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Abstract

The particle filter (PF) is a powerful data assimilation method that does not assume

linearity or Gaussianity. However, its application to numerical weather prediction is limited

by the exponentially increasing number of particles required as the dimensionality of the

dynamical system rises. Although a local particle filter (LPF) achieves the PF in high-

dimensional systems through localization, the LPF remains unstable owing to its high

parameter sensitivity. In the PF, maintaining particle diversity is essential to prevent “weight

collapse,” and an inflation factor that smooths weights among particles is a crucial parameter

that should be optimized in the LPF.

Bayesian optimization (BO) is a method for parameter estimation that minimizes (or

maximizes) an objective function and is used for parameter optimization of neural networks.

This study discussed the benefits of using BO within the LPF framework. As a proof of

concept, we used BO to estimate the inflation factor that minimizes the root mean square

error between observations and forecasts in the Lorenz-96 40-variable model. The BO

quickly estimated the optimal inflation factor equivalent to the brute-force method, allowing

the LPF to work stably for a decade scale. Furthermore, our method demonstrated

robustness to changes in initial conditions and observations. In conclusion, using BO could

greatly reduce the burden and computational cost associated with parameter optimization.

The development of BO is expected to lead to further practical application of the LPF and

ultimately improve the accuracy of forecasts for torrential rainfall. The benefits of BO will
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eventually be demonstrated in experiments with atmospheric models aimed at the practical

application of the LPF.

Keywords: Local particle filter; Parameter estimation; Bayesian optimization; Gaussian
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1. Introduction

In chaotic dynamical systems, such as numerical weather prediction (NWP), a slight error

in the initial state can evolve into a major error. Data assimilation is a technique for estimating

analysis that is closer to the truth from forecast and observation and can improve forecast

accuracy using highly accurate analysis as the initial state. The ensemble Kalman filter

(EnKF; Evensen, 1994) and 4-dimensional variational method (e.g., Liu and Zou, 2001) are

currently the mainstream data assimilation methods, but they assume linearity of the

dynamical system and Gaussianity of the probability distribution. Therefore, when these

assumptions are unsatisfied—around cumulus convection and storm tracks—the optimal

analysis cannot be estimated (Kondo and Miyoshi, 2019).

Conversely, the particle filter (PF; Gordon et al., 1993) is an appropriate data assimilation

method for dynamical systems with strong nonlinearity because it does not assume linearity

and Gaussianity. However, as the PF estimates the analysis by resampling particles

(ensemble members) based on weights obtained from the likelihood of the observations,

“‘weight collapse” occurs in high-dimensional dynamical systems. Hence, PF requires a large

particle size that exponentially increases with the dynamical system dimensions (Snyder et

al., 2008). This requirement has been a bottleneck for its application to NWP.

Local particle filter (LPF; Penny and Miyoshi, 2016) achieves PF in high-dimensional

systems by reducing the dimensions of observations through localization. Spatial

localization is justified because distant correlations are spurious or weak compared to

4
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nearby correlations. If well applied, the LPF can estimate a more accurate analysis than the

EnKF with non-Gaussian observation errors, nonlinear observation operators, and sparse

observation networks (Poterjoy and Anderson, 2016; Poterjoy, 2016; Penny and Miyoshi,

2016).

However, the localization scale and inflation factor—smoothing weights among particles—

should be optimized in the LPF. In addition, because excessive resampling causes “weight

collapse,” adjusting the resampling frequency based on an effective sample size is critical.

Furthermore, a method for implementing the PF, which approximates the prior distribution

using a combination of Gaussian kernels centered at the value of each particle, has been

suggested. In this approach, the amplitude of the Gaussian kernel is a parameter that should

be optimized (Stordal et al., 2011). If the LPF does not optimize these parameters, it will

diverge (Kotsuki et al., 2022).

The parameters to be optimized and the computational cost of data assimilation

experiments are expected to increase with the improvement of LPF methods and the

advancement of systems for applying the LPF to operational NWP. The simplest way to

optimize the parameters is using the brute-force method (also known as manual tuning or

grid search). However, this method requires data assimilation experiments that increase

exponentially with the number of parameters. Therefore, an efficient optimization method is

needed.

One way to reduce computational cost is to replace the system response to the

5
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parameters with a surrogate model (e.g., Sawada, 2020). Bayesian optimization (BO;

Mockus, 1989) is a method for estimating the parameters that minimize (or maximize) an

objective function and is used for the parameter optimization of neural networks (Snoek et

al., 2012). As BO uses Gaussian process regression (GPR) to emulate the objective function,

it can efficiently explore a globally optimal parameter even when the relationship between

input (parameter) and output data (system response) is a black box or a nondifferentiable

multimodal function. In addition, it is easy to implement because BO works independently of

other systems.

The effectiveness of BO in the EnKF framework has already been demonstrated

(Lunderman et al., 2021). Therefore, this study aims to continue this line of work and

contribute to the practical application of LPF by solving the parameter optimization problem.

We validated the effectiveness with numerical experiments using the Lorenz-96 40-variable

model (L96: Lorenz and Emanuel, 1998).

