Í� �«�x�M�c
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\�å�p�x�›���¯�×�”�Ä

�t�0�b�”
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ü
Í�q	Z
\
:�'��

	s�8�Ì�:�› t0 = 2024 �å�q�b�”�{�\�w�å�w�¯�×�”�Ä��
��± g(t0; T) �› TAD-DB �T�’	��˜�`�z�Ž�™�w�Ì�:

t > t 0 �t�m�M�o�x�z	Z
\�å T = t �t�0�`

g(t; t ) = G(t)
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�›	ý�F�¯�×�”�Ä�q�`�o�å�C�b�”�{	Z
\
: G(T) �x�z 1980�™2024 �å�w�î
w�‹�t�0�`�o
¢���s�<

G(T) � � + �T; 1980� T � 2024

�›�æ�M�z 2025� T � 2053 �t�m�M�o�Ž
à�`�h�‹�›�;�M�”�{�é�.�$�t�x�z T = 1980; : : : ; 2024 �t�m�M�o

G(T) = g(T; T)

�›	��“	Z�`�z
†�Ì�!
:�›
b�¹�å T �z�è�$�!
:�›	Z
\
: G(T) �q�b�”�o�s�<�Þ�Ã�ç

G(T) � aT + b

�›�7	–�Ë	Ð�O�t�‘�“
*���b�”�{�˜�’�•�h��
: â; b̂ �›�;�M�o�z�'���0	Å�w�å T = 2025; : : : ; 2053 �t�0�`�o

bG(T) = â T + b̂

�q���[�`�z�\�•�›	•�R�w	Z
\
:�w
²���‹�q�`�o�>�;�b�”�{ 1980 �å�T�’ 2024 �å�‡�p�t�m�M�o TAD{DB �w�î


w�‹�›�;�M�z 2025 �å�Ž�ñ�t�m�M�o�x	Í�Ü�t�‘�”�Ž
à�‹�› G(T) �q�ˆ�s�b�{�A�L�x�Ž�<�w�è�“�p�K�”�{

â = � 1:5487� 101; b̂ = 3 :2150� 104


$ 18.8 	Z
\
: G(T) �w�Ž
à

�7	ý�å�t�,�n�X�å�¸���®�b�p � (a) �w Gompertz���Ñ�Ÿ�¿�Â�Ÿ�ï�¬

�Š�Ø�p�x�z	•�R
��±�'���t�;�M�”�®�b�p�q�`�o�z TAD-DB �t���‡�•�”�®�b�p
¯ � (t; T ) �w�O�j�z�
���D�ó�s

�7	ý�å t = tobs �¢�Š�Ø�p�x tobs = 2023�£�w�ˆ�›�;�M�o�å�¸���®�b�p�» � (a) �›�Ï
R�b�”�{

�‡�c�z t = tobs �t�S�M�o�¯�×�”�Ä T �U���Ë�`�o�M�”
¶�o�w
Ê (tobs; T) �t�m�M�o�å�¸

a = tobs � T

�›�-�‰�`�z�0� �b�”�
���®�b�p

� obs(a) := � (tobs; T)

�›�¨	Z�b�”�{�\�•�t�‘�“�z�7	ý�å�t�S�Z�”�å�¸���®�b�p�» f � obs(a)ga=0 ;:::;a max �U�˜�’�•�”�{
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�Š�Ø�p�x�z�\�w�»�T�’	•�R�'���t�;�M�” � (a) �›�Í�w 3 �à
ü�p�Ï
R�b�”�{

ˆ 	��å
Ú�¢ 0 � a � 44�£ �•

	��å
Ú�t�m�M�o�x�z Gompertz ���T�’�w���m�U�G�V�X�z�‡�h�7	ý�å�w�î���‹�U�f�w�‡�‡	•�R�t�‹
S�é�^

�•�”�q�ˆ�s�b�\�q�t�`�z

� (a) = � obs(a); 0 � a � 44

�q���Š�”�{

ˆ 
R
��™�ô�¸
Ú�¢ 45 � a � 99�£ �•

�\�w
c�“�p�x�z�0
:�µ�­�”�ç	Í�p�„�…�Ú
¢�$�t
ÿ�C�b�”�\�q�U�¬�Ý�p�V�”�h�Š�z Gompertz �� [33, 50]

� Gomp (a) = AeBa

�t�‘�”�Ñ�Ÿ�¿�Â�Ÿ�ï�¬�›�æ�O�{�é�.�$�t�x�z 45 � a � 99 �w�O�j � obs(a) > 0 �›�¬�h�b�å�¸�w�ˆ�›�;

�M�o

log � obs(a) = log A + Ba

�›
¢���s�<�`�z�7	–�Ë	Ð�O�t�‘�“�Í�å�Ý�”�» (A; B ) �›
*���b�”�{ TAD-DB �w 2023 �å�Ã�”�»�t�,�n�X


*���w�A�L�z

A = 5 :82� 10� 6; B = 0 :1100

�U�˜�’�•�h�{�`�h�U�l�o
R
��™�ô�¸
Ú�t�0�`�o�x

� (a) = � Gomp (a) = 5 :82� 10� 6 exp(0:1100a); 45 � a � 99

�q���[�b�”�{

ˆ �Ò�ô�¸
Ú�¢ a � 100�£ �•

�
���å�¸�w	Í�z
Ç�Ù�p�x�Ã�”�»
:�U	—�s�X�y�’�m�V�U�G�V�M�h�Š�z Gompertz �Â
¢�w a = 99 �t�S�Z�”

�‹�›�°���‹�q�`�o�;�M�”�{�b�s�˜�j

� old := � Gomp (99); � (a) = � old ; a � 100

�q���Š�”�{

�Ž	Í�t�‘�“�z TAD-DB �w�7	ý�å tobs �t�S�Z�”�
���®�b�p � obs(a) �›�,	j�q�`�o�z	��å
Ú�x�î���‹�z
R
��™

�ô�¸
Ú�x Gompertz ���z�Ò�ô�¸
Ú�x��
:�p�Ž
à�b�”�°���`�h�å�¸���®�b�p��
: � (a) �U�˜�’�•�”�{
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$ 18.9 � (a) �w Gompertz ���•�w�Ñ�Ÿ�¿�Â�Ÿ�ï�¬


$ 18.10 
¶�o�w a �t�0�b�” � (a) �Â
¢


R
��~�ô�¸�¬�p�x�
���®�b�p�q Gompertz �Â
¢�w�°�•�U�‘�·�p�K�“�z�/���$�s�¦
:�$
ÿ�C�Í�»�”�ï�›�6�q�p

�V�o�M�”�{�°�M�z	��å
R
��8�‡�p�q 100 �@�Ž�ñ�w�Ò�ô�¸�8�x Gompertz ���p�x
¯�q�U�É�`�M�h�Š�z���É�‹�{

���q�`�h�:�x�î�¿�$�t�‹�%�p�p�K�”�{

�Ž	Í�‘�“�z � (a; T) ' � (a) �q�Ù�Å�`�z�®�b�p�x�å�¸�w�ˆ�w��
:�q�`�o�{�O�{

TAD �ˆ�¶�t�‘�”
²
��Ë	ý

�¯�×�”�Ä T �w�å�¸�x a = t � T �p�K�”�T�’�z�m�„�Ì���w
²
��Ë	ý�Ü�x

g(t + 1 ; T) =
�
1 � � (t � T)

�
g(t; T ); T � t; (18.9)

g(t + 1 ; t + 1) = G(t + 1) (18.10)

�p�)�Q�’�•�”�{
ï
��±�x

N (t) =
X

T � t

g(t; T )

�p���[�^�•�”�{	s�8	Ú�E g(t0; T)�z�®�b�p � (a)�z	Z
\
:�'�� G(T) �›�;�M�o t = t0; : : : ; 2053 �‡�p�ž�Í�$�t
²


��Ë	ý�`�z
��±�Í�µ f N (t)g �›�˜�”�{

346



18.3. TAD-DB �w
��±�ˆ�6�•�w�&�;


*�-�A�L

�Š
*�-�t�‘�”	��A�A�L�x�Ž�<�w�è�“�p�K�”�{

ˆ 2024 �å�w
ï
��±�x�ÿ 1:24� 108 
��p�K�“�z TAD-DB �w�î
w�‹�q�°�•�b�”�{

ˆ �f�w�™�x	—� �=�q�ô�¸�=�›
S�é�`�o�o�Ð�n	—�`�z 2043 �å���t 1 �/
�
²�™�q�s�”�{

ˆ 2053 �å�Ì�:�p�x
ï
��±�x�ÿ 9:0 � 107 
��q�s�“�z 2024 �å
z�p�ÿ 3 �Â�w�n	—�q�s�”�{


$ 18.11 TAD-DB �t�‘�”
ï
��± N (t) �w	•�R
*�-�¢ 2024�™2053 �å�£


S
Î
*�-�q�w
z�±

���q�þ�q�-	Ë�~
��±�ð�J�Z�€	t�¢ 2023 �å
*�-�£�w�¤�•�³�Æ�æ�¦�p�x�z
ï
��±�U 1 �/
��›�<�s�”�Ì�8�x 2056

�å�p�K�“�z�Š�Ø�w
*�-�‘�“�‹�—�M�{�‡�h 2053 �å�Ì�:�w
ï
��±
+	j�‹�Š�Ø�‘�“�G�V�M�¢�Š�Ø�w
*�-�w�M�U
S
Î


*�-�‘�“�ÿ 1000�ª
����S	—�s�M�q
Ý���^�•�”�£�{ [83]

�Š�Ø�U
S
Î
*�-�‘�“
u�
�$�q�s�”	��¼�x�Í�w�è�“�p�K�”�{

ˆ � �½�v�Ö�›�°
~�>���`�o�M�s�M�{

ˆ 	Z
\
:�›
¢���s�<�p�Ž
à�`�z	Z
\�s
î�›�>���`�o�M�s�M�{

ˆ �®�b�p�~
³�›�ß�€�d�c�z�7	ý�å�w � (a) �›�{���`�h�{

�`�h�U�l�o�Š
*�-�x�z�‘�“�k�`�M	Ú�E�<�t�S�Z�”	•�R
��±�Í�µ�›
³�X�µ�Ä�è�µ�Â�µ�Ä�q�`�o�•�”�n�Z�’�•�”�{