This paper is organized as follows: Section 2 introduces the methodology, while Section

3 describes the experimental setup. Section 4 compares the estimation results using the

brute-force method and BO. Furthermore, the robustness of BO is investigated. Section 5

discusses the results and provides the prospects of BO, and Section 6 presents the

conclusion.
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2. Methods

a. Local particle filter (LPF)

The PF estimates the posterior distribution using the Monte Carlo method and Bayes’

theorem:

pelxy) p(xely1.e-1)

PYVelyi.e-1) ’ (D

p(x¢lyse) =

where p represents the probability distribution; p(x;|y,..) denotes the posterior distribution
of state variable x attime t (¢t = 1, ..., T) given all observations y up to time t; p(y;|x;) is the
likelihood of y given x; p(x;|y1..—1) is the prior distribution given all y up to one time step
before analysis time; and p(y;|y1.,-1) denotes the marginal likelihood of y, which can be
expressed as a constant computed by climate data in the NWP. The prior distribution can

be approximated using particles (or ensemble members) of the numerical forecast:

M

p(Xely1.e-1) = % Z S(Xt - T(xfh)) ) (2)

m=1

where m (m = 1, ..., M) denotes the indices of the particle, § is the Dirac delta function, and
F is the numerical model. The likelihood function is arbitrary; for example, if a Gaussian

distribution we used, it can be written as:

1 1 T,
POI) = Smenp | =5 (v = hx) R (7= )| 3
where o represents the dimension of y. In addition, R denotes the observation error

covariance matrix, and |R| is its determinant. h denotes the observation operator. The

weight of each particle is the normalized likelihood, computed for all particles as follows:
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m__ pelxd™)
Wi = M m’

where m' denotes the indices of particles for summation. The posterior distribution is

(4)

obtained by resampling each particle of the prior distribution in proportion to its weight:

Py = ) wis(x — FGI) 5)
m=1

The resampling method is also arbitrary. This study defined the analysis particles as the
sum of the transformation for perturbations of forecast particles and the mean of the forecast
particles:

X=X +6Xx'T, (6)
where X¢ denotes the analysis particles; X/ represent the mean of forecast particles; and
85X’ denotes the perturbation of forecast particles, where the column and row of X¢, X/, and
85X’ indicate the particle size and dimension of the numerical model, respectively. T denotes
the ensemble transform matrix, defined as a square matrix of order M. As resampling is
performed using the ensemble transform matrix in the LPF, the matrix markedly affects filter
performance (Farchi and Bocquet, 2018; Kotsuki et al., 2022). When the particle size is
sufficiently large, the ratio of resampled particle sizes will closely match the ratio of weights;
otherwise, the sampling error may become substantial.

In addition, the weights among grid points differ because varying observations are
assimilated at each grid point through localization. As the pronounced weight difference

causes spatial discontinuity, the ensemble transform matrix should satisfy a spatially smooth
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transition. Addressing the smoothing issue presents an interesting challenge. For example,
Kotsuki et al. (2022) addressed this problem by sorting the particles and creating an
ensemble transform matrix close to an identity matrix (see also Potthast et al., 2019). Our
resampling method is based on Algorithm 1 of Kotsuki et al. (2022) and uses stochastic
universal resampling instead of probabilistic resampling to reduce sampling error.
Furthermore, we used localization to limit the impact of observations within the local
domain to avoid “weight collapse” (Penny and Miyoshi, 2016; Kotsuki et al., 2022). This
localization method is applied by independently computing the analysis at every grid point,
similar to the local ensemble transform Kalman filter (Hunt et al., 2007). Specifically, it is
implemented by computing the Schur product of the observation error covariance matrix R
in Eq. (3) and the localization function L(r):
1 T
exp [~2 (e = h@)) RO (3 — k). Q
Here, the localization function approximates a Gaussian function (Gaspari and Cohn, 1999):

q\ . 10
L) ={exP|(—53 ifgs2 37, (8)

0 else

where q denotes the distance between the analysis grid point and the observation point and
r represents the standard deviation of the Gaussian function, defining the localization scale.
Observations beyond this scale, including its boundary, are not assimilated, while those
within the localization scale are weighted based on the localization function. Therefore, r is

the parameter that determines the localization scale and should be optimized.
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In addition, maintaining particle diversity is crucial to avoid filter divergence. Therefore,
we smoothed the weights among particles to prevent a few particles from occupying most
of the weights. We refer to this approach as inflation in this study:

w « Tw" +%,(OSTS1), 9
where t represents the inflation factor. If T is not 1, the weights w{* are smoothed, and all
particles have equal weights as 7 close to 0. However, if the original weights are used, the
LPF tends to diverge due to “weight collapse.” As T becomes smaller, the LPF deviates from
the PF but becomes more stable. Thus, the relationship between theoretical accuracy and
stability is a trade-off on the inflation factor . The LPF is markedly sensitive to this parameter,

as will be described in Section 4a.

b. Bayesian optimization (BO)

The BO estimates a parameter that minimizes an objective function through regression
with the GPR and evaluation using the acquisition function. The GPR assumes that a joint
distribution p(g) of S input data = = {74, 7,,...,75} and corresponding output data g =
{g(11),9(t3),...,g(15)} follow the multivariate Gaussian distribution N (u,K) . This
assumption is written as follows:

9~GP(n(0),K(z, 7)), (10)
where GP denotes the Gaussian process with the mean u and the covariance matrix K

defined as a square matrix of order S. The elements of covariance matrix K are the kernel

10
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function k(z,7"). As the kernel function was arbitrary, we used the Gaussian kernel with

added white noise as a general choice:

It —7'|2

6,

k(t,t'|0) = 6, exp <— ) + 056(t, T'). (11)
Here, the kernel function k(z,t") defines the correlation between any two data 7 and 7’ in
the input data . In addition, 8 = (64, 8,, 0;) denotes the positive hyper-parameters that
define the kernel function, while § represents the Dirac delta function. The GPR is updated
through regression and evaluation of the objective function. The new joint distribution of
output data g* given new input data t* is expressed as:
p(g’lt", D) = N (k/K™'g, k.. — kIK'k.), (12)
where D = (t,g) denotes the accumulated training data, k. is the similarity between the
new input data t* and the accumulated training data D. k., represents the similarity of the
new input data t* to themselves.
k, = (k(r*, 70, k(2 13), o k(2 75)) (13)
k.. = k(t", ). (14)
The hyper-parameters @ are optimized by maximizing the negative log marginal likelihood,
defined as follows:
logp(g17,0) = ~3 log(2m) ~ 5 loglKol ~ 5 67K3'g, 4s)
where K, denotes the covariance matrix that depends on 6, with elements determined by

the kernel function k(z,t'|0), and |K,| represents the determinant. The optimization method

can be either a numerical or gradient method. We used the Broyden—Fletcher—Goldfarb—

11
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Shanno algorithm (BFGS; Fletcher, 2000), following Mochihashi and Oba (2019). The

gradient of the negative log marginal likelihood defined by Eq. (15) is expressed as follows:

1 0 oK
dlogp(glt ):_t( ) (K; g)T 0

20 o (K'g), (16)

where " denotes the matrix of the same shape as the covariance matrix K,, and the
elements of the matrix are —k(r 7'|6), which is each element of the covariance matrix Ky
differentiated by the hyper-parameter 6 . Accurate regression and evaluation can be
expected by optimizing the hyper-parameters in each training cycle that new input data t*
is given.

The regression with GPR is described above. The evaluation of the objective function
using the acquisition function is then described. The acquisition function is a combination of
mean u and covariance K obtained through the GPR. Expected improvement (El) was used
as a general choice:

El(D) = (§—we(d) + ap(d), (17)
where g denotes the tentative optimal parameter that minimizes the objective function and
o represents the standard deviation, which is the square root of K. In addition, d denotes
the difference between the mean and tentative optimal parameter normalized by the
standard deviation (d = (§ — p)/o). Here, ® and ¢ are the normal cumulative distribution
function and the probability density function, respectively. The acquisition function is also
arbitrary. This study selected the Gaussian kernel defined by Eq. (11) and EI defined by Eq.

(17) for simplification. However, BO can be effective when appropriate functions are chosen

12
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or designed for specific problems. For example, when hyper-parameters have high

dimensionality, the Markov chain Monte Carlo method (Metropolis et al., 1953) rather than

the BFGS can obtain globally optimal parameters.
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3. Experimental Setup
a. Lorenz-96 40-variable model
We conducted an observing system simulation experiment (OSSE) using the L96 to
validate the effectiveness of BO in the LPF framework. The L96 is a toy model that simulates
atmospheric variables along certain latitudes. The time evolution of the atmospheric variable

is expressed as follows:

dx,

E = (xn+1 - xn—z)xn—l —Xp t F, (18)

where x and t denote the state variables and time, respectively, as described in Section 2a.
The subscript n(n=1,...,N) represents the grid point. Each term on the right side
represents the following: the first is advection, the second is diffusion, and the third is forcing
F. The shift of the grid point in the advection term expresses the nonlinearity of the
atmosphere. In the L96, a steady solution can be obtained, where 40 variables and the
forcing term F = 8 (Lorenz and Emanuel, 1998). Here, one variable is simulated at each grid
point in 40 grid points. The fourth-order Runge—Kutta scheme is used for time integration,
where forecast time step At = 0.01.

Observations are generated by adding Gaussian random noise N (0, 1) to truth, which is
a long-term integration of the L96. The observations are collected at all grid points and every
0.05 time units. We assume that the observed variables match the simulated variables and
that the observation errors are uncorrelated. In addition, as a gross error check,

observations are rejected if the difference between forecasts and observations exceeds 10

14
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times the observation error.

All observations are assimilated using the LPF with 256 particles over 11 years, where 0.2

time units correspond to one Earth day in terms of the error-doubling time for synoptic

weather. The initial particles are generated by the long-time integration of the L96 initialized

with random states.

b. Parameter optimization

We explored an optimal combination of the localization scale r and the inflation factor t

that yields the highest analysis accuracy in the LPF using the brute-force method. The

optimal combination was explored by computing the root mean square error (RMSE)

between the truth and analysis for varying r (1 < r < 10) in increments of 1 and 7 (0.1 <

7 < 1.0) in increments of 0.1. This study evaluated the benefit of BO by comparing the

parameters obtained through the brute-force method with those obtained using BO.

As BO estimates the parameter that minimizes the objective function, designing the

objective function appropriately is crucial. This study defined the objective function as the

forecast error of the LPF.