�o�t�t�O�q�z
��±
S�f�q�`�o�q	Ý�¢ 2025�å�Ì�:�£�w�‡�‡�?�‹�f�›�è�a�s�T�l�h	Ô�ù�w�ë�”�µ�Ä�­�”�µ�w
*�-�‹

�q�ß�Q�”�\�q�U�p�V�”�{

TAD �t�‘�”
S�f�³�Û�á�è�”�³�ã�ï�w�›�Ã

TAD �w�b�:�x�z
S�f�è�Ì�”�› � (a) �• G(T) �w�®���¯�t�Ú
€
S�é�p�V�”�:�t�K�”�{�é�.�$�t�x�Ž�<�w�è�“

�p�K�”�{

ˆ 	Z
\
S�f�x G(T) �w
ÿ�n�q�`�o�{�O�\�q�p�z�r�w�¯�×�”�Ä�U�°�X�s�”�T�›�Ú
€�¬�Ý�p�V�”�{

ˆ �©�•�U	[�•�'�w
S�f�x�z Gompertz �Í�å�Ý�”�» (A; B ) �w
•	–�!�=�q�`�o
¯�q�p�V�z�r�w�å�¸
Ú�w	#�Ë

��	ó�t�/�)�b�”�T�›�D�¹�=�p�V�”�{
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ˆ � �½
S�f�x�z�›���å�¸�3�t�V�Å�$�s�®	Z
\�¯�›�å�C�b�”���p�î
÷�p�V�z	!�Z�Ö�•�å�¸�Ï���•�Ì�8���®�L

�›
°�A�p�V�”�{

�\�w�‘�O�t�z g(t; T ) �w�d�º�Ï���›�,�à�t�`�h TAD �x�z
ï
��±�i�Z�p�s�X�®�r�w�¯�×�”�Ä�U�r�w�‘�O�t
ÿ�n

�b�”�T�¯�q�M�O�¹�:�›���™�`�z�Ú�«�é
��±
S�f�w�®�L�›�w�°�$�s�î
Ê�ˆ�p
°�A�b�”�§�—�s�,
k�›�)�Q�”�{

�^�’�t�Š�Ø�p�x	��“	Í�[�s�T�l�h�U�z
��±�ˆ�6�Þ�Ã�ç�w� �;�q�`�o�z TAD �w�A�‹�õ�‰
Ú � (t; T ) �t�¯�×�”�Ä

���w�&�A�—�¢�Þ�Ú
+	j�z
\�ˆ
Q�z
k	)�ó�—�s�r�£�›
Ç�)�b�”�\�q�p�z��
¶�.�w�&�A�—�›

V(t) =
X

T

� (t; T ) g(t; T )

�q�`�o���”�=�b�”�\�q�‹�ß�Q�’�•�”�{�\�w�î
Ê�ˆ�x�z�o�s�”
��±�F�Û�p�x�s�X�®�r�w
H�E�U�r�w���S�w�A�‹�›


\�ˆ	Z�`�o�M�”�T�¯�›�d�º�Ï�� (t; T ) 	Í�p�Ú
€�$�t
°�A�p�V�”�:�t�›�Ã�U�K�”�{�\�w	Ô�ù�w � (t; T ) �x t �¢�Ì

�:�w� �>�•�•�8�s�£�t�| T �¢
H�E�]�q�w
\�ˆ
Q�•�æ�Â�å�³�”�w�§�M�£�t�§�X�‘���b�”�q�ß�Q�’�•�”�h�Š�z
‡�×

�Ì�s
°�A�A�L�q�s�”�\�q�U�'
Ý�^�•�”�{�Š�æ���p�x	Ä�I�›�{�˜�s�M�U�z TAD{DB �t�‘�”�þ�q�&�A
ü
s�•	•�R

�w�&�A�—�'���t�²�Z�o�z	O�A�s� �;�D�ó
Q�›�Ë�m�{

18.3.9 TAD-DB �t�‘�”�¤�ï�Ä�é�Ð�”�w	•�R
*�-

�Š
…�p�x�z TAD-DB �t�,�n�X
��±�ˆ�6�Þ�Ã�ç�›�;�M�o�z	•�R�Ì�:�t�S�Z�”
��±�¤�ï�Ä�é�Ð�”

S(t) := �
X

T

p(t; T ) log p(t; T ); p(t; T ) =
g(t; T )
N (t)

�w�•�ˆ�›
*�-�`�z�f�w�Ì��
•
ü dS(t)=dt �w
Ö�ø�q
´�Ù�$
Q�í�t�m�M�o�ß�o�b�”�{�\�\�p g(t; T ) �x�Ì�: t �t

�S�Z�”�¯�×�”�Ä T �w
��±�z N (t) =
P

T g(t; T ) �x
ï
��±�p�K�”�{

	•�R
*�-�w
²��

�Š
*�-�p�x�z�Ž�<�w�>���¢
²
…�w	•�R
��±
*�-�q�‰�7�w�>���£�›�”�X�{

ˆ 	Z
\
: G(t) �x�z 2024 �å�‡�p�w�î
w�‹�t�‹�q�n�X
¢���Ž
à�t�‘�“	•�R�t�˜�h�l�o�)�Q�”�{

ˆ �®�b�p � (a) �x�z�7	ý�å�¢ 2023 �å�£�w�å�¸���®�b�p�›	•�R�t�˜�h�l�o�{���`�o�;�M�”�{

ˆ �\�•�’�›�;�M�o�z TAD �w
²
��Ë	ý�t�‘�“ g(t; T ) �› 1920 �å�T�’ 2053 �å�‡�p�°���`�o�Ï
R�b�”�{

�\�•�’�w�>���x�z
S�f�!�Ë�•�U	[
��2�q�M�l�h�Ž
\�³�ã�¿�«�›�Ì�Ô�$�t�x�ß�€�`�s�M �,	j�³�Æ�æ�¦ �q�`�o�•

�”�n�Z�’�•�”�{


*�-�A�L�w�“�A

S(t) �t�| dS(t)=dt �w
*�-�A�L�x�Ž�<�w�è�“�p�K�”�{
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$ 18.12 TAD-DB �t�‘�”�¤�ï�Ä�é�Ð�” S(t) �w	•�R
*�-�¢ 2024�™2053 �å�£


$ 18.13 TAD-DB �t�‘�”�¤�ï�Ä�é�Ð�” dS(t)=dt �w	•�R
*�-�¢ 2024�™2053 �å�£


:�‹�-�‰�w�A�L�z
��±�¤�ï�Ä�é�Ð�” S(t) �x 2030�å�E�‡�p�°���`�o
ÿ�C�›���Z�”�U�z 2030�å�E�¤
k�p�Ð�”

�«�›�'�j�z�f�w�™�x�Õ�8�$�s�ÿ�<���²�›�Ô�b�{�¢�å�¸�Ï
R
ü
Í�U�7�‹���7
Q�U�K�”�w�U 2030�å�E�¤
k�p�K�“�z

�Ž�ñ�x���7
Q�U�æ�˜�•�o�M�X�{�£�°�M�p�z 2050 �å
²�™�Ž�ñ�p�x S(t) �w�ÿ�<�U�·�=�`�z���•�T�t�Ë�j�Ú�b�•�ˆ�U
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ü
s�•�w�&�;

�¬�Ý�^�•�h�{�0� �`�o�z dS(t)=dt �x 2030�å�E�¤
k�Ž�ñ�w
Û�‹�T�’�Í�H�t
ÿ�C�`�z	•�R�$�t�x

dS(t)
dt

� 0

�t�Ù�n�X���²�›�Ô�b�{

�r	
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��±�F�Û�q
��±�Ï���w
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�\�w�•�ˆ�x�z
ï
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��±�F�Û�p�x�s�X�z �å�¸
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R
ü
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�p�V�”�{
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:�U�ÿ�•�p�†���b�”�\�q�t�‘�“�z	��å
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ü
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ü
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R
ü
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†

�Ž	Í�w�A�L�x�z�Í�w
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Q�U�K�”�{
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��±�F�Û�q�x� �q�t�®�Ï���w�ê�ˆ�¯�•�®�d�º�w
‡�0	¶
Q�¯�›���”�¦


ª�p�K�“�z dS(t)=dt ! 0 �q�M�O�•�ˆ�x�z
��±�Ï���U�ˆ�$�8�õ�8�›	4�Q�z�°	��w�Ï���$	)���Á�Ø�t�Ö�”�\�q�›

�Ô�`�o�M�”�q�r	
�p�V�”�{

�‹�l�q�‹�z�Š
*�-�x	Z
\�p�~�®�b�p�›�{���`�h�o�°�³�Æ�æ�¦�t�,�n�X�‹�w�p�K�“�z� �½
S�f�z�©�•�U	[�µ	ý�z

	Z
\�æ�ˆ�w�!�=�s�r�U
\�a�h	Ô�ù�t�x�z S(t) �w�J�“�x�G�V�X�!�=�`�O�”�{�`�h�U�l�o�|�\�\�p�˜�’�•�h�A�L

�x �¬���$�'�� �p�x�s�X�z TAD �t�‘�l�o	s�Š�o�D�¹�=�^�•�h�Ï���$�D�ó
Q�w�°�«�q�`�o�•�”�n�Z�’�•�”�‚�V�p

�K�”�{

18.4 TAD-DB �w�±�Ò�µ�«�æ�Ó�³�ã�ï�q�»
ü
s�•�w�&�;


²
…�p�x�z
��±�ˆ�6�t�0�`�o TAD-DB �›�&�;�`�z	Z
\�Ì���›�d�º�Ì�� T �z�
���Ì���› t �q�b�”�\�q�p�z	Z