90 = ——z %i( (e, @) (19)

where g and t denote the RMSE and inflation factor, respectively, as described in Section

2b; y and h represent the observation and observation operator, respectively, as outlined in

15
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Section 2a; f,’;t is the mean of the forecast particle at nth grid point and tth time step.

As the truth cannot be obtained in a real atmosphere, we used the RMSE between
observations and forecasts. Furthermore, the observations are perturbed around the truth,
and the forecast error is expected to be smaller than the observation error in the first guess
but to grow larger than the observation error over time (Otsuka and Miyoshi, 2015).
Therefore, we evaluated forecast accuracy by comparing future observations and extended
forecasts. Extended forecasts are conducted for all particles.

In addition, although this study employed a perfect model, BO can estimate the parameter
considering model errors using the objective function, including the extended forecasts.
When the RMSE between observations and forecasts is used as the objective function, the
BO estimates the most fitting parameter for all observations within the experimental period.
Therefore, by extending the experimental period, the parameter for the long-term stable
work of the LPF can be estimated.

As future observations are not obtained in an online system because the analysis-forecast
cycle and training cycle are performed concurrently, we employed an offline system. Our
method is reasonable considering that the optimal parameters in the past are used for future
NWP. In addition, the length of the extended forecast was set to 0.4 time units based on the
error-doubling time.

As will be described in Section 4, we estimated only the inflation factor 7 with the fixed

localization scale r in BO. The offline system was implemented as follows:
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1) The OSSE was performed with the upper and lower limits of T to obtain initial training data.

2) The RMSE between observations and forecasts was computed.

3) The t that minimizes the RMSE was estimated using BO.

The overall flowchart of the offline system is shown in Fig. 1. The numbers associated with

each process correspond to those in Fig. 1.

Fig. 1

We provided BO with RMSE for T = 0.1 and 1.0 as the initial training data and repeated

the training cycle, which involved performing the OSSE with the estimated 7 and finding the

T that minimizes the RMSE using BO. In this experiment, we stopped the training cycle after

20 iterations were completed, and the 7 that minimized the RMSE within these training

cycles was employed as the optimal inflation factor by BO. The number of iterations is

determined based on the computational budget or fluctuation of the estimation. In the brute-

force method, r and t were individually divided into 10 parts. However, in the BO, r was

fixed, while T was divided into 100 parts to equalize the computational budget for parameter

optimization.

In the training cycle, the training data (inflation factor t) with the highest El was explored

preferentially. We set the standard deviation of the GPR to zero for the training data that had

already been explored to prevent revisiting the same data. If the standard deviation of the

GPR at the explored training data was not artificially set to zero, the same training data was

explored again, leading to BO stopping owing to rank deficiency in the inverse matrix

computation of the mean and covariance in Eq. (12).
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In this study, as the RMSE between observations and forecasts is defined as the objective
function, the BO estimation is influenced by the Gaussian noise used to generate the
observations. Therefore, we conducted 35 numerical experiments with different Gaussian
noises to investigate the robustness of the BO to observations. Some numerical experiments
satisfy a statistically significant number of samples with a 95% confidence coefficient. We
also investigated the training cycles of the BO required to estimate the optimal z.

We set the initial values of the hyper-parameters in Eq. (11) to 6,,6,,and 85 =
el9 e%4 and €%, following Mochihashi and Oba (2019). However, changes in @ affect the
mean and covariance in Eq. (12) and El defined by Eq. (17) through the Gaussian kernel,
thus changing the BO estimation. Therefore, to investigate the robustness of the BO to @,
we experimented with the changed initial values of hyper-parameters 6,,6,,and 6; =
1.0,1.0,and 1.0.

Note the following difference. The BO estimates 7 that minimizes the RMSE between
observations and forecasts; however, we evaluated the estimation accuracy using the
RMSE between the truth and analysis. Statistics are computed for 10 years after a one-year

spin-up.
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4. Results

a. Optimization using the brute-force method

Initially, we optimized the parameters using the brute-force method. Figure 2 shows the

Fig. 2

contours of analysis accuracy in the LPF with each localization scale r and inflation factor .

The optimal combination was obtained when r = 3 and 7 = 0.4; the RMSE was 0.276.

Furthermore, the combinations that yield equal analysis accuracy were obtained within

r(2<r<7)andr (0.3 <t <0.5). Notably, if r was smaller than 0.2, the RMSE was almost

constant even when r was varied. This result means that the LPF hardly assimilates the

observations in cases where t was smaller than 0.2. In addition, if ¢ was larger than 0.4, the

LPF diverged rapidly, and the allowable range of r became smaller as t increased. This

result suggests that “weight collapse” is likely to occur when t is greater than 0.4, and it is

necessary to reduce the dimensionality of the observation through localization.

Overall, the LPF is markedly sensitive to t but not so much to r, making it crucial to set t

appropriately to improve analysis accuracy. Therefore, we estimated only t and fixed r in

subsequent experiments.

b. Optimization by BO

Next, we optimized the parameters using BO. Figure 3 shows the variation of estimated

Fig. 3

7, the RMSE between observations and forecasts, and the El across each training cycle.

This figure illustrates a case with the highest analysis accuracy among 35 numerical
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experiments with different observations. In the 4th training cycle, the estimation matched the

optimal inflation factor found using the brute-force method and fluctuated around this optimal

value in the subsequent training cycles. In addition, the RMSE was almost constant, and the

El decreased in subsequent training cycles. Thus, BO can estimate the optimal inflation

factor equivalent to the brute-force method in several training cycles.

Among the 20 training cycles, the optimal inflation factor determined by BO was obtained

in the 12th cycle, with T = 0.44 and an RMSE of 0.274 between the truth and analysis (the

RMSE between the truth and analysis is not shown in Fig. 4). The slight difference from the

optimal inflation factor t = 0.4 determined by the brute-force method is because 7 was

divided into 10 parts in the brute-force method but 100 parts in the BO.

We further investigated the BO estimation results in terms of the GPR. Figures 4a-d show|

the mean and standard deviation (95% confidence interval) of the GPR and the El in each

training cycle corresponding to Fig. 3. In the Oth training cycle (Fig. 4a), only the RMSE

between observations and forecasts with t = 0.1 and 1.0 were given as the initial training

data. At Tt = 0.1 and 1.0, the standard deviation was zero, attributed to a treatment to

activate BO. The standard deviation implies the uncertainty of the regression. However, the

relationship between 7 and RMSE is unique, and no uncertainty exists if the settings of the

data assimilation experiment are identical. Therefore, this treatment is appropriate. In

addition, the LPF diverged with both 7 = 0.1 and 1.0. However, the RMSE with 7 = 1.0 was

larger, causing the GPR to become a rightward monotonically increasing function. In this

20
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training cycle, the El was the maximum at around t = 0.1 , with the GPR mean being the

minimum.

In the 4th training cycle (Fig. 4b), the GPR became a downward convex function and the

standard deviation in T > 0.5 was slightly larger than elsewhere. The major change in the

GPR was caused by the training data at t = 0.33, which was explored in the 3rd training

cycle. As the entropy of the training data up to the 2nd training cycle was small, the 3rd

training data was explored. The El shape was similar to a Gaussian function, with a

maximum around 7 = 0.4. In addition, the El peak moved from 0.11 to 0.12, 0.33, 0.41, and

0.4 in the Oth—4th training cycle. This result reflects an intention to explore t > 0.5, which

contains some unknown data, and to exploit around 7 = 0.1, which had the minimum GPR

in the previous training cycles. Furthermore, the standard deviation of the overall GPR and

El decreased as the training cycle progressed. This indicates that the regression accuracy

of the GPR improved with the accumulation of training data, and the newly obtained entropy

decreased.

In the 12th training cycle (Fig. 4c), the overall shape of the GPR did not change noticeably,

but the standard deviation was smaller than in the previous training cycles. Although the

training data were intensively explored around 7 = 0.4, the entropy from these training data

in the 4—12th training cycles was small, and the BO estimation fluctuated around 7 = 0.4.

Exploitation was emphasized over exploration because the El was further reduced, resulting

in two comparable peaks around t = 0.4.
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The 20th training cycle (Fig. 4d) is also shown for reference, but no notable change

occurred between the 12th and 20th training cycles. Although the two comparable peaks

merged into one, this occurred because the focus gradually shifted to exploring T > 0.5. As

we avoided reusing the same training data, an excessive number of training cycles could

lead to exploring the training data far from the optimal inflation factor. Based on these results,

the next experiment investigated the necessary and sufficient number of training cycles.

We investigated the robustness of the BO for the different observations. Figures 5a and b

Fig. 5

show the box-and-whiskers of inflation factor T and the RMSE between truth and analysis

for the various observations. The quantiles of 7 fluctuated only about 0.1 with changing

observations, indicating that BO is a robust method. As the training cycle progressed, the t

estimation fluctuated around the optimal inflation factor determined by the brute-force

method, while the RMSE remained nearly constant. This result reflects that some range in

T yields optimal analysis accuracy (see Fig. 2). In addition, the median of 7 tends to shift

from the optimal inflation factor. This result reflects a feature of BO that involves “exploration

and exploitation” (acquiring unknown data and estimating based on accumulated training

data, unlike gradient methods such as Newton’s method) and thus explored distant t as the

training cycle increased (see Figs. 4a-d). However, this feature is not a disadvantage for

practical use because operational NWP is conducted with the parameters that yield the

highest analysis accuracy within the training cycles. The outliers of 7 are training data

obtained through exploration, and the result of having only one outlier in each training cycle
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through 35 numerical experiments indicates BO stability. Furthermore, the large whiskers of

7 and RMSE in the 5th training cycle became smaller in the 10th and 15th training cycles

but became larger again in the 20th training cycle, indicating that approximately 10 or 15

training cycles are sufficient to estimate the optimal t.

We also investigated the robustness of the BO for the initial value of hyper-parameter 6.

Fig. 6

Figure 6 is similar to Fig. 3 but with different initial values. Notably, the same optimal inflation

factor as in Fig. 3 was obtained in the 13th training cycle. As changes in the initial values of

hyper-parameters and the optimization method affect “exploration and exploitation,” the path

to the optimal inflation factor has changed. However, the final estimation result remains the

same, indicating that BO is a robust method.