\�¯�×�”�Ä��
��±
ü
Í�› g(t; T ) �q�`�o
¯�q�p�V�”�\�q�›�_�h�{�Š
…�p�x�z�\�w�ß�Q�M�›�±�Ò�µ�«�æ�Ó�³�ã�ï

���±�”�Ï�µ�w�q�»
ü
s�•�&�;�b�”�{


��±�ˆ�6�t�S�Z�”	Z
\�x�z�±�Ò�µ�«�æ�Ó�³�ã�ï�±�”�Ï�µ�t�S�Z�”	ý�F�Ö�q�t�0� �b�”�{�‡�h�z�®�b�p�x�q�»

�m�d�p�t�z�å�¸�Ï
R�x�J�å�¯�×�”�Ä�Ï
R�t�z
ï
��±�x���®�q�»
:�t�0� �b�”�{�`�h�U�l�o�z�±�Ò�µ�«�æ�Ó�³�ã

�ï�q�»	B�ù�‹�z�o�s�”
ï�q�»
:�q�`�o�p�x�s�X�z�J�å�Ì�� T �q�
���Ì�� t �w�Ë�Ì���Ï���›�‹�m�d�º
ü
Í�q�`

�o�G	\�p�V�”�{
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ü
s�•�w�&�;

�Š
…�p�x�z KKBOX[51] �w�±�Ò�µ�«�æ�Ó�³�ã�ï�q�»�Ã�”�»�›�«�t�z�J�å�¯�×�”�Ä���w�d�º
ü
Í�›�Ï
R�`�z�q

�»
:�z�d�º�Ï
R�z�m�d�p�z�A�‹�Ù�Â�ï�³�ß�ç�z�S�‘�|�Ï
R
l	�
Q�›�‰�°�w TAD-DB �î
Ê�ˆ�p
°�A�b�”�{

18.4.1 �J�å�¯�×�”�Ä���d�º
ü
Í�q�A�‹�Ù�Â�ï�³�ß�ç

�
���å�D�› t �z�q�»�J�å�å�D�› T �q�b�”�{�Š
…�p�x�z�J�å�å�D T �w�q�»�w�O�j�z�
���å�D t �t�S�M�o���®

�q�»�p�K�”
�
:�›

g(t; T ) = # f i : registration ymi = T; i is active at tg (18.11)

�q���[�b�”�{�\�\�p�z g(t; T ) �x�z�J�å�¯�×�”�Ä T �U�
���Ì�: t �t�r�•�i�Z�’���`�o�M�”�T�›
¯�b�d�º
ü
Í�p

�K�”�{

�\�w�q�V�z�
���å�D t �t�S�Z�”
ï���®�q�»
:�x

N (t) =
X

T

g(t; T ) (18.12)

�p�)�Q�’�•�”�{�‡�h�z���®�q�»�w�J�å�¯�×�”�Ä�Ï
R
z�›

p(t; T ) =
g(t; T )
N (t)

(18.13)

�q���[�b�”�{�\�w p(t; T ) �x�z�
���Ì�: t �t���O�b�”�q�»�U�z�r�w�J�å�å�D T �t���R�b�”�T�›
¯�b
Y�F�=�d�º


ü
Í�p�K�”�{

�^�’�t�z�d�º�Ï
R�w���7
Q�›
¯�b�¦
ª�q�`�o�z�d�º�¤�ï�Ä�é�Ð�”

S(t) = �
X

T

p(t; T ) log p(t; T ) (18.14)

�›�‹�Ö�b�”�{ S(t) �U�G�V�M�„�r�z���®�q�»�U���7�s�J�å�¯�×�”�Ä�t
ü�„�`�o�M�”�\�q�›�™�¯�`�z S(t) �U	–�^

�M�„�r�z�›���w�J�å�¯�×�”�Ä�t	B�¤�`�o�M�”�\�q�›�™�¯�b�”�{

	ý�F�q�»�Ö�—�x�z�J�å�å�D T �t�S�Z�”	ý�F�q�»
:�q�`�o

G(T) = # f i : registration ymi = Tg (18.15)

�q���[�b�”�{�\�•�x�z TAD �t�S�Z�”�0�¯�Ö�—

g(T; T) = G(T) (18.16)

�t�0� �b�”�{

�±�Ò�µ�«�æ�Ó�³�ã�ï
ü
s�p�x�z�q�»
:�i�Z�p�s�X�z�q�»�U�‹�m�A�‹�›
°�A�b�”�\�q�‹	O�A�p�K�”�{�f�\�p�z

�J�å�¯�×�”�Ä T �w�q�»�U�
���Ì�: t �t�‹�m�°
��p�h�“�D�Í�A�‹�›

� (t; T ) (18.17)

�q
¯�b�{�Š
ü
s�p�x�z�D�õ�‰�î�§
÷�¹�t�,�n�M�o � (t; T ) �›�Ï
R�b�”�{�b�s�˜�j�z�§
÷�Ú�¹�q�Ó�å�ï�Ô
:�›�;

�M�o�D�õ�‰�î�§
÷�¹�›�{�Š�z (t; T ) 	B�‚�º�p���É�b�”�\�q�p�z�A�‹�µ�S � (t; T ) �›���[�b�”�{
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ü
s�•�w�&�;

�\�w�q�V�z�
���Ì�: t �t�S�Z�”
ï�¹�A�‹�Ù�Â�ï�³�ß�ç�›

V(t) =
X

T

� (t; T )g(t; T ) (18.18)

�q���[�b�”�{�‡�h�z�°
��p�h�“�A�‹�›
V(t)
N (t)

(18.19)

�q�b�”�{�`�h�U�l�o�z TAD-DB �p�x�z�o�s�”���®�q�»
: N (t) �i�Z�p�s�X�z�J�å�¯�×�”�Ä���w�A�‹�µ�S�›
S�é

�`�h
ï�¹�A�‹ V(t) �q�z�°
��p�h�“�A�‹ V(t)=N(t) �›�‰�Ì�t
°�A�p�V�”�{

18.4.2 KKBOX �Ã�”�»�t�S�Z�”�d�º�•���q�m�d�p�Ï��

�Š
…�p�x�z�;�¸�±�Ò�µ�«�æ�Ó�³�ã�ï�±�”�Ï�µ�t�S�Z�”�d�º�Ï���w�«�q�`�o�z Kaggle �p�¬�‰�^�•�h WSDM -

KKBOX's Churn Prediction Challenge �w�Ã�”�»�›�;�M�”�{�Š
ü
s�p�x�z�¬�‰�Ã�”�»�w�O�j�z�q�»��
Q�›��

�‰membersv3�z�m�d�å�Õ�ç�›���‰ train �z�S�‘�|���ÿ�Ë	ý�~�>�A�d�º�›���‰ transactions �w 3 	��¨�w�Ã�”

�»�›�;�M�h�{

�h�i�`�z�Š
ü
s�x KKBOX �¬�‰�Ã�”�»
¶�.�›�0	Å�q�b�”�‹�w�p�x�s�X�z�-�‰�«�q�`�o�z�î�í�$�t�å�ï�¼�Ü

�¨	Z�^�•�h 1 �ª�E�F�Û�w�q�»�~	��¾�d�º�›�0	Å�q�b�”�{�‡�h�z�
���Ì�� t �S�‘�|�Ö�—�Ì�� T �x�z�Ô�o�•�p�x

�s�X�D�o�•�t	B�-�`�h�{�`�h�U�l�o�z�Ž�<�p�Ô�b�d�º�•���x�z�x�‘�w���ÿ�Ë	ý�Ô�›�k�µ�t�å
{�b�”�‹�w�p�x�s

�X�z�D�Í	B�-�^�•�h�d�º�Ï���› TAD-DB �q�`�o�6�Ï
R�`�z�D�¹�=�b�”�\�q�›�è�$�q�b�”�{


:�‹�³�Û�á�è�”�³�ã�ï�t
Œ�q�j�z�\�•�’ �w�Ã�”�»�›�ˆ�Š�$�t�C�»�`�h�{�‡�c�z train �t�� �‡�•�”�q�»

�›�, 	j �q�`�o�z�q�» ID �t �‘ �“ membersv3 �S�‘ �| transactions �›�A�ù�`�z�q�»��
Q�z	��¾�Ô�z���ÿ

�‰�•�Ô�z���ÿ�¬�ƒ�Ô�z�§
÷�M�O�z�×�ˆ�Ë	ý�Ñ�å�¬�z�m�d�å�Õ�ç�s�›�� �‰	��¾�d�º�Õ�”�µ�w�w�ù�Â�”�Ò�ç

kkbox transaction master 10000 �›�^
R�`�h�{

�Í�t�z�\�w�w�ù�Â�”�Ò�ç�› TAD �w���Ü�t�!�õ�`�h�{�b�s�˜�j�z�D�o�•�t	B�-�^�•�h�
���Ì���› t �z�¤���ÿ

�d�º�‡�h�x	��¾�d�º�t�0� �b�”�Ö�—�Ì���› T �q�ˆ�s�`�z�Ì�� t �t�S�M�o�d�º T �t���R�b�”
R
ü�U�r�•�i�Z�’

���`�o�M�”�T�›
¯�b�d�º	Ý�6�” g(t; T ) �›�Ï
R�`�h�{�‡�h�z�m�d�å�Õ�ç�S�‘�|���ÿ�d�º	Ø�C�t�,�n�V�z�¤�d�º


R
ü�t�0�b�”
°�A��
:�‡�h�x�m�d���È�¦
ª�› � (t; T ) �q�`�o
Ç�)�`�h�{�\�•�t�‘�“�z�7	4�$�t TAD-DB ���Ü

�w�Ã�”�»�·�¿�Ä kkbox tad g sigma 10000 �›�^
R�`�h�{

�Ž�<�w
ü
s�p�x�z�\�w TAD-DB �›�;�M�o�z�d�º	Ý�6�” g(t; T ) �t�‘�”�±�Ò�µ�«�æ�Ó�³�ã�ï�q�»�w�’���Ï��

�q�z
°�A��
: � (t; T ) �t�‘�”�m�d�p�Ï���›�D�¹�=�b�”�{�s�S�z�Š�Ø�w�è�$�x�z KKBOX �Ã�”�»�t�0�b�”�½�ß�”

�ï�'��
^�S�w�7�G�=�p�x�s�X�z�±�Ò�µ�«�æ�Ó�³�ã�ï���±�”�Ï�µ�t�S�Z�”�d�º�Ï���› TAD �w�
�:�T�’�G	\�`�z

�d�º�•���q�`�o�D�¹�=�b�”�\�q�t�K�”�{


Y�F�=�d�º
ü
Í p(t; T )

�‡�c�z
Y�F�=�d�º
ü
Í p(t; T ) �›�D�¹�=�b�”�{�#�à�›�
���å�D t �z	N�à�›�J�å�å�D T �q�b�”�\�q�p�z�q�O�w

�q�»	B�ù�U�r�w�J�å�Ì�8�t���R�b�”�T�›�~�Í�i�w�d�º�•���q�`�o�ú�r�p�V�”�{
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ü
s�•�w�&�;


$ 18.14 KKBOX �Ã�”�»�t�S�Z�”
Y�F�=�d�º
ü
Í p(t; T ) �w�~�Í�i
¯�Ô�{�#�à�x�
���å�D t �z	N�à�x�J�å

�å�D T �z���Ú�M�²�x�Ï
R
z p(t; T ) �›
¯�b�{�d�º
ü
Í�x�°�7�p�x�s�X�z 2015 �å�™
R�T�’ 2016 �å
²
R�w�J�å

�¯�×�”�Ä�›�¤	ú�t�Ì�¬�s�•�º�Ï���›�Ô�`�o�M�”�{�\�w�\�q�x�z���®�q�»
:�w
ÿ�C�U���7�s�J�å�¯�×�”�Ä�t�É

�s�t�§�Q�’�•�o�M�”�w�p�x�s�X�z�›���Ì�8�w	ý�F�Ö�— G(T) �w�°�ˆ�t�§�X�‘���`�o�M�”�D�ó
Q�›�Ô�&�b�”�{


$ 18.14�p�x�z�d�º
ü
Í�t�Ì�¬�s�•�º�Ï���U�¬�Ý�^�•�”�{�\�•�x�z���®�q�»�U�°�7�t
ü
Í�`�o�M�”�w�p�x�s

�X�z�›���w�J�å�Ì�8�t���R�b�”�q�»�t�‘�l�o�§�X�Ï
R�^�•�o�M�”�\�q�›�Ô�`�o�M�”�{


$ 18.14�t�Ô�^�•�”
Y�F�=�d�º�µ�S p(t; T ) �w�•���x�z�o�°�w�Ð�”�«�T�’
R�”�q�M�O�‘�“�z�S�S�‡�T�t�~�m

�w
Ú�›�‹�m�•�º�Ï���q�`�o�r	
�p�V�”�{�H�°�x�z 2010�å�¤���‡�p�t�J�å�^�•�h
z�±�$�y�M�¯�×�”�Ä�t�0� �b�”


Ú�p�K�”�{�H�Ë�x�z 2010�å�¤���T�’ 2015�å�¤���‡�p�t��
R�^�•�h�¤���$�s�¯�×�”�Ä
Ú�p�K�”�{�H�~�x�z 2015

�å�™
R�Ž�ñ�t��
R�^�•�h	ý�`�M�J�å�¯�×�”�Ä�t�0� �b�”
Ú�p�K�”�{

�\�w�•�º�Ï���w
�� �›�¬�Ý�b�”�h�Š�z
$ 18.15�w	ý�F�q�»�Ö�— G(T) �›�_�”�{ G(T) �x�J�å�å�D T �t�S�Z

�”	ý�F�q�»
:�p�K�“�z TAD �t�S�Z�”�0�¯�Ö�—�t�0� �b�”�{

G(T) �w�î�Ã�”�»�p�x�z 2015�å�™
R�T�’ 2016�å
²
R�t�T�Z�o G(T) �U�G�V�X
ÿ�C�`�o�M�”�{�\�w�\�q�x�z


$ 18.14�t�_�’�•�”	ý�`�M�J�å�¯�×�”�Ä�w�•�U�z�m�d�p�w�ÿ�^�w�ˆ�t�‘�l�o��
R�^�•�h�‹�w�p�x�s�X�z	ý�F�Ö

�—�f�w�‹�w�w�°�ˆ�t�‘�l�o�‹��
R�^�•�h�\�q�›�Ô�&�b�”�{

�°�M�p�z 2010�å�¤���‡�p�w�y�M
Ú�•�z 2010�å�¤���T�’ 2015�å�¤���‡�p�w�¤��
Ú�U�s�S�•��	Í�t�’���`�o

�M�”�\�q�x�z�a�ˆ�w�Ö�—�¯�×�”�Ä�U�ì
¶�t�x	«�Ó�d�c�z
Y�F�=�d�º�µ�S p(t; T ) �w�¤�t�d�º
R
ü�q�`�o�’�l�o

�M�”�\�q�›�™�¯�b�”�{�`�h�U�l�o�z�\�w�•�º�Ï���x�z�o�s�”�°�Ì�:�w�q�»
:
ü
Í�p�x�s�X�z�Ÿ�s�”�Ì�8�t��
R
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ü
s�•�w�&�;

�^�•�h�Ö�—�¯�×�”�Ä�w�°�ˆ�q�z�f�w�™�w�’���p�Ï���U	O�s�l�o��
R�^�•�h�d�º�•���p�K�”�q�r	
�p�V�”�{


$ 18.15 �J�å�å�D T �t�S�Z�”	ý�F�q�»�Ö�— G(T)�{ 2015 �å�™
R�T�’ 2016 �å
²
R�t�T�Z�o�z	ý�F�J�å
:

�U�G�V�X
ÿ�C�`�o�M�”�{


ï���®�q�»
:�q�d�º�¤�ï�Ä�é�Ð�”

�Í�t�z
ï���®�q�»
: N (t) �q�d�º�¤�ï�Ä�é�Ð�” S(t) �›
z�±�b�”�{�è	×�z�q�»
:�U
ÿ�C�`�o�M�•�y�z�±�”�Ï�µ

�x
R�Õ�`�o�M�”�q
°�A�^�•�•�b�M�{�`�T�`�z TAD-DB �p�x�z�f�w
R�Õ�U���7�s�J�å�¯�×�”�Ä�t�§�Q�’�•�o�M

�”�w�T�z�f�•�q�‹�›���w�J�å�¯�×�”�Ä�t� �l�o�M�”�w�T�› S(t) �t�‘�l�o
°�A�p�V�”�{


$ 18.16 
ï���®�q�»
: N (t) �q�d�º�¤�ï�Ä�é�Ð�” S(t) �w
*� �{�q�»
:�U
ÿ�C�`�o�M�”�Á�Ø�t�S�M�o�‹�z

�d�º�¤�ï�Ä�é�Ð�”�U�ÿ�<�b�”�8���U�¬�Ý�^�•�”�{


$ 18.16�t�Ô�b�‘�O�t�z 2015�å�™
R�T�’ 2016�å
²
R�t�T�Z�o�z
ï���®�q�»
: N (t) �x
ÿ�C�`�o�M�”�°�M�p�z

�d�º�¤�ï�Ä�é�Ð�” S(t) �x�ÿ�<�b�”�Á�Ø�U�_�’�•�”�{�\�•�x�z�q�»
:�w
ÿ�C�U
ž�c�`�‹�d�º�Ï
R�w���7�=�›�™

�¯�d�c�z�›���w�J�å�¯�×�”�Ä�•�w	B�¤�›
P�M�O�”�\�q�›�Ô�`�o�M�”�{
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ü
s�•�w�&�;

�s�S�z�d�º�Ï
R�w�¤	ú�•�”�›
¯�b�4	•�¦
ª�q�`�o�z���É�q�»�å�¸

�a(t) =
X

T

(t � T)p(t; T )

�›���[�b�”�\�q�‹�p�V�”�{�Š�Ã�”�»�p�x�z���É�q�»�å�¸�w
*� �x�d�º�¤�ï�Ä�é�Ð�” S(t) �q�“�v�‰�7�w���²�›

�Ô�`�o�S�“�z 2015�å�™
R�T�’ 2016�å
²
R�t�T�Z�o�w�G�”	ý�F�v�Ö�t�‘�“�z�q�»�Ï
R�U�°�Ì�$�t	ý�`�M�J�å�¯

�×�”�Ä���•�/�l�h�\�q�›�4�
�$�t�¬�Ý�p�V�”�{

���®	Ý�6�!�ˆ�p
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���D t �t�S�M�o�z�J�å�¯�×�”�Ä T
�]�q�w���®	Ý�6�!�ˆ�p � e� (t; T ) �›�z�Ï
R
z p(t; T ) = g(t; T )=N(t) �p	O�ˆ
Ç�Z�`�o	B�ÿ�`�o�M�”�{
Y�w


R
ü � + (t) �x�æ�®�~�m�d�M�²�w�y�—�›�z
Û�w
R
ü�w�G�V�^ � � (t) �x�6�C�Ö�~�6���®�=�M�²�w�y�—�›
¯�b�{

�‡�h�z�É�¿�Ä
R
ü �� e� (t) = � + (t) � � � (t) �x�z�
���D t �t�S�Z�”���®�q�»	Ý�6�w	m�!�=�›
¯�b�{ 201504�z
201603�z 201702
Ç�Ù�t
Y�w�µ�Í� �«�U�_�’�•�”�°�M�p�z�f�w
²�™�t�x
Û�w
R
ü�‹�¬�Ý�^�•�z�°�Ì�$�s�æ�®

�q�6���®�=�›���‰	*�8�$�s���®	Ý�6�!�ˆ�U�Ô�&�^�•�”�{


$ 18.17�›�_�”�q�z�J�å�¯�×�”�Ä�M�²�t	B�ÿ�`�h���®	Ý�6�!�ˆ�p�t�x�z�
���Ì�: t ���t�q�•�”�Ì�¬�s	*�8�$

�!�ˆ�U�¬�Ý�^�•�”�{�›�t�z

201504; 201603; 201702


Ç�Ù�t
Y�w�µ�Í� �«�U�_�’�•�z�\�•�’�w���´�x�M�c�•�‹�ÿ 11 �T�D�p�K�”�{

�°�M�p�z�\�•�’�w
Y�w�µ�Í� �«�w
²�™�t�x�z
Û�w
R
ü � � (t) �‹�¬�Ý�^�•�”�{�\�w�\�q�x�z 11 �T�D	*�8�w�!