Figures 7a-d is similar to Figs. 4a-d but with different initial values. In the Oth training cycle

Fig. 7

(Fig. 7a), no notable difference from Fig. 4a is observed. However, in the 4th training cycle

(Fig. 7b), the mean and standard deviation of the GPR considerably differed from Fig. 4b

and the training data around t = 0.1 was still being explored. Conversely, in the 12th training

cycle (Fig. 7c), the training data away from the optimal inflation factor were explored. Notably,

the transition of the standard deviation between the training data with a standard deviation

of zero and the unknown data was smooth, and this is noticeable around T = 0.6 and 1.0 in

Fig. 7(c). Although the training cycle is different, this difference in smoothness was clear

when compared to around T = 0.4 and 1.0 in Fig. 4(b). This difference suggests that

changing the initial value of hyper-parameters influences GPR regression accuracy.
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Although difficult to interpret, further investigation of the GPR changes caused by the hyper-

parameter changes could provide new insights. In addition, the smaller standard deviation

and El than in Fig. 4c indicate that entropy was efficiently obtained from the unknown data.

In the 20th training cycle (Fig. 7d), the standard deviation and El were further reduced

because the training data at t = 0.86 was explored.

Finally, we evaluated BO estimation accuracy. Figure 8 shows the time series of the RMSE

Fig. 8

between the truth and analysis and the ensemble spread with the optimal inflation factor T =

0.44 determined by the BO. With the RMSE around 0.3 and the ensemble spread around

0.5, the BO contributed to stabilizing the LPF over a decade scale. However, when t was

not optimized, such as t = 1.0, the RMSE was greater than 1.0, and the ensemble spread

was around 0.1 (not shown), indicating that the LPF diverged owing to “weight collapse.” As

the LPF did not work with T = 1.0, even with 32768 particles, the ability of BO to optimize t

is extremely important regarding the computational cost.
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5. Discussion

This study estimated only the inflation factor t using the L96 as a proof of concept.

However, it is possible to simultaneously estimate the optimal localization scale, resampling

frequency, and amplitude of the Gaussian kernel. In addition, if online optimization can be

realized, the practicality of the LPF will be dramatically improved.

A simple kernel function is sufficient for single-parameter optimization. However,

multiparameter optimization increases the dimension of input parameters in the objective

function defined by Eq. (19), making regression using the GPR challenging. In this case,

combining multiple kernel functions may be required to increase the expressiveness of the

GPR. However, as the number of hyper-parameters increases, 6 tends to fall into a local

solution of the likelihood defined by Eq. (15). Therefore, the estimation accuracy of the BO

is expected to decrease. Hence, choosing on the initial value of hyper-parameters and the

optimization method would be important in multiparameter optimization.

In addition, changing the initial value of hyper-parameters led to the exploration of training

data away from the optimal inflation factor, and the entropy was efficiently obtained from the

unknown data. Based on this result, employing approaches where initial training data are

given at equal intervals—such as Latin hypergeometric sampling (McKay et al., 2000) and

Sobol sequence (Sobol, 1967)—could efficiently estimate the optimal inflation factor. The

importance of this approach increases as the number of parameters to be optimized

increases. Furthermore, in this study, the BO could estimate the optimal inflation factor even
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if T, which diverges the LPF as the initial training data, were given. This BO feature is useful

in enhancing LPF utility.

Furthermore, with a decreasing number of particles, the conditions under which the LPF

works become increasingly severe, making estimation by BO challenging, similar to

multiparameter optimization. Additionally, as the optimal parameters are not uniform for all

domains in the advanced model, estimating the parameters by dividing the domains into

patches is appropriate.

The BO is effective because it efficiently explores a globally optimal parameter, even when

the input and output data relationship is a black box function or a nondifferentiable

multimodal function. However, as the relationship must be unique, the BO may only work

well if the parameters to be optimized are sensitive to the objective function (well-posed

problems). This feature, described in Section 3b, should be considered during BO

implementation.

In addition, when evaluating the BO estimation accuracy, the ensemble spread was

excessive in the LPF. This result was in contrast to the fact that the RMSE and the ensemble

spread almost match in the EnKF with a perfect model. The result indicates that the particles

become a wide-hemmed probability distribution owing to inflation. A departure between the

prior distribution and observations causes a “weight collapse” in the PF. Thus, the inflation

maintains the particle diversity by smoothing the weights among particles—widening the

hem of the original probability distribution. However, this treatment causes discrepancies
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502  between the RMSE and ensemble spread. Covariance inflation in the EnKF is used to

503  compensate for the underestimation of uncertainty due to the limitations of ensemble size

504  (Miyoshi, 2011). Similarly, inflation in the PF is equivalent and is considered a treatment for

505  a limited particle size.
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6. Conclusions

The PF is a powerful data assimilation method that does not assume linearity and

Gaussianity. However, the exponentially increasing number of required particles as the

dimensions of the dynamical system increase presents a bottleneck in its application to NWP.

Although the LPF achieves PF in high-dimensional systems through localization, the brute-

force method in this study reveals that the inflation factor T is more important than the

localization scale r for stabilizing the LPF. The high parameter sensitivity of LPF is not

negligible for its application to the NWP, and exploring the optimal parameters becomes

increasingly challenging as the number of parameters to be optimized rises.

To address this challenge, we employed BO to estimate the optimal inflation factor = that

minimizes the RMSE between observations and forecasts. As a result, the BO rapidly

estimated the optimal inflation factor equivalent to the brute-force method, allowing the LPF

to work stably for a decade scale. Furthermore, BO was robust to changes in the initial

values of the hyper-parameters and observations. Overall, using BO could greatly reduce

the burden and computational cost of parameter optimization and is beneficial as it allows

the LPF to work with a limited number of required particles using the optimal parameters.

Investigating the benefit of BO in data assimilation is crucial, and we hope that this study

will motivate the use of BO. The development of BO is expected to enhance the practical

application of LPF and ultimately improve the accuracy of forecasts for torrential rainfall. The

benefit of BO will eventually be demonstrated in experiments with atmospheric models,
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627 List of Figures

628  Fig. 1. Flowchart of Bayesian optimization (BO) within the local particle filter (LPF)

629 framework, where t (t = 1, ..., T) represents the time, g denotes the objective function,
630 and S is the number of input data (inflation factor) and corresponding output data (root
631 mean square error; RMSE). In the observing system simulation experiment (OSSE), the
632 observations are assimilated every 6 Earth hours (0.05 time units) using the LPF, and
633 the RMSE between observations and two Earth day (0.4 time units) extended ensemble
634 forecasts at the same time is calculated. This process in the objective function converts
635 the input data to the output data. In the BO, the input and output data relationship is

636 approximated using the Gaussian process regression, and the input data that minimizes
637 the objective function is estimated using the expected improvement. Then, the training
638 cycles, which involved performing the OSSE with the estimated input data, are repeated.
639 Note that BO optimizes the inflation factor in the LPF offline.

640

641  Fig. 2. Parameter dependence of root mean square error (RMSE) between the truth and

642 analysis of the local particle filter (LPF) with 256 ensemble members. The horizontal and
643 vertical axes show the localization scale r and inflation factor z, respectively. The
644 minimum error of 0.276 was obtained when r = 3 and 7 = 0.4 (the cross mark). “FILTER

645 DIVERGENCE” denotes the region with an RMSE of more than 1.0.
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666

Fig. 3. Summary of estimation results obtained using Bayesian optimization. The red line is

the root mean square error (RMSE) between observations and forecasts, the blue line is

the inflation factor t, and the green line is the expected improvement (El). The dashed

black line represents the optimal inflation factor using the brute-force method. The blue

dot shows the optimal inflation factor among the 20 training cycles.

Fig. 4. Estimation result of the relationship between the inflation factor = and root mean

square error (RMSE) (observations versus forecasts) using Gaussian process

regression (GPR). This figure corresponds to Fig. 3. The regression and its uncertainty

for the RMSE are obtained as the mean and standard deviation (95% confidence

interval) of the GPR. The blue line is the mean, the blue shades are the standard

deviations, the green line is the expected improvement (El), and the red dots are the

training data. (a)—(d) show the estimation results in the Oth (when only the initial training

data are given), 4th, 12th, and 20th training cycles, respectively.

Fig. 5. Summary of estimation results obtained by the Bayesian optimization (BO) for

different observations. (a) Box-and-whisker plot of the inflation factor z. The blue line

indicates the median, the box spans the first and third quartiles, the whiskers represent

the minimum and maximum values, and the dots are outliers. The dashed black line

shows the optimal inflation factor using the brute-force method. (b) Box-and-whisker plot
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686

of the root mean square error (RMSE) between the truth and analysis. The red line is
the median, although it is difficult to see owing to the slight statistical variation. The
dashed black line indicates the RMSE using the optimal inflation factor determined by
the brute-force method. Otherwise, it is as shown in (a). The outliers in (a) indicate
inflation factors with an RMSE greater than 1.0. As the limits on the vertical axes in (a)
and (b) are set to reflect each bound of the inflation factor and the RMSE, the outliers in

(b) are out of sight.

Fig. 6. Summary of estimation results obtained using Bayesian optimization. The red line is
the root mean square error (RMSE) between observations and forecasts, the blue line is
the inflation factor z, and the green line is the expected improvement (El). The dashed
black line represents the optimal inflation factor using the brute-force method. The blue
dot shows the optimal inflation factor among the 20 training cycles. In Fig. 3, the initial
values of the hyper-parameters in the Gaussian kernel were set to 6,,6,,and 6; =
el e%4 and e%1, but in Fig. 6, they were set to 6,,0,,and 6; = 1.0,1.0,and 1.0. Notably,

the vertical axis in the expected improvement (El) has been changed.

Fig. 7. Estimation result of the relationship between the inflation factor = and root mean
square error (RMSE) (observations versus forecasts) using Gaussian process

regression (GPR). This figure corresponds to Fig. 6. The regression and its uncertainty
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687 for the RMSE are obtained as the mean and standard deviation (95% confidence

688 interval) of the GPR. The blue line is the mean, the blue shades are the standard
689 deviations, the green line is the expected improvement (El), and the red dots are the
690 training data. (a)—(d) show the estimation results in the Oth (when only the initial training

691 data are given), 4th, 12th, and 20th training cycles, respectively. In Fig. 4, the initial

692 values of the hyper-parameters in the Gaussian kernel were set to 6,,6,,and 6; =
693 el9 e% and e%1, but in Fig. 7, they were set to 6,,0,,and 6; = 1.0, 1.0, and 1.0.
694