�ˆ�U�Ã�q�$�s�r�ÿ�w�ˆ�›
¯�b�w�p�x�s�X�z�°�Ì�$�s���®�8�v
~�•�q�z�f�w�™�w�6�C�Ö�~�6���®�=�›���‰���®�q

�»	Ý�6�w�!�ˆ�p�K�”�D�ó
Q�›�Ô�&�`�o�M�”�{�`�h�U�l�o�z�Š�Ø�p�x�z�\�w	*�8
Q�›�o	m�s�°
j�m�d�³�ã�¿�«�p

�x�s�X�z�°
j�æ�®�q�6���®�=�›���‰	*�8�$�s���®	Ý�6�!�ˆ�q�`�o�{�O�{

�\�w 11 �T�D	*�8�w�j�¼�x�z�Š�Ã�”�»�w�ˆ�T�’�x�›���p�V�s�M�{�ß�Q�’�•�”�A�¼�q�`�o�x�z�D�¹�]�Ú�Ó�å�ï

�w�Ë	ý	r�g�z 30 �Ô�o�•�p
¯�q�^�•�h�Ó�å�ï�Ô
:�q�¹�D	B�-�q�w�c�•�z�×�ˆ�Ë	ý�z�>�A�æ

�z�©�ß�ï�Ö�”�ï	4�ƒ�z

�K�”�M�x�Ã�”�»�¨	Z�“�7�t�I�¼�b�”�°
j�8�v
~�•	r�g�s�r�U�K�”�{�Š�Ø�p�x�z�j�¼�w�›���›�è�$�q�x�d�c�z�


���Ä�î�q�`�o 11 �T�D���´�w���®	Ý�6�!�ˆ�U���O�b�”�:�t�£�è�b�”�{

�Ž�<�w	•�R�³�Û�á�è�”�³�ã�ï�p�x�z�\�w	*�8�$�!�ˆ�U	•�R�t�‹�Ë���b�”�q�M�O�^�À�>
†�›�”�X�{�h�i�`�z	•

�R
*�-�t�;�M�” � e� (t; T ) �x�z
Y�w�æ�®�M�²�w�®�L�i�Z�p�s�X�z� �Õ�ï�Ä�™�w�6���®�=�M�²�w�®�L�‹���‰�‹�w

�q�`�o
*���b�”�{�\�•�t�‘�“�z 11 �T�D	*�8� �Õ�ï�Ä�›
Æ�D�o�s�m�d�q�`�o�p�x�s�X�z�°�Ì�$�s�æ�®�q�f�w�™�w

�s
î�›
P�O���®	Ý�6�!�ˆ�q�`�o�Þ�Ã�ç�=�b�”�{

356



18.4. TAD-DB �w�±�Ò�µ�«�æ�Ó�³�ã�ï�q�»
ü
s�•�w�&�;

18.4.3 �q	Ý�¡�Ë�~�ª�f�§�=�³�Æ�æ�¦�t�‘�”	•�R�A�‹
*�-


²
…�‡�p�t�Ï
R�`�h�d�º
ü
Í g(t; T )�z�A�‹�µ�S � (t; T )�z	ý�F�q�»�Ö�— G(T)�z�S�‘�|���®	Ý�6�!�ˆ�p

� e� (t; T ) �›�;�M�o�z	•�R�w�q�»
:�S�‘�|�A�‹�Ù�Â�ï�³�ß�ç�›
*�-�b�”�{�Š
ü
s�p�x�z	•�R�w�d�º
ü
Í�›�z�7��

�¯�×�”�Ä�w���®	Ý�6�!�=�q�z	ý�F�J�å�¯�×�”�Ä�w�0�¯�Ö�—�t�‘�l�o�Ë	ý�b�”�{

�7���¯�×�”�Ä�t�m�M�o�x�z

g(t + 1 ; T) = g(t; T ) expf� � e� (t; T )g; T � t (18.27)

�t�‘�“�Ë	ý�b�”�{�\�\�p�z � e� (t; T ) > 0 �w	Ô�ù�t�x�‰�°�J�å�¯�×�”�Ä�w���®�q�»
:�U�n	—�`�z � e� (t; T ) < 0

�w	Ô�ù�t�x�6�C�Ö�~�6���®�=�t�‘�“���®�q�»
:�U
ÿ�C�b�”�{�`�h�U�l�o�z�Š
…�p�;�M�” � e� (t; T ) �x�z�k�µ�s

�r�ÿ�p�p�x�s�X�z���®�q�»	Ý�6�w	m�!�=�›
¯�b���®	Ý�6�!�ˆ�p�p�K�”�{

�‡�h�z	ý�F�J�å�¯�×�”�Ä�t�m�M�o�x�z�0�¯�Ö�—�q�`�o

g(t + 1 ; t + 1) = G(t + 1) (18.28)

�›�)�Q�”�{

���®	Ý�6�!�ˆ�p�w	•�R
ƒ��

	•�R
*�-�t�;�M�”���®	Ý�6�!�ˆ�p�x�z�q�»�å�¸ a = t � T �t�‘���b�”�,	j
R
ü�q�z�
���Ì�: t ���t�q�•�”	*

�8�$� �Õ�ï�Ä
R
ü�t
ü�r�b�”�{�b�s�˜�j�z

� e� (t; T ) = � age(t � T) + � event (t) (18.29)

�q�S�X�{

�\�\�p�z � age(t � T) �x�z�J�å�T�’�w�&�a�D
:�z�b�s�˜�j�q�»�å�¸�t�‘���b�”�,	j�$�s���®	Ý�6�!�ˆ�p�p�K

�”�{�±�Ò�µ�«�æ�Ó�³�ã�ï�±�”�Ï�µ�p�x�z�J�å�Ú�™�w	s�8�m�d�z�°���8���'���`�h�q�»�w�†���=�z�Õ�8�q�»�t�S

�Z�”���•�T�s�m�d�s�r�z�q�»�å�¸�t� �a�h�m�d���²�U���O�`�O�”�{�Š�Ã�”�»�p�‹�z�
���Ì�:���w	*�8�$� �Õ�ï

�Ä�t
z�‚�”�q�è�¹�S�x	–�^�M�‹�w�w�z�J�å�™�&�a�D
:�t� �a�h���®	Ý�6�!�ˆ�w�)�U�¬�Ý�^�•�”�{�`�h�U�l�o�z

	•�R
*�-�p�x�z�q�»�å�¸ t � T �t�‘���b�”�,	j
R
ü�›�’�b�{

�°�M�z � event (t) �x�z�
���Ì�: t ���t�q�•�” 11 �T�D	*�8�w���®	Ý�6�!�ˆ�›
¯�b�{
²
…�p�¬�Ý�`�h�‘�O�t�z

201504�z 201603�z 201702
Ç�Ù�t�x
Y�w�µ�Í� �«�U�_�’�•�”�°�M�p�z�f�w
²�™�t�x
Û�w
R
ü�‹�¬�Ý�^�•�”�{�\

�w�\�q�T�’�z�Š�Ø�p�x�\�w	*�8
Q�›�z�o	m�s
Æ�D�o�$�m�d�p�x�s�X�z�°�Ì�$�s�æ�®�q�f�w�™�w�6�C�Ö�~�6���®

�=�›���‰� �Õ�ï�Ä�q�`�o�{�O�{

�é�.�$�t�x�z 11 �T�D	*�8� �Õ�ï�Ä�w�‰�•�D�› c �q�`�z� �Õ�ï�Ä�‰�•�D�T�’�w�¦�Ñ�·�¿�Ä�› k = 0 ; 1; 2; 3 �q

�b�”�{�\�w�q�V�z

� event (t) = � k ; t = c + k (18.30)

�q�b�”�{�\�\�p�z k = 0 �x�æ�®�M�²�w� �Õ�ï�Ä�D�›
¯�`�z k = 1 ; 2; 3 �x�f�w�™�w�6���®�=�›���‰�Ð
T�8���›
¯

�b�{�
���Ã�”�»�T�’
*���^�•�h� �Õ�ï�Ä�Â�ï�Ó�è�”�Ä�p�x�z� �Õ�ï�Ä�D�t
Y�w�4
Y�U�Ö�“�z�f�w�™�w
:�T�D�t


Û�w�4
Y�›���‰�s
î�$�s�!�ˆ�U�q�•�”�{

357



18.4. TAD-DB �w�±�Ò�µ�«�æ�Ó�³�ã�ï�q�»
ü
s�•�w�&�;

�`�h�U�l�o�z�Š
ü
s�w	•�R
*�-�p�x�z � e� (t; T ) �›

� e� (t; T ) = � age(t � T) + � k 1t = c+ k (18.31)

�q�`�o�)�Q�”�{�h�i�`�z
ó
:�w� �Õ�ï�Ä�‰�•�D c �U���O�b�”	Ô�ù�t�x�z�f�•�g�•�w� �Õ�ï�Ä
í�t�‰�a�Â�ï�Ó

�è�”�Ä�›�&�;�b�”�{

	ý�F�q�»�Ö�—�w	•�R
ƒ��

	ý�F�q�»�Ö�—�t�m�M�o�x�z�q	Ý�¡�Ë�³�Æ�æ�¦�t�S�M�o�z�Ú�Ù 6 �T�D�w	ý�F�q�»
:�w���É�›�;�M�”�{�Ú�Ù�w�ì


¶�
���D�› T0 �q�b�”�q�z

Gbase =
1
6

5X

k=0

G(T0 � k) (18.32)

�p�K�”�{�Š
ü
s�p�x�z�J�å�Ö�— G(T) �t�m�M�o�È�z�w�J�å�D�U
Æ�ì
¶�p�K�”�D�ó
Q�›�ß�€�`�z 201608�T�’

201701�‡�p�w 6 �T�D���É�›�;�M�”�{

�³�Æ�æ�¦
ƒ��

	•�R�³�Û�á�è�”�³�ã�ï�p�x�z�q	Ý�¡�Ë�³�Æ�æ�¦�q�ª�f�§�=�³�Æ�æ�¦�w 2 �m�›
z�±�b�”�{

�q	Ý�¡�Ë�³�Æ�æ�¦�p�x�z	ý�F�q�»�Ö�—�q���®	Ý�6�!�ˆ�p�U�z�
���Ã�”�»�T�’
*���^�•�h�,	j
+	j�p
*� �b�”

�q�>���b�”�{�b�s�˜�j�z

Gbaseline (T) = Gbase (18.33)

�q�`�z

� baseline (t; T ) = � age(t � T) + � event (t) (18.34)

�q�b�”�{�\�\�p�z � event (t) �t�x�z 11 �T�D	*�8�w�æ�®�~�6���®�=�Â�ï�Ó�è�”�Ä�›	•�R�t�‹�Ž
à�`�h�‹�w�›�;�M�”�{

�ª�f�§�=�³�Æ�æ�¦�p�x�z	ý�F�«�˜�ª�f�t�‘�“	ý�F�q�»�Ö�—�U	Í	Ð�d�^�•�z�¡�Ë�§�=�ª�f�t�‘�“�æ�®�~�m�d�M

�²�w���®	Ý�6�!�ˆ�U�H
M�^�•�”�q�>���b�”�{	ý�F�q�»�Ö�—�x

Gpolicy (T) = Gbase + � G (18.35)

�q�b�”�{

�°�M�z���®	Ý�6�!�ˆ�p�t�m�M�o�x�z
Y�w
R
ü�w�ˆ�›�¡�Ë�§�=�ª�f�t�‘�l�o�ÿ�<�^�d�”�{�b�s�˜�j�z

� policy (t; T ) =

8
<

:
c� � baseline (t; T ); � baseline (t; T ) > 0;

� baseline (t; T ); � baseline (t; T ) � 0;
(18.36)

�q�b�”�{�\�\�p�z 0 < c � < 1 �p�K�”�{
Y�w � baseline (t; T ) �x�æ�®�~�m�d�M�²�w�y�—�›
¯�b�h�Š�z�¡�Ë�§�=�ª�f

�t�‘�“�ÿ�<�b�”�q�ß�Q�”�{�°�M�z
Û�w � baseline (t; T ) �x�6�C�Ö�~�6���®�=�M�²�w�!�ˆ�›
¯�b�h�Š�z�Š
ü
s�p�x

�\�•�›	��Š�c�z�f�w�‡�‡�¡�Ë�b�”�{

�Š
ü
s�p�x�z�«�Ô�$�t

� G = 50; c� = 0 :8

�›�”�X�{�\�•�x�z�–�D 50 
��w	ý�F�q�»	Í	Ð�d�q�z�æ�®�~�m�d�M�²�w���®	Ý�6�!�ˆ�p 20% �ÿ�<�›�>���b�”�³�Æ

�æ�¦�p�K�”�{�h�i�`�z�Š�Ã�”�»�t�x�Ú�”�­�Â�Ÿ�ï�¬�ª�f�z�v�Ö�½�ß�É�ç�z�¿��
…�z�æ�Â�ï�³�ã�ï�ª�f�s�r�w�ª

358



18.4. TAD-DB �w�±�Ò�µ�«�æ�Ó�³�ã�ï�q�»
ü
s�•�w�&�;

�f�!
:�U���‡�•�o�M�s�M�h�Š�z�\�•�’�w�‹�x�ª�f�®�L�w�¼�L
*���‹�p�x�s�X�z	•�R�Ö�—�S�‘�|�m�d�H
M�›�Ž
\

�$�t�)�Q�”�h�Š�w�>
Ý�³�Æ�æ�¦�p�K�”�{

�A�‹�Ù�Â�ï�³�ß�ç�w�-�‰

�\�w
ƒ���w�‹�q�p�z�
���Ì�: t �t�S�Z�”
ï�¹�A�‹�Ù�Â�ï�³�ß�ç�›

V(t) =
X

T

� (t; T )g(t; T ) (18.37)

�q�`�o�-�‰�b�”�{�‡�h�z�°
��p�h�“�A�‹�›
V(t)
N (t)

(18.38)

�q�`�o
°�A�b�”�{


$ 18.18 �q	Ý�¡�Ë�³�Æ�æ�¦�q�ª�f�§�=�³�Æ�æ�¦�t�S�Z�”
ï�¹�A�‹ V (t) �w	•�R
*�-�{	•�R
*�-�p�x�z�q�»

�å�¸�t�‘���b�”�,	j�$�s���®	Ý�6�!�ˆ�p�q�z 11 �T�D	*�8�w�æ�®�~�6���®�=� �Õ�ï�Ä�›���‰ signed e�ective
� e� (t; T ) �›�;�M�o�M�”�{�ª�f�§�=�³�Æ�æ�¦�p�x�z	ý�F�q�»�Ö�—�w	Í	Ð�d�q�æ�®�~�m�d�M�²�w���®	Ý�6�!�ˆ

�p�ÿ�<�t�‘�“�z
ï�¹�A�‹�Ù�Â�ï�³�ß�ç�U�q	Ý�¡�Ë�³�Æ�æ�¦�‘�“�‹�ô�M
+	j�p
*� �b�”�{


$ 18.18�x�z�q	Ý�¡�Ë�³�Æ�æ�¦�q�ª�f�§�=�³�Æ�æ�¦�t�S�Z�”
ï�¹�A�‹ V(t) �w
*� �›�Ô�`�o�M�”�{�ª�f�§�=

�³�Æ�æ�¦�p�x�z	ý�F�q�»�Ö�—�w
ÿ�C�q�æ�®�~�m�d�M�²�w�H
M�t�‘�“�z
ï�¹�A�‹�U�q	Ý�¡�Ë�³�Æ�æ�¦�‘�“�‹	Í	ü

�•�b�”�{�‡�h�z 11 �T�D	*�8� �Õ�ï�Ä�t�m�M�o�x�z� �Õ�ï�Ä�D�t�°�Ì�$�s�X�j���ˆ�U
\�a�”�°�M�p�z�f�w�™�w�6

���®�=�®�L�t�‘�“
æ
ü�$�s�s
î�U
¯�q�^�•�”�{

359



18.4. TAD-DB �w�±�Ò�µ�«�æ�Ó�³�ã�ï�q�»
ü
s�•�w�&�;


$ 18.19 �q	Ý�¡�Ë�³�Æ�æ�¦�q�ª�f�§�=�³�Æ�æ�¦�t�S�Z�”���®�q�»
: N (t) �q�°
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18.5 TAD-DB �w�°
`�=�q�d�º�6�Ï
R

�Š
…�p�x�z
²
…�‡�p�t�Ô�`�h
��±�ˆ�6�•�±�Ò�µ�«�æ�Ó�³�ã�ï�q�»
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`�$�s�î
Ê�ˆ�q�`�o���Ü�=�b�”�{

�Ž�<�p�x�z�0�¯�¥�„�Ö�—

g(T; T) = G(T) (18.42)
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19.1. �,�Š�M���Ü�q�D�¹�=	��O

19.1 �,�Š�M���Ü�q�D�¹�=	��O

�Š	·�p�x�z�d�º	Ý�6 g(t; T ) �w�Ì��
C�2�›�G	\�b�”�,�Š�M���Ü�q�`�o�z�Ž�<�w�°�Í
¢���M���Ü�›�;�M�”�{

@
@t

g(t; T ) = � � (t; T ) g(t; T ) + Gbulk (t; T ) (19.3)

�\�\�p�z � (t; T ) �x
\
R�Ì�� T �t���R�b�”
R
ü�w	«�Ó�p�›
¯�`�z�0�¯�¥�„�Ö�— g(T; T) = G(T) �t�| Gbulk (t; T )

�x�Ì�� t �t�S�Z�”�™�…�ò�›
¯�b�{

�Ü (19.3) �x�z�d�º
R
ü�U�Ì���w�&�a�q�q�‹�t	«�æ�`�m�m�z	ý�h�s
R
ü�U�™�…�^�•�”�q�M�O�,�Š�$�a���›�7�‹

���?�s���p�G	\�`�o�M�”�{�Š	·�p�x�z�¦�„�ò�•
‡
¢��
ì�“�^�;�ò�›���‡�s�M�7	–�Þ�Ã�ç�q�`�o�z�\�w���Ü�›�>

�;�b�”�{�Í�w
ï�”

N (t) =
Z t

�1
g(t; T ) dT (19.4)

�›�;�M�”�q�z
Y�F�=�µ�S�x

p(t; T ) =
g(t; T )
N (t)

(19.5)

�t�‘�l�o���[�^�•�”�{ p(t; T ) �x�z�Ì�� t �t�S�Z�”�d�º
R
ü�w
ì�0�$�Ï
R
z�›
¯�b�”�p�K�“�z�Š	·�t�S�Z�”	��A

�s�r
s�0	Å�p�K�”�{

�Ü (19.3) �x�z�Ž�<�w���Ü�r�›�Ë�m�{

g(t; T ) = G(T) exp
�

�
Z t

T
� (s; T) ds

�
+

Z t

T
Gbulk (�; T ) exp

�
�

Z t

�
� (s; T) ds

�
d� (19.6)

�\�w
¯�Ü�x�z�¤�d�º
R
ü�U
\
R�™�t�¦
:�$�t�n
0�`�s�U�’�•
u�^�•�”�a���›
¯�`�o�M�”�{

�›�t�z
\
R�U	��q�`�o�0�¯
¢ T = t �Ù�c�p
\�a�”	Ô�ù�z�0�¯�¥�„�Ö�—�q�`�o

g(T; T) = G(T) (19.7)