695  Fig. 8. Time series of the root mean square error (RMSE) between the truth and analysis

696 and the ensemble spread with the optimal inflation factor 7 = 0.44 determined by the
697 Bayesian optimization (BO). The red line is the RMSE and the blue line is the ensemble
698 spread. Note that the horizontal axis is the assimilation cycle, not the training cycle.
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Fig. 1. Flowchart of Bayesian optimization (BO) within the local particle filter (LPF)

framework, where t (t = 1, ..., T) represents the time, g denotes the objective function,

and S is the number of input data (inflation factor) and corresponding output data (root

mean square error; RMSE). In the observing system simulation experiment (OSSE), the

observations are assimilated every 6 Earth hours (0.05 time units) using the LPF, and

the RMSE between observations and two Earth day (0.4 time units) extended ensemble

forecasts at the same time is calculated. This process in the objective function converts

the input data to the output data. In the BO, the input and output data relationship is

approximated using the Gaussian process regression, and the input data that minimizes

the objective function is estimated using the expected improvement. Then, the training

cycles, which involved performing the OSSE with the estimated input data, are repeated.

Note that BO optimizes the inflation factor in the LPF offline.
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715  Fig. 2. Parameter dependence of root mean square error (RMSE) between the truth and

716 analysis of the local particle filter (LPF) with 256 ensemble members. The horizontal and
717 vertical axes show the localization scale r and inflation factor 7, respectively. The
718 minimum error of 0.276 was obtained when r = 3 and t = 0.4 (the cross mark). “FILTER

719 DIVERGENCE” denotes the region with an RMSE of more than 1.0.
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722 Fig. 3. Summary of estimation results obtained using Bayesian optimization. The red line is

723 the root mean square error (RMSE) between observations and forecasts, the blue line is
724 the inflation factor 7, and the green line is the expected improvement (El). The dashed
725 black line represents the optimal inflation factor using the brute-force method. The blue
726 dot shows the optimal inflation factor among the 20 training cycles.
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Fig. 4. Estimation result of the relationship between the inflation factor = and root mean

square error (RMSE) (observations versus forecasts) using Gaussian process

regression (GPR). This figure corresponds to Fig. 3. The regression and its uncertainty

for the RMSE are obtained as the mean and standard deviation (95% confidence

interval) of the GPR. The blue line is the mean, the blue shades are the standard

deviations, the green line is the expected improvement (El), and the red dots are the

training data. (a)—(d) show the estimation results in the Oth (when only the initial training

data are given), 4th, 12th, and 20th training cycles, respectively.
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740 (a} Box-and-whisker plots of inflation by BO when using different cbservations
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753

754  Fig. 5. Summary of estimation results obtained by the Bayesian optimization (BO) for

755 different observations. (a) Box-and-whisker plot of the inflation factor z. The blue line

756 indicates the median, the box spans the first and third quartiles, the whiskers represent
757 the minimum and maximum values, and the dots are outliers. The dashed black line

758 shows the optimal inflation factor using the brute-force method. (b) Box-and-whisker plot
759 of the root mean square error (RMSE) between the truth and analysis. The red line is
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767

the median, although it is difficult to see owing to the slight statistical variation. The

dashed black line indicates the RMSE using the optimal inflation factor determined by

the brute-force method. Otherwise, it is as shown in (a). The outliers in (a) indicate

inflation factors with an RMSE greater than 1.0. As the limits on the vertical axes in (a)

and (b) are set to reflect each bound of the inflation factor and the RMSE, the outliers in

(b) are out of sight.
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Estimation results of Inflation, RMSE, and El
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768  Fig. 6. Summary of estimation results obtained using Bayesian optimization. The red line is

769 the root mean square error (RMSE) between observations and forecasts, the blue line is
770 the inflation factor 7, and the green line is the expected improvement (El). The dashed
771 black line represents the optimal inflation factor using the brute-force method. The blue
772 dot shows the optimal inflation factor among the 20 training cycles. In Fig. 3, the initial
773 values of the hyper-parameters in the Gaussian kernel were set to 6,,6,,and 65 =

774 el e% and €%, but in Fig. 6, they were set to 6,,8,,and 6; = 1.0,1.0,and 1.0. Notably,
775 the vertical axis in the expected improvement (El) has been changed.
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Fig. 7. Estimation result of the relationship between the inflation factor = and root mean
square error (RMSE) (observations versus forecasts) using Gaussian process
regression (GPR). This figure corresponds to Fig. 6. The regression and its uncertainty
for the RMSE are obtained as the mean and standard deviation (95% confidence
interval) of the GPR. The blue line is the mean, the blue shades are the standard
deviations, the green line is the expected improvement (El), and the red dots are the
training data. (a)—(d) show the estimation results in the Oth (when only the initial training
data are given), 4th, 12th, and 20th training cycles, respectively. In Fig. 4, the initial
values of the hyper-parameters in the Gaussian kernel were set to 6,,6,,and 6; =

el e% and e%1, but in Fig. 7, they were set to 6,,8,,and 6; = 1.0, 1.0, and 1.0.
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RMSE & spread using optimal inflation by BO
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790  Fig. 8. Time series of the root mean square error (RMSE) between the truth and analysis

791 and the ensemble spread with the optimal inflation factor T = 0.44 determined by the
792 Bayesian optimization (BO). The red line is the RMSE and the blue line is the ensemble
793 spread. Note that the horizontal axis is the assimilation cycle, not the training cycle.
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