�q�s�”�{�\�w	Ô�ù�z�d�º�Ï���w�,�Š�$���¨�x�0�¯
¢�M�²�t��
R�^�•�z�f�w�™�w�¼�=�a���t�‘�l�o�•���$��	Ý�U

�>���^�•�”�{�‡�h�z	«�Ó�p�x���X�w	Ô�ù�z�å�¸

a = t � T (19.8)

�w��
:�q�`�o�)�Q�’�•�”�{

� (t; T ) = � (a) (19.9)

�\�w�>���w�‹�q�p�x�z�d�º�Ï���x�å�¸�‘���$�t
T�g�^�•�z	j��	×	Ý�6�t�S�M�o�x p(t; T ) = p(a) �q�M�O���U�î

�q�^�•�”�{

�Š	·�p�x�z�d�º
ü
Í�w�D�¹�=	��O�q�`�o�z (t; T ) ���Ø	Í�t�S�Z�” p(t; T ) �w�Î�”�Ä�Ú�¿�Ó
¯�Ô�›�;�M�”�{�#

�à�t�
���Ì�� t �z	N�à�t
\
R�Ì�� T �›	��“�z�¤�:�w	í�t�‘�l�o p(t; T ) �w�G�V�^�›
¯�q�b�”�{�\�w
¯�q�t�‘�“�z

�d�º�Ï���w
¶�.
þ�q�Á	t�$�›�Ã�›�‰�Ì�t�ú�r�b�”�\�q�U�D�ó�q�s�”�{

�Î�”�Ä�Ú�¿�Ó	Í�p�x�z�0�¯
¢�M�²�w�Ï���z	N�M�²�S�‘�|�#�M�²�w
Œ���z�Á	t�$�s	B�¤�3�z�¦�„�$�¿�U�“�s�r

�U�Ì�Ž�t�q�•�”�{�\�•�’�w�2�?�$�›�Ã�x�z�™�…�ò g(T; T) = G(T); Gbulk (t; T ) �q	«�Ó�p � (t; T ) �w
Ê�ù�d�t�0

� �`�o��
R�^�•�”�‹�w�p�K�“�z�d�º�ˆ�¶�w�¦
ª�q�`�o�r	
�^�•�”�{

�Ž�<�p�x�z�\�w�D�¹�=	��O�t�,�n�V�z�E
¯�$�s�d�º�•���›�á�m�w�,�Š�¨���q�`�o
ü�¨�`�z�f�•�g�•�w
:�g�$
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�I�o�q�Ï���$�›�Ã�›�%�w�$�t�r
s�b�”�{

19.2 TAD �•���w�E
¯�$���Í�»�”�ï

19.2.1 �0�¯
¢	Í�w
ˆ�����¢���Ì
¶�”�Â�p�£

�Š�¨���x�z�d�º
ü
Í�U�0�¯
¢ T = t 	Í�t�w�ˆ	B�¤�b�”�Ã�v�$�Ï���p�K�”�{�b�s�˜�j�z�d�º�U�•
u�^�•�c�z
\


R�q�‰�Ì�t
¶�”�U���Ì�$�t�Â�“�p�o�’�•�”	Ô�ù�t�0� �b�”�{


:�g�$	Ú�E

�™�…�ò�U�0�¯
¢	Í�t�w�ˆ���O�`�z

g(T; T) = G(T) (19.10)

�q�)�Q�’�•�z�T�m�d�º
R
ü�U�-�Ë�^�•�s�M�Ã�v

� (t; T ) ! 1 (T < t ) (19.11)

�›�ß�Q�”�{

�\�w�q�V�z�Ü
@
@t

g(t; T ) = � � (t; T )g(t; T ) (19.12)

�w�r�x
ü
Í�w�™�¯�p

� (t; T )g(t; T ) = G(T) � (t � T) (19.13)

�q�s�”�{


Y�F�=�µ�S


Y�F�=�µ�S�x�H��	·�‘�“�z

p(t; T ) = � (t � T) (19.14)

�q�s�”�{

�•���$�›�Ã

�Î�”�Ä�Ú�¿�Ó	Í�p�x�z T = t �w�0�¯
¢�t�
�l�o
ï�¸�é�w�ö�M�F�U�q�j�z�f�w���w�–�¬�x�ì
¶�t�¸�é�q�s�”�{

�\�•�x�d�º�U
¶�X�-�Ë�^�•�s�M�%�t�0� �`�z�•
u�Ï���›�Ë�h�s�M�Ã�v�$�•���p�K�”�{

�\�w�Ï���x�z�d�º�µ�Ä�¿�«�U���O�`�s�M	m
.�s���Ì
S� �%�z�K�”�M�x�ì
¶�t�y�8�$�s�G�1�`�T�Ë�h�s�M�%�›


¯�q�b�”�{�î�M�w�%�p�x���v�w
ï�›�Ë�m�Ù�Å���U�q�•�”�U�z�Š�¨���x�d�º�•���w�,	j�Ã�v�q�`�o�g�æ�$�t	O�A

�p�K�”�{


$�w
†�Ì


$ 19.1 �x�Ü (19.14) �t�0� �b�”�Î�”�Ä�Ú�¿�Ó�›�Ô�b�{�#�à�t�
���Ì�� t �z	N�à�t
\
R�Ì�� T �›	��“�z T = t

	Í�t�w�ˆ�ô�§�S�U�q�•�”�{�\�•�x�d�º�•���w�,	j	Ý�6�q�`�o�z���w�¨���q�w
z�±�,
k�›�)�Q�”�‹�w�p�K�”�{
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$ 19.1 �0�¯
¢	Í�w
ˆ�����¢���Ì
¶�”�Â�p�£

19.2.2 �0�¯
¢�t���æ�s�§�”�Â�ï���¢	j��	×���£

�Š�¨���x�z
Y�F�=�µ�S�U�å�¸ a = t � T �w�ˆ�t�‘���`�z

p(t; T ) = p(a); a = t � T (19.15)

�q�M�O���p
¯�^�•�”	j��	×	Ý�6�t�0� �b�”�{�Î�”�Ä�Ú�¿�Ó	Í�p�x�z�0�¯
¢ T = t �t���æ�s�s�ô
¢�U��
R�^�•�z

�§�”�Â�ï	Ý�w�ö�Ï���q�`�o�
���^�•�”�{


:�g�$	Ú�E


\
R�U�0�¯
¢	Í�p
\�a�z

g(T; T) = G(T) (19.16)

�p�)�Q�’�•�”�q�b�”�{�‡�h�z	«�Ó�p�U�å�¸�w�ˆ�t�‘���`�z

� (t; T ) = � (a) (19.17)

�q
¯�^�•�”	Ô�ù�›�ß�Q�”�{�\�w�q�V�z T 
R
ü�x
\
R�™�w�&�a�Ì�� a �w�ˆ�t�‘�l�o�n
0�b�”�{
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�d�º
ü
Í�w��

�Ü (19.3) �w���Ü�r (19.6) �t (19.16) �›�E�Ö�b�”�q�z t0 ! �1 �w	G
ü�Õ�Ì���Ã�v�t�S�M�o�z
ü
Í�w�™�¯�p

g(t; T ) = G(T) exp

 

�
Z t � T

0
� (s) ds

!

1f T � t g (19.18)

�›�˜�”�{�\�\�p 1f T � t g �x T � t �›
¯�b�¦�Ô��
:�p�K�”�{


Y�F�=�µ�S�q�§�”�Â�ï�Ï��


ï�”�x

N (t) =
Z t

�1
G(T) exp

 

�
Z t � T

0
� (s) ds

!

dT =
Z 1

0
G(t � a) exp

�
�

Z a

0
� (s) ds

�
da (19.19)

�p�K�”�{	j��	×���q�x�z�Ö�—�§�S�U�
���µ�­�”�ç�p�„�…�°���z�b�s�˜�j

G(t � a) � G(t) (19.20)

�U
R�“�q�m	Ý�¯�›�¦�b�{�\�w�q�V

N (t) � G(t)
Z 1

0
exp

�
�

Z a

0
� (s) ds

�
da (19.21)

�q�s�“�z
Y�F�=�µ�S�x

p(t; T ) = p(a) �
exp

�
�

Z a

0
� (s) ds

�

Z 1

0
exp

�
�

Z u

0
� (s) ds

�
du

; a = t � T (19.22)

�q�s�”�{�È�%�x a �w�ˆ�w��
:�p�K�“�z�Î�”�Ä�Ú�¿�Ó	Í�p�x a = const: �w�Ú
¢�z�b�s�˜�j�0�¯
¢�t���æ�s�s�‹


¢�U
\�a�”�{

�•���$�›�Ã

�§�”�Â�ï���w�Š�í�x�z�d�º�•���w���U�Ö�—�w�Ì���!�ˆ�t�‘���d�c�z	«�Ó�p � (a) �w�ˆ�t�‘�l�o�>�‡�”�:�t�K

�”�{�›�t � (a) = � 0 �U��
:�s�’

p(a) = � 0e� � 0 a (19.23)

�q�s�“�z�0�¯
¢�T�’�w�‘�m�t�0�`�o�¦
:�$�t�n
0�b�”�7�‹�,�Š�$�s�§�”�Â�ï�U�˜�’�•�”�{


$�w
†�Ì


$ 19.2 �x�Ü (19.22) �t�0� �b�”�Î�”�Ä�Ú�¿�Ó�›�Ô�b�{�0�¯
¢ T = t �t���æ�s�ö�Ï���U�q�•�z a = t � T �U�°

���p�K�”�M�²�t�
�l�o�‰�°�w�§�S�U
ü
Í�b�”�{�\�•�x	j��	×�Ö�— (19.20) �w�‹�q�p�z�d�º�Ï���U�å�¸ a �w�ˆ�p

�G	\�^�•�”�\�q�›�D�¹�=�`�o�M�”�{
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$ 19.2 �0�¯
¢�t���æ�s�§�”�Â�ï���¢	j��	×���£

19.2.3 �•�º���¢�#
Œ���Ï���£

�Š�¨���x�z�Î�”�Ä�Ú�¿�Ó	Í�t�S�M�o t �à�t�„�…���æ�s
Œ���Ï���U��
R�^�•�”���p�K�”�{�0�¯
¢�Ù�c�w�ˆ�s�’

�c�z�›���w
\
R�Ì���3�t�0� �b�”
R
ü�U�Õ�8�t�˜�h�l�o�-�Ë�^�•�”�\�q�t�‘�“�z�#�M�²�t�È���`�h�ô�µ�S�3�U


\�a�”�{�\�w�Ï���x�z
��±
ü
Í�•
Ê	ë�Ï
R�w
ü
s�t�S�M�o�f�¶�t�
���^�•�”�{


:�g�$	Ú�E

�™�…�ò�U�0�¯
¢	Í�p�)�Q�’�•�”�q�q�‹�t�z

g(T; T) = G(T) (19.24)

	«�Ó�p�U
\
R�Ì���t�‘���`�o

� (t; T ) = � (T) (19.25)

�q
¯�^�•�”	Ô�ù�›�ß�Q�”�{�\�w�q�V�z�d�º
R
ü�w����
Q�x
\
R�Ì�: T �t�‘�l�o�%�w�$�t�Ÿ�s�”�{

�d�º
ü
Í�w�Ï��

�Ü (19.6) �‘�“�z T � t �t�0�`�o

g(t; T ) = G(T) exp(� � (T)( t � T)) (19.26)
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�›�˜�”�{

�\�w
¯�Ü�T�’�z � (T) �U	–�^�M�–�¬�t�0� �b�”
\
R�Ì���3�p�x�z
R
ü�U�Õ�Ì���t�˜�h�l�o�’���b�”�\�q�U
ü

�T�”�{ * 1�`�h�U�l�o�z�f�w�–�¬�t�0� �b�” T �t�
�l�o�z t �M�²�t	ó�|�”�ô�µ�S�3�U��
R�^�•�”�{


Y�F�=�µ�S


ï�”�x

N (t) =
Z t

�1
G(T) exp(� � (T)( t � T)) dT (19.27)

�p�)�Q�’�•�”�{�\�•�‘�“

p(t; T ) =
G(T) exp(� � (T)( t � T))

Z t

�1
G(u) exp(� � (u)( t � u)) du

(19.28)

�q�s�”�{

� (T) �U�›���w�–�¬�p	–�^�M	Ô�ù�z�0� �b�” T �t�
�l�o p(t; T ) �U�Ë���$�t�G�V�s�‹�›�q�“�z�#�M�²�w
Œ��

�Ï���U
\�a�”�{

�•���$�›�Ã

�•�º���w�Š�í�x�z�d�º�w�-��
Q�U
\
R�Ì�:�t�‘�l�o�Ÿ�s�”�:�t�K�”�{�\�•�x�z�›��
H�E�•�›���Ì�8�t
\
R�^

�•�h
R
ü�U�z
M�S�$�z�þ�q�$�z�Ï���$�A�¼�t�‘�l�o�Õ�8�t�-�Ë�^�•�”	Ý�¯�›
S�é�`�o�M�”�{


��±
ü
Í�t�S�M�o�
���^�•�”�‚�t
H�E�•�Õ�Ï�”�Ò�”�Ü
H�E�w�’���Ï���x�z�Š�¨���w�/���«�p�K�”�{


$�w
†�Ì


$ 19.3 �x�Ü (19.28) �t�,�n�X�Î�”�Ä�Ú�¿�Ó�›�Ô�b�{
ˆ�0�‹�w p(t; T ) �p�x�¹�®�$�t
ü�T�“�t�X�M�w�p�z�0
:

�›�q�l�o�M�”�{�›���w
\
R�Ì���3�t�
�l�o�z t �à�M�²�t�È���b�”
Œ���Ï���U��
R�^�•�o�S�“�z�\�•�U�•�º���•

���t�0� �`�o�M�”�{

* 1 �î�M�t�H 18 	·�w
��±�w�-�p�x�z
R	Y�`�h�þ�q�t�S�Z�” � �¢�®�b�p�£�x�ô�¸�3�Ž�Ž�w�¯�×�”�Ä�p�x	–�^�s�‹�t�s�”�{
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$ 19.3 �•�º���¢�#
Œ���Ï���£

19.2.4 
+���…
Ú���¢� �Õ�ï�Ä�ª�Ï���£

�Š�¨���x�z�›���w
\
R�Ì�� T = T0 �t�
�l�o�ô�µ�S�3�U��
R�^�•�z�Î�”�Ä�Ú�¿�Ó	Í�p�#�M�²�w�ª�q�`�o�
��

�^�•�”���p�K�”�{�\�•�x�z�K�”�›���w�Ì�:�t�0� �b�”�d�º
R
ü�U�'���$�t�™�…�^�•�”�z�‡�h�x�°�S
\
R�^�•�h


R
ü�U�Õ�8�t�˜�h�l�o�§
��$�t�’���b�”	Ý�¯�›
¯�b�{


:�g�$	Ú�E

�™�…�ò�U�›���w
\
R�Ì���t	B�¤�`�z

Gbulk (t; T ) = A(t) � (T � T0) (19.29)

�q�)�Q�’�•�”	Ô�ù�›�ß�Q�”�{�\�\�p A(t) � 0 �x� �Õ�ï�Ä
Ú�w�™�…�§�S�p�K�”�{	«�Ó�p�x�°
`�t

� (t; T ) = � (a) �‡�h�x � (t; T ) = � (T) (19.30)

�q�`�o�‘�M�U�z�Š�¨���w�2�?�¶�$�›�Ã�x	��q�`�o�™�…�ò (19.29) �w	B�¤
Q�t�‘�“�>�‡�”�{
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�d�º
ü
Í�w�Ï��

���Ü�r (19.6) �‘�“�z

g(t; T ) =
Z t

T
A(s) � (T � T0) exp

�
�

Z t

s
� (u; T ) du

�
ds + G(T) exp

�
�

Z t

T
� (u; T ) du

�
(19.31)

�›�˜�”�{�`�h�U�l�o�z	G
ü�Õ�Ì���™�t�x	s�8	Ú�E�w�/�)�U�n
0�`�z
ü
Í�w�™�¯�p

g(t; T ) = B (t) � (T � T0) (19.32)

�q�M�O�#�M�²�w	B�¤�Ï���U��
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‡
Û��
:
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Y�F�=�µ�S


ï�” N (t) =
Rt

�1 g(t; T ) dT �›�;�M�”�q�z (19.32) �T�’

p(t; T ) = � (T � T0) (19.33)
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R�Ì�� T0 �t�
�l�h�ª�Ï���U�-�Ë�^�•�”�{

�•���$�›�Ã
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$ 19.4 �x�Ü (19.29) �t�,�n�X�Î�”�Ä�Ú�¿�Ó�›�Ô�b�{�D�¹�=�w�h�Š log10(p(t; T ) + ") �›
¯�Ô�`�z T = T0 �t

�
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19.2. TAD �•���w�E
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$ 19.4 
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R�U�0�¯
¢	Í�p
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g(T; T) = G(T) (19.34)

�q�)�Q�’�•�”�q�b�”�{�^�’�t�z�™�…�§�S�U	*�8��
:�q�`�o

G(t) = G0
�
1 + � sin(!t )

�
; 0 < � < 1 (19.35)

�q
¯�^�•�”	Ô�ù�›�ß�Q�”�{�‡�h�z	«�Ó�p�x�å�¸�w�ˆ�t�‘���`�z

� (t; T ) = � (a); a = t � T (19.36)

�q�b�”�{
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19.2. TAD �•���w�E
¯�$���Í�»�”�ï

�d�º
ü
Í�w�Ï��

�Ü (19.6) �t (19.34) �›�E�Ö�b�”�q�z T � t �t�0�`�o

g(t; T ) = G(T) exp

 

�
Z t � T

0
� (s) ds

!

(19.37)
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e� � 0 ( t � T ) (19.38)
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�1
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Z t � T

0
� (s) ds

!

dT (19.39)
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p(t; T ) =

G(T) exp
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!

Z t
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�
�

Z t � u

0
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(19.40)
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$ 19.5 �x�Ü (19.40) �t�,�n�X�Î�”�Ä�Ú�¿�Ó�›�Ô�b�{�D�¹�=�w�h�Š log10(p(t; T ) + ") �›
¯�Ô�`�z�™�…	*�8�t

�0� �`�h�ö�Ï���U�0�¯
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$ 19.5 �þ�ò���¢	*�8�™�…�Ï���£
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¶
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:�g�$	Ú�E


\
R�x�0�¯
¢	Í�p
\�a�z

g(T; T) = G(T) (19.41)

�q�)�Q�’�•�”�q�b�”�{�°�M�p�z	«�Ó�p�U�
���Ì���t�§�X�‘���`�z

� (t; T ) = � 0(a) + � � exp
�

�
(t � tc)2

2� 2

�
; � � > 0 (19.42)

�q
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C
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�d�º
ü
Í�w�Ï��

���Ü�r (19.6) �‘�“�z

g(t; T ) = G(T) exp
�

�
Z t

T
� (u; T ) du

�
; T � t (19.43)

�›�˜�”�{�Ü (19.42) �w�H 2 �ò�x�z t � tc �t�S�M�o
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\
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c ; T) exp(� C); C =

Z 1
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� � exp

�
�

s2

2� 2

�
ds (19.44)
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Y�F�=�µ�S�q�³�ã�¿�«�3
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N (t) =
Z t

�1
g(t; T ) dT (19.45)
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p(t; T ) =
g(t; T )
N (t)

(19.46)
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$ 19.6 �x�Ü (19.43) �t�,�n�X�Î�”�Ä�Ú�¿�Ó�›�Ô�b�{�D�¹�=�w�h�Š log10(p(t; T ) + ") �›
¯�Ô�`�z t = tc �Ž�ñ

�t��
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19.3 ���¨���w
z�±
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